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Abstract: In this paper, we study Jackson and Stechkin type theorems of trigonometric polynomial approximation in

the space Afu’?l;') by considering a modulus of smoothness defined by virtue of the Steklov operator.
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1. Introduction and main results
Let T := [—m,7]. The space Aﬁ}’,qé') (T) is the intersection of the well-known weighted Lebesgue space LP (T)
and the variable exponent weighted Lebesgue space Lg(') (T), ie. Ai’?ﬂ(') (T) = L~ (T) N Lg(') (T). In the

literature, the variable exponent Lebesgue spaces were first investigated by Orlicz [23]. In the space L2 (T) the

direct and inverse theorems of trigonometric approximation were proved in the papers [1, 2, 5, 6, 19, 20, 29].

In the space Lg(') (T), similar theorems were obtained in the papers [3, 7, 10, 18, 23, 25]. Variable exponent
weighted Lebesgue spaces have important applications in the theory of elasticity, fluid dynamics, and differential
equations [15, 24]. Also, in weighted Lorentz spaces L% (T), which is a generalization of LF, (T), direct and

inverse theorems of approximation theory were proved in [8, 9, 21, 28]. In this paper, we prove the direct and
inverse theorems of trigonometric approximation in AZ)’%(') (T). First, we give some definitions and notations.

Let (T) be the class of all measurable functions p(-) : T— [1, 00] called the variable exponent on T. In
this paper, the notation p(-) is used always for a variable exponent. Let p(-) € p(T) and we set

~ = essinf + = .
p” = essinfp(z), pT = esssupp(z)

A measurable function w : T — [0, 0] is called a weight function if the preimage set w~!({0,00}) has
the Lebesgue measure zero.
Let 1 < p < oo and f be a measurable function on T. The weighted Lebesgue space LP is defined as

the set of all measurable functions f such that

= ([ |f<x>pw<x>d:c)’l’ <.

It is known that LZ is a Banach space with respect to the norm ||f||,.. -
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Weighted variable exponent Lebesgue space Lg(‘) is defined as the set of all measurable functions f on

T such that X
1l = 7070 <o

p(*)
p(z)
[ £l = inf a>0:/ de <15.
T

It is a Banach space with respect to the norm | ]|, -

where
f (=)

(07

Let 1 <p < oo, ¢(-) € p(T). We set
ars = {r.pernnrsd}
and equip this Banach space with the norm

AN = 1 £lLy o + 1F L y.0

a()
for any f € Ai% .

We denote by C.(T) the space of all continuous, complex valued functions on T. C°°(T) consists of
functions that are continuously differentiable arbitrarily many times. The set C§°(T) is the subset of C*°(T)

of functions that have compact support. C(T) is the set of all continuous functions on T.
Some properties of Aﬁ)’%') were given in [26]:
I) (Aﬁ;?ﬂ(')? [ 2},;119(.)) is a Banach space with ¢ < oo,
II) The space AZ’%(') is a Banach function space on T.
The set C(T) is dense subset of AZ%')(T).

Indeed: The set C§°(T) is dense subset of Ai;?ﬁ(')('ﬂ‘) [26, Corollary 2], so for every f € Ag?ﬁ(')(’ﬂ‘) there
exists g € C5°(T) such that ||f — g|| ;».«) <e. On the other hand, as the embedding Cg°(T) — C(T) is valid
)

[13, p. 15], we have g € C(T). Thus, the set C(T) is a dense subset of AZ’%(')(']I‘).

The weight functions used in this paper satisfy Muckenhoupt condition A, [22] defined as

1 1 1y Pt Cp
~ P —_ = = - 1
sup (|I| /Iw(x)dx> <|I| /Iw (a:)dx) Ca, <00, p T <p< oo,

where the supremum is taken with respect to all intervals I, which are any subintervals of T. The constant

C 4, is called the Muckenhoupt constant of w.

For weights w, the class A,y is defined as

< 00,

‘ 1

w

[wllgqy = sup I~ {lwl 1y ¢
Ies

L0 (I)

where ¢ denotes the set of all intervals of T, ¢y = (ﬁ I; ﬁdw) and ﬁ + q/(lz) =1 [11, 14].
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We define the modulus of smoothness of a function f € Ap q( ) as
Qr(f» 5)Ap=q(-) = sup H(I - o'h)Tf”Ap,q(‘) , TE N (11)
w0 0<h<$ w,d

where
xz+h

onf(x): Qh/f )du, x€T.

