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Abstract: Using a fixed point theorem, we establish the existence of a solution for a class of boundary value fractional
differential equation. Secondly, we will adopt the method of successive approximations to obtain an approximate solution
to our problem. Furthermore, using the Laplace transform technique, an explicit solution to a particular case of our

problem is obtained. Finally, some examples are given to illustrate our results.
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1. Introduction

In the last three decades, fractional differential equations have attracted the attention of many researchers.
They appear in the models of many phenomena in various fields, such as physics, mechanics, biology, dynamical
systems, and nonlinear oscillations of earthquakes. For more on the fundamentals and a holistic review of the
theory and applications of fractional calculus, see [2,7,9,10,12] and the references therein. According to [10],
fractional order models are more adequate than integer order models. For instance, results obtained from [1]
show that the fractional order of damping has a significant effect on the dynamic behaviors of motion when
compared to that of the integer order case. In the theory of (classical and fractional) differential equations, fixed
point theorems are frequently used in obtaining some qualitative properties of solutions of nonlinear differential
equations (see [3-5,13-15]).

In [1], the existence and uniqueness of solution for the fractional differential equation
D%u(t) = f(t,u(t)), t€[0,T], 1 <a <2,

with the boundary conditions
D 2u(07) = b D*2u(T™)

and
D u(0T) = by D (T ™),

were considered. Using a standard fixed point theorem, the authors were able to prove the existence and

uniqueness of the solution to the above differential equation in the space of Co_,[0,T]. Here, D denotes the
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Riemann-Liouville fractional derivative of order o and by # 1,b; # 1, and f is a continuous function on
[0,7] x R.

In [6], the Laplace transform method was applied in solving a linear fractional order equation. The result
was obtained by transforming the fractional differential equation into an algebraic equation. Accordingly, [§]
applied Laplace transform to a fractional order system. By using Gronwall and Hoélder inequalities, the authors
established that solutions of fractional differential equations are of exponential order. Hence, the Laplace
transform technique was proved to be applicable in fractional equations.

Motivated by these works, and some results in [3-5,13-15], we are going to study the existence of the

solution to the two-point boundary value fractional differential equation (FDE),

DY x(t) +k DY x(t) + g(t,x(t)) = h(t), t € [a,b], (1)
Dy la(ay) = Dy ta(bo), (2)
12 %w(ay) = 17 “x(bo), (3)
L Px(ay) = 1 2(bo), (4)

in the space W*#(a,b), where 1 < a < 2, 0 < 3 < 1, k is a positive constant, Dnga:(t) is the left Riemann—

Liouville fractional derivative of a function = of order o, h € Lf%(a,b)7 and ¢ is an L*(a,b)-Carathéodory

function.

Wb (a,b) = {x € Ca_qla,b] : Dy, x(t), Déix(t) € L%(a, b),}
and Co_q[a,b] = {z : z(t)(t — a)*~* € C°a,b]}, endowed with the norm

|z|2—a = sup {z(t)(t —a)* * :t € [a,b]} .

In addition, an approximate solution to our problem shall be obtained. Lastly, we will seek an explicit solution
to a special case of (1)—(4).

This work is organized as follows. In Section 2, some basic terms of fractional calculus and some useful
lemmas related to our work will be discussed. The existence theorem for the given fractional boundary value
problem, using a standard fixed point theorem, is the subject matter of Section three. Section 4 is devoted to
the use of the associated Volterra integral equation in finding an approximate solution to our problem. Finally,
in the last section, the Laplace transform technique will be used to obtain an explicit solution to a particular

case of our problem.

2. Preliminaries
Definition 2.1 The left Riemann—Liouville fractional derivative of a function x, of order «, with lower limit

a is defined as

1 d"
D w(t) = ——
a 2(1) I(n — ) dt?

/ (t —s)" " la(s)ds, (5)
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with n —1 < a < n, n = [a] + 1, while the Riemann—Liowville fractional integral of a function x, of order

a >0, is defined as

18 x(t) = ﬁ/ (t — 5)°a(s)ds.

Observe from equations (5) and (6) that

dn[” ().

D((ll+l‘( ) dtn a

Definition 2.2 The two-parameter Mittag—Leffler function of z € C, denoted by E, g(2), is defined as

Bas(2 :sza]+5

where a >0, 8 > 0.

