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Abstract: In this work, we investigate the effects of noncommutative spaces on the Hotava—Lifshitz black hole. We
construct the black hole solutions in the noncommutative space of (z = 3)-Hofava—Lifshitz gravity. We calculate the
horizon and the thermodynamic properties such as the Hawking temperature, the ADM-Mass, and entropy, which reduce

to their commutative limits when the noncommutativity parameter tends to zero.
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1. Introduction
Recently Hotfava proposed a renormalizable theory of gravity at a Lifshitz point [1], which may be regarded as
a UV complete candidate for general relativity. However, it is reduced to Einstein’s general relativity at large
distances [2]. Noting that Hofava—Lifshitz theory goes to standard general relativity if the coupling A has the
specific value A = 1.

However, the static solutions with the spherical symmetry black hole in Horava—Lifshitz theory were
studied by Lu et al. [2], while the topological black hole solutions and their thermodynamic properties were
discussed in detail by Cai et al. [3].

In the ADM formalism, the 4-dimensional metric of general relativity is parameterized as follows [4]:
ds®* = —N?dt* + g;; (da’ — N'dt) (da' — N7dt). (5)
The z = 3-Hotava—Lifshitz action with a parameter A proposed by Hofava is given by [1]:
SHL - /(LO + Ll) (6)

with

k2u2 (AwR — 3A2w) }
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2?2 (1—4N) , k2 pw? o pw?
Li=ygN{=E Y2y * (0, -5—Ry;) (Y- C—RY 8
1=V { 32(1—3\) +2w4< 1T J)( 2 )} ®

where X, k, i1, w, and W are constant parameters, and C* is the Cotton tensor, defined by
ij ikl J [
CY ="'V Rl—ZRél . (9)

In order to understand Lifshitz black holes we will consider the 2 conditions N = N2f(r) and N' = 0. A
spherically symmetric solution could be obtained with a metric ansatz proposed by Lu-Mei—Pope (LMP) [2]

~ dr?
ds? v p = —N2(r) f(r)dt* + # + 7% (d6” + sin® 0dp?) (10)
r
which implies that
Kij = Cij =0 (11)

If we take only the Lagrangian Lgwe obtain the Schwarzschild-AdS (SAdS) [5] black hole whose metric function
is given by
Aw

f(T):1—7T2—T and N?=1. (12)
r

The relevance of noncommutative geometry was developed when it was shown that field theories become
noncommutative if the matter is coupled to gravity, and the spacetime induces algebra of noncommutative

coordinates. The noncommutativity is introduced by means of [6]
[, &%) = 6", (1)

where 6% is an antisymmetric tensor, D x D matrix, where D is the dimension of the spacetime. It has
dimensions of (length) 2 and it parameterizes the spacetime. The noncommutative relation given by (1) induces
quantum mechanical fluctuations in the metric g,,. The spacetime is quantized and the coordinates become

noncommutative.
In an approach to noncommutative geometry, the multiplication of 2 fields in the Lagrangian is replaced

by the star (or Moyal) product given in [7] by

(7 +9)@) = exp | 30 2 2| 1@, )
where f and g are functions of the spaces coordinates. It was noted by Chaichian et al. [8] that at the replacement
Ti = x; + %%Pj» bj = pj (3)

we get to the standard commutation relationships

(L3, &;] =105, |24, pj] =0,  [pi, ps] =0 (4)

where z; is the related commutative coordinates [z;,z;] = 0.

23



NACH et al./Turk J Phys

In our paper, we investigate the effects of noncommutative spaces on the Hotrava—Lifshitz black hole.
We construct the black hole solutions in the noncommutative space of (z = 3)-Hofava—Lifshitz gravity. We
calculate the horizon and the thermodynamic properties such as the Hawking temperature, the ADM-Mass,
and entropy, which reduce to their commutative limits when the noncommutativity parameter tends to zero.

The remainder of this work is organized as follows. In section 2, we construct the solution of the noncom-
mutative Hofava—Lifshitz black hole, starting with the simple case of Schwarzhild—AdS and then generalizing to
LMP models. Section 3 is devoted to finding the thermodynamics properties of black holes, namely the entropy

and Hawking temperature, and section 4 contains the concluding remarks.