If the condition
C

1
_77 x7y697 |x_y|<7
—Inlz -y

2

holds, then we say that the exponent g(x) satisfies the Log-Holder continuous function where Q C T. We
denote the family of all Log-Holder continuous functions by the symbol P°8(T).
Denote by M f the Hardy-Littlewood maximal operator, defined for f € L'(T) by

1
M (@) 1= suprr / F@)ldy, z €T

where the supremum is taken with respect to all the intervals I, which are any subintervals of T.
Let 1 < p < oo, ¢ € P and 1 < ¢- < ¢* < oo. The maximal operator M : quﬂ(') — Ai’qﬂ(') is
bounded iff w € A, and ¥ € Ay [26, Theorem 10]. Therefore, the shift operator oy (f) belongs to quﬂ() and

thus Q.(f,d) 4r.a) makes sense under these conditions.
w, 9

The best approximation En(f)Ai,qé.) of fe AZ}’%(‘) is given by
Eu(DAYS) = b (] = Tll g

where T, is the set of trigonometric polynomials 7T, of degree not more than n.

For an f € AZ)’%(') the K -functional is defined as

dT
K( : APIC) gy ) — f — gl ipay + 17 t
It w, 9 7W (-),w,9 EW;}?( N Hf gHAm,ﬂ( > dl‘rg Apﬁzﬁ(-) ’ >0

where

r — pﬂ( ). d" p,q( )
W%Q('),w,ﬂ = {g € A ST —g c A } .

The notation < indicates that “A < B iff there exists a positive constant C, independent of essential

~

parameters, such that A < CB”.
If A< B and B < A, simultaneously, we will write A = B.

The aim of this paper is to prove the Jackson and Stechkin type theorems of polynomial approximation

in Ai’qﬁ(') by considering modulus of smoothness (1.1).
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Theorem 1.1 LethAp’q(') weA, €Ay, 1<p<oo, g€ P, 1<q <q" <oo, and n,r € N.
P a(*)

w,y
Then

En(f)AP,Q(‘) S_, Qr <f7 ;) - (12)
APal

w, 9
w, 9

holds for some constant depending only on r,p,q(-) and Ca,.

Theorem 1.2 LetfeAp’q('), l<p<oo, geP 1<q <qt<oo,weA, 9c Ay, and n,r € N.
w, P q(+)
Then

n

1 1 2r—1
Q — < kE+1 E Pl
r(f,n>A%_) S D P B gy

k=0

holds with some constant depending only on r,p,q(-) and Ca, and Ca,, are constants corresponding to L,

and Ly.y, respectively.

From Theorem 1.1 and Theorem 1.2, we obtain the following Marchaud type inequality.

Corollary 1.3 Let f € AP p <o, qE P98, 1< g <qt <oo, we Ap, U € Ayy. Then we have

w,y
1

Q'r (fv 6)/—1%4(‘) 5 62T/u_2r_19k (f7 U)AP’Q(') du’ 0<o< 17
w, Y

w,

)

for rk € N with r < k.
Corollary 1.4 Let f EAZ%('), we A, Ve Ay ), 1<p<oo, g€ P, 1<q <q" <oo. If

En(f)A?,qﬁ(,) 5 ’[’L*D‘7 neN

for some a > 0, then, for a given r € N, we have the estimations

0 . T > a2
QT (f> 5)142;‘119(-) S 52T log% s r = a/2;
' 52" ;o or<a/2

If we define the generalized Lipschitz class Lip (a, Aﬁ}’?ﬁ(‘)) for a >0 as
Lip (a, AL%7) = {1 € ADG 2 @ (£,0) o) S 0%, 0> 0},
El 4 w, 9

then by virtue of Theorem 1.1 and Corollary 1.3 we obtain the following result, which gives a constructive
characterization of the Lipschitz classes Lip (a, AZ’%')) in the case of k := [a/2]+1, [z] :==max{n € Z:n <z},

a > 0.
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Corollary 1.5 Let f € quﬁ(-)’ we A, Ve Ay, 1<a<oo, 1<p<oo, g€ P2 and 1< q~ <qF < oo.