(6)

Lemma 2.3 (7) The space AC™[a,b] consists of those and only those functions f that can be represented in

the form
n—1
fla) =T o)+ Y erlw—a)
k=0
where ¢ € L1(a,b), cx(k=0,1,2,--- ,n—1) are arbitrary constants.

Lemma 2.4 (7) If f € Li(a,b) and I7-*f(t) € AC"[a,b], then the equality

n pDoe=if(a T —a)¥
I3 (D) = fla) = 3 — F((oz+—)5'+1))

Jj=1

holds almost everywhere on [a,b].

Corollary 2.5 If 0 < f <1< a <2, then

a a— 1 a— —
Ig, D w(t) = 137 a(t) — o (t— @) I, P (ay),.

I(a)
Proof
‘
I&Dix(t) = ﬁ/@ (t— s)a_ng+x(s)ds
__t 4 /t(t —5)*DP x(s)ds.
N(a+1)dt J, o+
However,

1 1

t N ¢ § d )
m/@ (t—s) Df+m(s)ds:m/a (t—s) £Ii+5x(s)d3.

(®)
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Using integration by parts on the right-hand side of the above equation, one obtains

1 K d 1 o K
— [ (t—8)*—I 7 Pz(s)ds = =——(t — 5)*I} 7 ¢ 7/ t— )T Pa(s)d
T [ 9 S (e = s (= 9 T (o) o+ [ (= 9 T (s
1 _ _
:_m(t_a)alé+ﬁx(a+)+13+I;+B$(t).
Thus,
Py = Loty gep-s I I17Pa(t))
at aﬁf()—% m( a)*l, Px(ay) + I3 1, " x(t)
1 a— — a— —
= —m(t —a)* M Pa(ay) + 10T P a(t)
= Ig‘;ﬁx(t) — (o) (t— a)o‘_lfijﬁx(cu).
Therefore, our corollary is established. O

Lemma 2.6 If x € W*?(a,b), then x satisfies the relations (1)-(4) if and only if x satisfies the integral
equation

(t — a)a—2 2—«
T(a—1) o

=12 [h(t) — g(t, x(t))].

z(as) + k:Ig‘;ﬁx(t) — kwll_ﬁx(b_)

DY ta(bl) — (o) lor

Remark 1 We note that the above equation is the Volterra integral equation associated with equations (1)-(4).

Proof We first prove the necessity. Let z € W®P(a,b) satisfy equations (1)-(4). Then by definition
of W®#(a,b), we have that D, z(t), DS z(t) € L7 (a,b). Hence, DS, z(t), DS x(t),g(t,z(t)) € L7 (a,b) C
Li(a,b). From (7), we have that
d2

Dy a(t) = ﬁlgzax(t). (11)
By Lemma 2.3, Ig:ax(t) € AC?[a,b]. Thus, we can apply Lemma 2.4 on z. Furthermore, we operate I3 on
both sides of (1), by using equations (9) and (10) and boundary conditions (2)—(4), and then our necessary
result is established.

To prove the sufficiency, let = € W#(a, b) satisfy the Volterra integral equation above, and then applying
the operator Dg to it, we obtain (1). Moreover, applying Dg‘;l7 Ig:a, I;:ﬁ to the Volterra equation, we
obtain the respective boundary conditions. Thus, the sufficiency result is obtained. Therefore, our theorem is
proved. O

Theorem 2.7 (11) Suppose that f, f',---, f"~1) are continuous on (0,00) and are of exponential order, while

™) s piecewise continuous on (0,00) for each n > 1. Then,
L (#))(s) = s"L(f(1) = "1 f(04) = -+ = F7D(04).

2956



ISIFE/Turk J Math

Lemma 2.8 (7) Let R(a) >0 and f € L1(0,b), for any b > 0. Also, let
|f(t)] < AePot, (0 <t < b)

hold for some constant A > 0 and po > 0, and then the relation L(I§, f(t)) = s~ *L(f(t)) is valid for R(s) > po.

Theorem 2.9 (8) If a >0, n=[a]+1 and z(t), Iy, “x(t), %I&_O‘x(t), e %I&_az(t) are continuous on

(0,00) and of exponential order, while Dg x(t) is piecewise continuous on (0,00). Then,

-1
(6% « K n—kK— d(k_l) n—o
L(DG,w(t) = "L(w) = > 8" s 10 (04),
k=0

Lemma 2.10 (7) If R(s) >0, A € C, |As™ | < 1, then

L{tP T Eq (M) (s)} = S‘Za: T (12)

Theorem 2.11 (1) Let E be a Banach space. Assume that T : E — E is a completely continuous operator
and the set V={x € E:x = uTxz,0 < p <1} is bounded. Then T has a fized point in E.