2. Horava—Lifshitz black hole in noncommutative space

2.1. Schwarzhild—AdS formulation
To understand this construction, we will start with the Schwarzhild-AdS case, which corresponds to the

Lagrangian Lg; thus we have the following solution of a black hole:

A di?
ds* = (1 e i m> dt* + : + 77 (d6% + sin® 0d?) (13)
2 i (1 e — )

The horizon of this black hole is localized at

By insertion of formula (3) and developing we find the following fourth-degree equation

(e (50)) ~anLd-16 o, weLdeon, (L0) - AuLE (0 - (50) )

5 2m
- = 1
e+ A T+Awr+ GIN. 0 (15)
Here 6;; = %aijkﬁk and L =r x p, Eq. (15) is equivalent to
M+ A +Br+C=0 (16)
where the coefficients are given by
A 2 - =
Aw <p292 - (ﬁ.e) ) —3A,L.0—16
A= ="
8\ ’ Ay’
. o on2 . 22
16L.6 4+ 2A, (L.o) — A L0 <p292 - (ﬁ.e) )
C= (17)

647,

Applying the Descarte method [9] in Eq. (16), we find the following solutions:

—a—\/—(a2+2A+%) —a+\/—(a2+2A+¥)
T = 2 ) T2 = 2
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Ca— /- (22428 Lt/ (242428

18
T3 5 , T4 5 (18)
with
1/3 1/37 /2
qg 1 [27¢>+ 4p? g 1 /27¢2+4p3 24
a== —= — = ——— + -4+ —— — —
2 2 27 2 2 27 3
1 B 1 B 19
b= - a2+A+— s cC= — a2+A__ ( )
2 a 2 a
A? 27TA
p=—4C -, == (A2 +36C) +C
Here the horizon corresponds to a positive choice of solutions
a+ \/—(a2+2A—¥)
TH = . (20)

2

2.2. LMP formulation: general case
To get to the general case, we use the LMP formulation of Horfava—Lifshitz black hole in noncommutative space,
which is obtained by introducing a newly radial coordinate * = /—Awr. As a consequence, we have LMP

black hole solutions where f and N are determined to be

f= 1422 = (V=Rwma)", (21)
N = ;[;qi(>‘)7
where
2\ + 6 — 2 143X+ 261 —2
pr(N)=—7F—"— q=(N)=- (22)
A—1 A—1
In order to understand this situation, we will deal with 2 different cases, namely A=3 and A =1. For A =3
we have
f=1+2%—/-Awmz (23)
and
U2 f .2 2 _ /=
Nef = x_z (1 +z AW_Wle) (24)
= 27 +1—+/—-Apmx

In the noncommutative case, we have N2 f = 0; therefore,

2241 -/~ Aymi~t =0 (25)

Expanding this equation we find the following equation:

A me?) N 3(v*0* (5. éz):) ~6(L.6)+16 2 —Awm[4(i,é);3(p292_(ﬁ_ 7))
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We set
— 2 -
A — [ Eam, B 3(p202_1((5p. ') 3(L80) +1
(27)
.6)  3(p*e*—(p. 6)° p*6°— (7. 0)° L6
O — Ry |G G e G0 (E4)
Therefore, Eq. (26) becomes
20t + A'a® + B'2x? + C'z + D' = 0. (28)
To solve this equation we make the following change in variable
A/
r=X - — (29)
8
Thus, Eq. (28) becomes
s+ U2+ Ve +5=0 (30)
where
A3
34’ B (4) ap ¢
U= — V= — —
32 * 2’ 8 8 2
31
. (31)
o_ (A 4+B(7) AC D
B 8 8 16 2
Using again the Descartes method [9] we find the following solutions:
;22U + ) . —ty/- (U + 2
™= 2 ) Ty = 2
(32)
R RV CRE oty (P -2
s = 2 ) Ty = 2
Here the horizon corresponds also to a positive choice of solutions
t+ \/—(t2+2U—¥)
Ty = (33)
2
If we take Q2 = ﬁ we find again the Reissner—Nordstrom black hole and when 8 — 0 we meet the horizon
of a Reissner—Nordstrom black hole.
For A = 1: the noncommutative version of metric function is given by
f=1+2%—\/-Awma, N=1, (34)

which gives
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1 1 1 1
f = 1+ (.’L’i - 591']‘]93‘) (.’L’i - §9ikpk> — v/ —=Awm (\/(l’z - 591']‘]93‘) (.’L’i - 591'3‘]93‘))
N N2
3223 — /—Aywmz? + (4L.9 +2p202 — 2 (ﬁ. 9) n 32> x (35)