The following conditions are equivalent:

(i) f € Lip (0, AZY) 5 (i0) Ba(f) gratr Sn7% neEN.

2. Auxiliary results

To prove the above theorems we need the following auxiliary results.

Lemma 2.1 LethAp(I() 1<p<oo, g€ P, 1<q <q" <oo, we A, v € Ay, and t,k > 0. Then

w,d

0 (1) oo~ K (154550 W2,

P,q(-)
w, 9

and
Ql (fa kt)prqg(d S (1 + [k])2 Q1 (f7 t)Amzﬁ(-)

hold for some constants depending only on p,q(-), and Ca, and Ca,, are constants corresponding to L, and

L.y, respectively.

Proof Let t > 0. Then there exists an n € N such that (1/n) <t < (2/n).

For this n € N, we shall consider an operator L,, on Afu’%(') as follows:
1/71 t u
(Lyf) (z) = ///forsdsdudt zeT, fe AL,
0 —u
Then from [16] and [3, p. 14], with some constant ¢ € R,
d? 2
L) @)= (1= 017)) S @) )

is valid for a.e. = € T.
The operator L,, is bounded in Aﬁ}’?ﬁ(‘). In fact, using the uniform boundedness of the operator f — o1/, f
in Afu’ig(') we obtain that

&2 .
——Lnf(x) € Afu’,qﬁ(\)

and so L, f € W? a(-)w,9° From the generalized Minkowski inequality and the boundedness of o/, we obtain

1/nt u 1/n ¢
||Lnf|\Ap,qﬂ(.) = 3n3///f(a:+s) dsdudt < 3n3//2uHquHAp,qﬂ<.) dudt
0 0 —u Aﬁ,qﬂ() 0 0
1/n ¢t
30 o [ [2ududt =17y (2.2)
w, 9 w, 9
00
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By (2.2) we have f — L, f € A%%) for f e AD%) and

L APa() 12 L APa() 12
K(f,t,AW9 ,Wp’q(_),w,ﬁ) < 4K (f,1/n,AW9 ,qu(,)’w,ﬁ)

d2
< _ ‘ -2 4
S I = Bl +n dez Lnf @) as
w,d
= Il + IQ.
Using the generalized Minkowski inequality, we have
1/n ¢
Bo= = Lofll g S5° [ [0 = 00) £l g0 duds
., A 7
1/n t
< sup  [|({ — o) fl yp.a0 3n? /2ududt
0<u<l/n w, 9 b o
1
5 sup ”(I - Ju) fHAPvQ(') =0 f7 - :
0<u<l/n w,? n Ai}»)qﬂ(')
Using (2.1), we have
d? d?
IL=n"?||-—=L,.f (x =|n?—=L,.f(x
2 dx? f( ) Ap,qﬂ(-) H dx? f< ) Apyqﬂ()
= HC (I - Ul/n) fHApﬁq(-) S sup ||(I - Uu) f”Ap,q(‘) = <f7 1) .
w, Y Ogugl/n w, 9 n Ai;z;)
From (2.1)—(2.5),
. APa() 2 1
K (f7ta Aw,ﬁ ’Wp,q(-),w719> 5 Ql (fa 7’L>Ap,q(') 5 Ql (f7 t)AZr%(') .

(I — on) g(a) = 21h7 (9(x) — g (x + 1)) dt = —81,17/ u (dig) (e + 5) dsdudr
—h 0 0 —u
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Then
(I = on) gll gp.ac
v e
00 —u Aﬁr{i()
1 " d? d?
< — [ /2 dudt = h? 2.3
~ Sh// “ deQ(x) AP4() “ d 29($) APa() ( )
00 w, w,9
and we get
d2
Q P,q
(9, 1) ypacr ST 229 (@) s
w, 9
for g € W2 () w0
Then for g € W2 ()0,
0 (700 S 10 =l + 2 [0 @) -
w,9
If we take the infimum on g € W () w,0 in the last inequality,
(") 1y72
U (fot) gpar S K (£t AR W20 )
Consequently,
Ql (f7 t)AZ‘lﬂ(') ~ K (fat AZ}% )7 W2q( ), w, 19)
Using the last equivalence we have
Q1 (f, kt) ;.00 5 inf pq()+ kt H
1( )Aw,ﬁ gewg,q(.),w,g ”f g”A dx gg ) AZ}’%(')
< (1+[k)?* inf - +tH
SRR {f e =@z O] o
S L+ Q1 (f.8) g
w,9
and the lemma is proved. O