3. Existence result

In this section, we shall use the fixed point theory of Theorem 2.11 to obtain an existence result for equations

(1)-(4).

Theorem 3.1 Assuming that g is an L°° -Carathéodory function and h € L%(a,b), then equations (1)- (4)

have a solution in WP (a,b).

Proof First, we recall that the space C°[a, b] of all continuous functions on [a, b] is complete. By [1], C?~%[a, b]

is a complete space when endowed with the norm
|2]|l2—a = sup {z(t)(t — a)?~*:tela, b}

Consequently, W*#(a,b) is a complete space. Therefore, W*#(a,b) is a Banach space. Now we define an
operator T : W8 (a,b) — W5 (a,b) by
(t _ a)afl

Tz(t) = 7Dg:1x(b,) +

(=) a0y ppa—by (t—a) ™ s
o) 12w (bo) — KIS Pa(t) + & I-Pa(bo)

T(a—1) o ()

+15, [h(E) — g(t, x(2))].

Then our T is well defined. It suffices to show that T is uniformly bounded on every bounded subset of

W8 (a,b), continuous and equicontinuous on W#(a,b). We make the following observations:
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1. Taking a bounded set V in W#(a,b), then V is bounded in C?~%[a,b]. Thus,

2958

(¢~ ap=o(7a(0)] = {0 a0 +

Tk @Za? 1 P(bo) + (t - a1, [h(t) — g(t,2(1))]

¥ _ 1
< = ~1Dg; Ye(v )| + Ta—1)

o 122 (b) |+ k12 Pa()

at

+kﬁ L Pa(bo)| 4+ 42 [h(t) — g(t,2(1)]

where v = max,<;<p |t — a|. However,

a=fy = 71 t — §)* B 1y(s)ds
12 al0) = g [ (= 9" e

_ t — )Pt — )2 a(s)|ds
< [ = e

M
Srm—>l“ )7rd

-M 1Bt
a—pa—p' 9 'l
__ Myto
SN
for some M > 0.
This implies that
a—p M,yl—@
a0l = T —p)
Equally,
t - 1-p t § B
I“wmgwxmn§|( u@b{) (/Xmgm&m@w>
1 1-8
(i=5) > im-ol,y.
Thus,

1-8
« _ — a—20 _ .
12,106) - atta0)l < (7735) G-l
In view of (13) and (14), we have that

Mkﬂ/?’*a’*g

—a 2—a " L ocflx # 270‘;5 —_
|(t — a)*~[Ta(t)| < Dy a(bo)| + 1 (b*)|+(1_ﬁ)r(a—ﬁ)

= T(a) o T(a—1)" e

(13)

(14)
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7 1-8 sa-p) [ 1=PB s
gl a2 (20 -0l (15)

which implies that T'(V) is uniformly bounded.
2. Secondly, we show that T is continuous on W#(a,b). We pick a sequence of functions z,, € V, such that

lim z,(t) ==«

for all ¢ € [a,b], and then
—a 2—a t
(t - a)27a|Txn — Tx| < %/ (t — 5)“7671“@"(5) — x(5)|d5
(t _ a)?—a ! a—1
= [ =9 a9 - (s, (s) s

— 0

as n — 0o, which implies that
Tz, — Tzl — 0

as n — 00.

3. For any t1,ts € [a,b], with t; < ¢ and = € V, we have

|(t2 — a)*"“Tx(ts) — (1 — a)* *Ta(t1)] <

_ |D2‘;1$(b_)| (tQ — (1)270‘ to . a7571x s

(ta —t1) Ta) " k| T 3) /a (tz — 5) (s)d

7M t1 s afﬁflx s)ds B 1,593
I'a—B) /a (tr —5) (s)ds| + k(tz — t1)1, "x(b-)