32z

v=Awm ((L.6)+p?0>~(L.0)°)
+ 32x

If we take f = 0, we have the following solution:

8l g 1 27q2+4p3+3 q+1 27¢% + 4p?
R ) T 2 "2V 27
(36)
sl g 1 [27¢2 + 4p? Lol 12T 4 (V=Aym)
TV 272 27 2" 2 27 3
where
S o N2
) (8L.9) —2p202 42 (ﬁ.e)
p= ( —Awm) 14
32 (37)
1 v—A,m 20 > 5 ) 3 2
— — (V/=h, ) V_Dul Zp gy 2202 - 2 (*9)
1=3 ( ™)t [ g VP 3
3. Thermodynamic properties
3.1. Hawking temperature
We compute the Hawking temperature as follows [10]:
N / R /
(+2) (+21)
T = _gttgrr — _gttgrr 38
o g'g y g'g (38)
T=T 4
In the case of the AdS—Schwarszchild black hole
/—A 2
8 Ty
Here z is given from (20) by
a+\/—(a2+2A— 2B)
Ty =T4, = (40)

2
We find
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2

m%(a+\/—(a2+2fl—%)) +2

T= 1
d a+\/—(a2+2A—%)
When we have A = 3 we find
T_x_l[(2—1)x2—1]_x_l[gc2—1]_ 8M
dmr dmr 167mx3 — An(L.0) + 7p202 — 7(p. 0)?
which is the temperature of the Reisner—Nordstrom black hole in the commutative space 6 = 0.

3.2. ADM-Mass
We derive the ADM-Mass as from Cai et al. [11]:

k2 (M) (14 a%) 2
26X — 2 xipm

In the case of A\ = 3 we find

M =
8 z2
In noncommutative space we find
2 (D) | o0
k22 (—A) Lol — 5=+ 16
M =
3 E0) , 7o)
af -+ 16

3.3. Entropy

Now we calculate the entropy of this black hole. The first law of thermodynamics gives

dM =TdS.

It means that

V2(=A) o T, A
S—ﬁ <7TT+—X1HZ—SO>

In noncommutative space we have the following expression for black hole entropy:

N
- o 202 (=

o VAN 2_zlé_5_”(”)+”(” (p-9)>
BV B 1 16

If A =3, we have the following expression:
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V2 (—A) A 7w, A
— T Iln=— 4
S \/7 <7T4 A n 1 So), ( 9)
where
v\
t4y ) — (242U — =~
A=mr?, =7 ( 5 £) . (50)

4. Conclusion

We investigated the effects of noncommutative spaces on the Horava—Lifshitz black hole. We constructed the

black hole solutions in the noncommutative space of (z = 3)-Hofava—Lifshitz gravity starting with the simple

case of Schwarzhild—AdS and generalizing to LMP models. We calculated the horizon and the thermodynamic

properties such as the Hawking temperature [Eq. (41)], the ADM-Mass [Eq. (45)], and entropy [Eq. (48)].
We have given detailed exact formulae of thermodynamic properties and the important point is that we

have recovered all results discussed in the commutative case when the noncommutativity parameter 6 tends to

zero. We have in this case the following thermodynamic results for the Horava—Lifshitz black hole:

. L _ Aw .2
Metric function: dsf(r) =1—2¥%r® — 2t
Hawking temperature: ds#ﬁi’
2\2
ADM Mass: ds ﬂkz“;(_/\) (H:if) )
2(—A
Entropy: ds\/\/;&—_g (7r7“_2|r —&In % — 5’0) .
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