Lemma 2.2 (a) Let F' € C(T), w € Ay, 9 € Ayy, 1 <p<o0o, q€ Plg 1< g <qgt < oo, and n, m,
r € N. Then there exists a number § € (0,1), depending only on p,q(-) and Cy,, such that

Q (F t)Ap q() < Olémr ”F”C +02 r+1 (F t)Ap q()
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holds for any t € (0,1/n), where the constant C1 > 0 depends only on r, p,q(-) and Ca,, and the constant
Cy > 0 depends only on r,m,p,q(-) and Cy,.

(b) Let f € AZ}’%('). Then there exists F € C(T) so that

(f» )APQ() <C15mr||F||C )+C2 r+1(f7 )qu()

w,9 w,9

where the constant Cy > 0 depends only on r, p,q(-) and Ca,, and the constant Co > 0 depends only on
T7map7Q(') and C(Ap-
Proof (a) We will follow as in Lemma 3.2 of [4]. There exists a constant C > 1, such that boundedness of
opF in AZ’%(') implies

lonEll gpacr < CIE gp.ac)

for any h > 0. We define § :=C/(C +1).

We can write the equalities
1 1 2
I*Jh:5([70})(]4’0%)4’5(1701)

and

1
~(I—on)?, h>0.

O’h(I—Jh):%(I—O'h)(I—FO'h)—2

Hence,

1T = on) gll gr.ac> + lon (L = o1) gl g0

< M=) Tt on)glguo + (=), (2.4)
for g € C(T) and h > 0. On the other hand,
T
(I —on) F”Ag?&(‘)
= 5 (/) =) Fll groo + (I = 00)" Fll )
< 6 (I =00 Fll g + 17 = 00)" Fll gy
= (o= 4 I o Flge )
w, 9 w,
— 5 < (ah (I—op)+ (I — ah)Q) (I —op) " FHAPYLI(_) I = o) F|Ap,qﬁ(_)>
w, ws
r—1 2 r—1
< 6 ( on (I =) (L= an) " F| ¥ (= on) (1 =0y F| AZ’?&‘))
+0 ”( - Uh) FHAPY%(-)
< 4 (”Uh (I — o'h)T F||Ap7q19(~) + H(I — a‘h)T-l-l F‘ ) + H(I _ O-h)r FHAp’qlg(.)) . (25)
w w, 9 W,
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If we take g := (I —op,) "' F in (2.5), then
o (1 = 00)" Fll g+ 10 = 00)" Fll g

< I = 00)" (I +0m) Fll s +||(7 = 0)™+ F]

Apa()”

w, o

Applying this in (2.4),

(T = 1) Pl

T r41 T
<5 <||0h (I = on) Fll g0 + |7 =)+ F| e I =) F|Am_)>
< 5 <||(1 = 0n)" (L +0n) Fl yracr + H(z — o)t F‘ Apyq(_))
W, w9
r+1
4o H(I — o) F‘ s
w, ¥
< I =0n) T+ 0u) Fll o +20 [(T=a) ™ F| - (2.6)
w,d o
If we repeat r times the last inequality, then
I = 0) Fll s < 810 —00)" (L +00) FlL g + 26| (T =)™ F
w, w, w, 9
< F|a-o T+a)’F| .,
Az
r+1 r+1
TS [N e
S S 0" ||(I - Uh)T (I + O'h)T FHAP:%(')
k r+1 k—1
+2 kg 5 H(I — o) (I + o) F‘ s
- r . r—+1 k—1
= 0" |(I - o) F‘ 4Pa0) +2Z(5k H(I_ on) " (I +0n) F‘ 4pa()
w, 9 k=1 w, ¥
Hence, the last inequality gives
I = on)" Fll o> <" H (I-02) F‘ e +C (r, Agfg;?) Qi (F, 1) g0 (2.10)
W, w, 9 W,

for 0 <h <1/n. From (2.10) and applying
1F 1Ly 1 Flleqry

we get
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(7 = 0" Fll gyt

<5

~

(1-a3) F|

+C (r, Agj;jg“) Qi1 (F,h) oo

a()
AL

S 527‘

(1-0i) F|

+ (8" +1)C (7", Aggg~>) Qi1 (Foh) g0

Az

<. <M

~

(1 _ ai) F‘

p,a(’)
s +C (r, Apf ,m) Q1 (FL) g

< 5mr

([ ~ ) FHC('H‘) e (T’ Ag%‘)’m> 1 (F) h)Ai’,%(')

S Fll gy + C (ALY m) Qe (B, 1) (2.11)

ano -
Taking the supremum, from the last inequality we obtain

Q (F1) 000 S 8™ I Flory + it (Fot) goacr

since H (I-02")" FH <2"|[Fllger -

o(T)
(b) Let f € Aﬁ)’%('). For any € > 0, there is F' € C(T) such that ||f — Fl|¢(p) < ¢. From (a) and density

of C(T) in Aﬁ;%‘) we get

Qr (fa t)Ag?‘g(‘) < lesmr HF”C(’H‘) + CQQT+1 (f7 t)Ai,:?19(~) .

O

Lemma 2.3 ( [27, p. 844]) Let o* be the Fejer operator, M(x) be a maximal function, and f € L'. Then

there exists an absolute constant ¢ such that

o*(z, f) < eM(x).

Lemma 2.4 Let 1 <p<oo, g€ P8, 1<q  <qt <oo. Ifwe A, Je Aq(ys then for any trigonometric
polynomial T,, of degree n the following inequality holds:

||T’r/L||Ai~‘119(') <ecn ||Tn||Az;w<119<~> )

with a constant ¢ independent of n.

Proof It is known that |7} (z)| < 2no™* (|1} (x)]) .

From the last inequality, Lemma 2.3, and [26, Theorem 10] we can finish the proof of lemma. O
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3. Proofs of main results

Proof of Theorem 1.1. The case r = 1. Let n € N and f € Ag?ﬂ(') be fixed. We will use the operator L, f.
We know that the relations LE, C L' and Lg(‘) C L' hold, so Ai’flg) C L'. Let S,(f) be the nth partial sum
of the Fourier series of f. Using (2.2), (2.5), and the uniformly boundedness (in n) of the operator f — S,

on Aﬁfﬁ(') ( [3, 17]), we get

En(f)Ai«qﬂ(') = En(f - Lnf + L”f)Ai‘%(') < En(f - Lnf)Aﬁ}vqﬁ(-) + En(Lnf)Ag%(»)
S W= Laflguo =02 [ S| se(rt) (31)
~ Awﬁ? d.’132 AP9() ~ ’ nJ) gra()
w, ¥ w, 9

The case r > 2. We will use induction on r as in [12]. We obtained above that the estimate (1.2) holds
for 7 = 1. We suppose that the inequality (1.2) holds for some r = 2,3,4, .... We will show that the inequality
(1.2) holds for r + 1.

We set g(-) := f(-) — Sn.f(-). Then

and
105> S 180 s + 180 Lo S 10+ D lyys0 S 10Lagacs -

Using the induction hypothesis, [17], and [3],

1
o0 = o= Sul)l a0 < CE0) o <€ (93] .
From Lemma 2.2 we have that
O (£=) <Oy [Pl + Calto ( £ (2.13)
" ’n Ap,q;‘) o ! Ai}’?ﬂ(‘) e 2 ’n AP,‘I(}(') '
for any f € Ai’%(').
Indeed: If || f[| yp.a) = 1, then
w, 9
1 . 1
0 (£3) 5 OO Il +Cofin (1.7 (3.2)
n/j geal) njJ pr.a)
w, ¥ w, 9

mr 1
o™ F gy 11 + Cor (f, ) |
w, Y n Ap,qﬁ(-)
If HfHquﬁ() = 0, then
1 1
o, (f = = 1™ || f 1| smao | F Cotyir [ f, = .
(f 71)141’&19(-) ! ”fHAw,ﬁ() H ”C(T) TC2a (f 7’L>Anqﬁ(-)
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In the case of [|f|| jp.acr > 0 and [|f]| jpacr # 1, let f* = W Then [[f*|| yp.ac) = 1. Thus, from
w, 9 w, 0 Aﬁ;%ﬁ w,
(3.2) we get
* 1 mr * * 1
@ (F2) < Pl 1 o + G (5]
nJ pp.a) w, 9 n/ gpa)
w, Y w, 9
Hence,

w, 9

1 1 - 1 Cy 1
0, (ﬁ ) < ™ | Fll ey o g + i Qe (f, )
”fHqu;') /) ara® Hf||Afl;qﬂ<~> w9 Hf”A{j;qﬂ(') n) gpa®)

and (2.13) follows.
If we choose m so big that CC16™" || F[| (1) < 1/2, we obtain

1 1
,<CO, (g, < CCLo™ ||F o +CC0y 1 (g, = .
IIQIIAZ,%H < (9 n)ﬂﬂ@(‘) < CCLO™ ||F g my ”gHAi,é) + CC20y 11 (g n)f}p’q(v)

Then
H H A S 7
g Pw,fz(-) ~ Q +119; n Ap,q(.) .

From [17] and [3] and using

we have
Q41 (f — Snf, ) S Qg (f, )
AZ%(-) APa()
Consequently,
1
Bulf) grar < 1 = SulD)llgrar = lgll s S D (f, ) |
w, 9 w, 9 w, 9 n AZ%(-)
This completes the proof. O
Proof of Theorem 1.2. Using (2.3) and the equalities [3]
d? d?
2 I = - (] — il
Lo @) = (-0 rg()
(I—=on)" " flw) = (T—on)"(I—0on)" f(x), mneN
we obtain
2r || ,(27)
for g7 ¢ Ai’%(') and § > 0. On the other hand, for any m € N
Q, (f, 5)Ap,q(.) <Q, (f — Som+1 (f) s 5)Ap,q(.) + Q. (ng,+1 (f) ,5)Ap,q(.) (216)
w,9 w, 9 w, 9
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and
Qr (f — Som+1 (f) ,5)14529(-) S ||f — Sgm+1 (f)HAquI?(-) S E2M+1<f)Ar:vazﬂ<->- (2-17>

Then by (2.15) and the weighted version of Bernstein’s inequality in Aﬁ)’%') [28, Lemma 2.2],

A
(o)
©

Q (Sgme1 (f),0) gpae

Sk ()

AP4()

w, 9

A
>,
(]
IS

s (5) = 587 ()

oo+ > S50 () = 587 ()|
w.? i=1

2a(+)
Az }

A
>,
(]
IS

=1

< 527"

{Eo(f)A?;*q;” + Zg(iﬂ)erZi (f)A?j;fi,f'> }

EO(f)AIZ)‘Iﬂ(') + 227“E1 (f)AZ?ﬂ(-) —+ 22(i+1)2rE2i (f)AZv:Zﬂ(') } )

i=1

Applying here the inequality and choosing m as 2™ < n < 2™+ from (2.16) — (2.19), we obtain the following

result:
gm

olit)2r p 5 < =g 5, i>1 2.1
21(f) gpaer S k:;Hk () graer, 121, (2.18)

and we obtain

om
Qr (Som+1 (f), 0) gra) S 5% {Eo(f)Ap,qﬂ(-) + QQTEl(f)Ap,%(.) + Zkzr_lEk(f)Ap,%(-)}
il w, w, k=2 w,

2’771
5 52T {Eo(f)AP=q(-) + ZkQT?lEk(f)AP’Q(') } ’ (219)
w, 0 Pt w, Y
using the estimate
< 1 - 2r—1
E2T"'+1(f)Ag;g§'> S o Z k Ek(f)AﬁJ?)'
’ k=2m—141 1

Acknowledgment

The authors sincerely thank the anonymous reviewers for their careful reading and constructive comments.

References

[1] Akgun R. Sharp Jackson and converse theorems of trigonometric approximation in weighted Lebesgue spaces. Proc
A Razmadze Math Inst 2010; 152: 1-18.
[2] Akgun R. Polynomial approximation in weighted Lebesgue spaces. East J Approx 2011; 17: 253-266.

[3] Akgun R. Trigonometric approximation of functions in generalized Lebesgue spaces with variable exponent.
Ukrainian Math J 2011; 63: 1-26.

2991



(4]

[5]

2992

AVSAR and KOC/Turk J Math

Akgun R. A Modulus of Smoothness for Some Banach  Function Spaces, Pr.  1168.
www.crm.cat/en/Publications/Publications/2013/Pr1168.pdf, 2013.

Akgiin R. Gadjieva’s conjecture, K-functionals and some applications in Lebesgue spaces. Turk J Math 2018; 42:
1484-1503.

Akgun R. Mixed modulus of smoothness with Muckenhoupt weights and approximation by angle. Complex Var
Elliptic Equ (in press).

Akgun R, Kokilashvili V. The refined direct and converse inequalities of trigonometric approximation in weighted

variable exponent Lebesgue spaces. Georgian Math J 2011; 18: 399-423.

Akgun R, Yildirir YE. Jackson-Stechkin type inequality in weighted Lorentz spaces. Math Inequal Appl 2015; 18:
1283-1293.

Akgun R, Yildirir YE. Improved direct and converse theorems in weighted Lorentz spaces. Bull Belg Math Soc
Simon Stevin 2016; 23: 247-262.

Chaichenko SO. Best approximations of periodic functions in generalized Lebesgue spaces. Ukr Mat Zh 2012;64:
1249-1265.

Cruz-Uribe D, Diening LHP. The maximal operator on weighted variable Lebesgue spaces. Fractional Calculus and
Applied Analysis 2011; 14: 361-374.

Dai F. Jackson-type inequality for doubling weights on the sphere. Constr Approx 2006; 24: 91-112.

Diening L, Harjulehto P, Hasté P. Lebesgue and Sobolev Spaces with Variable Exponents. Heidelberg, Germany:
Springer-Verlag, 2011.

Diening L, Hasto P. Muckenhoupt weights in variable exponent spaces, preprint.
http://www.helsinki.fi/ «~ pharjule/varsob/publications.shtml, 2008.

Diening L, Ruzicka M. Calderon-Zygmund operators on generalized Lebesgue spaces L and problems related to
fluid dynamics, preprint. Mathematische Fakiiltat, Albert-Ludwings-Universitat Freiburg, 2002.

Gadjieva EA. Investigation of the Properties of Functions with Quasimonotone Fourier Coefficients in Generalized

Nikolskii-Besov Spaces (Russian), Author’s Summary of Candidate’s Dissertation, Thilisi, Georgia, 1986.

Hunt R, Muckenhoupt B, Wheeden R. Weighted norm inequalities for the Conjugate function and Hilbert transform.
T Am Math Soc 1973; 176: 227-251.

Israfilov DM, Kokilashvili V, Samko SG. Approximation in weighted Lebesgue spaces and Smirnov spaces with
variable exponents. Proc A Razmadze Math Inst 2007; 143: 25-35.

Jafarov SZ. The inverse theorem of approximation theory in Smirnov-Orlicz classes. Math Inequal Appl 2012; 15:
835-844.

Kokilashvili VM, Yildirir YE. On the approximation in weighted Lebesgue spaces. Proc A Razmadze Math Inst
2007; 143: 103-113.

Kokilashvili VM, Yildirir YE. On the approximation by trigonometric polynomials in weighted Lorentz spaces. J
Funct Spaces Appl 2010; 8: 67-86.

Muckenhoupt B. Weighted norm inequalities for the Hardy maximal function. T Am Math Soc 1972; 165: 207-226.
Orlicz W. Uber konjugierte Exponentenfolgen. Studia Math 1931; 3: 200-212 (in German).

Ruzicka M. Electrorheleogical Fluids: Modeling and Mathematical Theory. Lecture Notes in Mathematics, 1748.
Berlin, Germany: Springer, 2000.

Sharapudinov II. Approximation of functions in L;Sf) by trigonometric polynomials. Investiya RAN Ser Mat 2013;
77 197-224.

Unal C, Aydin I. On some properties of the space LE(R™) N Lg(‘)(R”). Qankaya University Journal of Science and
Engineering 2016; 13: 1-10.



AVSAR and KOC/Turk J Math

[27] Wheeden RL, Zygmund A. Measure and Integral: An Introduction to Real Analysis. 2nd ed. New York, NY, USA:
CRC Press, 2015.

[28] Yildirir YE, Israfilov DM. Approximation theorems in weighted Lorentz spaces. Carpathian J Math 2010; 26:
108-119.

[29] Yildirir YE, Israfilov DM. Simultaneous and converse approximation theorems in weighted Lebesgue spaces. Math
Inequal Appl 2011; 14: 359-371.

2993



	Introduction and main results
	Auxiliary results
	Proofs of main results