(tl _ a)27a

— - —8)* Y (h(s) — g(s,z(s))ds — ~—T2 " s) — qg(s,z(s))ds
o [t =9 00e) = gt = B [T (b — s

k n _ _p— . a-p
< (02 = 1) D 0) + oy [ (= = ) = (0 = 0 = 9 ()l ds
k 2 2 g1 1-8
L e /t (t2 — )2 (ts — )25 a(s)\ds + k(ta — 1)1}~ Pa(b_)+
I
7/ (t2 = @)™ (t2 = 8)* 7771 = (t1 = a)**(ts = 5)* 777V (s) — g(s, 2(s))|ds+
I(a) Jq
I
Ry | (2= o020 = 97 A) gl a(e)lds — 0
as to — ty.
This implies that ||Tz(t2) — Tx(t1)| — 0. Hence, T is equicontinuous on V. O

From our observations, we conclude that T is compact. Hence, it is a completely continuous operator,

and by Theorem 2.11, T has a fixed point, which is equal to the solution of our problem.
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4. Approximate result

Having obtained the Volterra integral equation in Lemma 2.5, which is equivalent to the boundary value problem
(1)—(4), we wil apply the former to find an approximate solution to equations (1)—(4). We shall apply the method
of successive approximations known in this context as the Picard iteration technique in arriving at our result.

That is, from the Volterra integral equation associated with our differential equation, we have that
T (t) = mo(t) — k[g‘;ﬁxm_l(t) + 15, (h —g), (16)
where

At —a)*t Bt—-a)*? kC({t—a)*!
I'(a) M(a—1) I(«) ’

Zo (t) =

A=Dy  a(ay), B=1I;"x(b-), C =1, ""z(b).

Now, from (16), we have that
21(t) = wo(t) — kI Pxo(t) + 17 (h — g). (17)

However,

o g Alt—a)* 1 Bt—-a)*? kC(t—a)*!
Ia+ ﬂxO(t) = Ia+ B{ ( ) ( ) ( )

T(a) | Ta-1 T !

A(t _ a)Qa—B—l B(t _ a)2a—,3—2 kC(t o a)ga_g_l
T2a—B8) | TRa—B-1) | T'a—3)

Thus, from equation (17), we obtain that

At —a)*™t  B(t—a)*?
T(a) | Ta-1)

T (t) =

kC(t —a)*! ok l:A(t —a)? -1 B(t—a)?* P2 kC(t—a)?* P!

[(a) T(2a — B) + Ta_5-1) "0 ) +I (g—h)

—1)7 kI (t — a)@U+D=BI—1 ka t—a)Ut)=Fi=2

TGty —p) 7 Z y+1> Bi—1)

gMH

( 1)jkj+1(t_a)a(j+1)—6j—1 N
O T Tagan —gy Pl

j=0

Thus,
1 )iki (¢t — q)2UH+D—Bi-1 L (VR (4 — g) G+ —Bi—2
:AZ 1)K (t — a) B (1)k.(t a) '
o Lla(j +1) = B9) = TlG+1)-8-1)
(—1)7 k7t (t — @)+ —FI—1

C I% (g —h). 18

i ;O TaG+n-p) el 1)
Next,

o (t) = wo(t) — kIS P (t) + I3 (9 —h), (19)
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R T
o o0
Therefore,
e =
e ; o e (- )
A e
R N S SR

Continuing the process, we derive the following relation for x,,(¢):

s Jk] t —a)*tD-pi-1 (1)K (t — @)t —FI=2
=A B
;0 (y+1> TP TG -
T (=) kIt — @)D —BI—1 tm-l (—1)IKI (t — s)@U+D)=F
C h — g)ds.
B D ey X gty ko0

Letting m — oo, we obtain that

O (1) kI a(j+1)—-Bj-1 J J a)(i+1)—pBi—2
= F(a(J +1) = 57) alj+1)—pBj—1)

]k-]+1 t — q)oG+)—Bi—1 E 22 (—1)kI(t — g)eG+D)—Bi
+CZ ) L[Sy

G+ =B TG -pp 9

At — @) B pa—k(t — )] + B(t — )2 En_ 01 [—k(t — a)°~7]
FRC(t = )" Ea_po|—k(t — a)*P] + / (t— ) Bu_pa[—k(t — 5)*7](h — g)ds.

Therefore, the explicit solution to the Volterra integral equation as well as the boundary value problem (1)—(4)
is given as

z(t) = A(t — a)o‘_lEa_@a[—k(t - a)o‘_ﬁ] + B(t — a)a_zEa_57a_1[—k(t - a)o‘_ﬁ]

+kC(t —a)* ' Eq_p o[-kt —a)* P + /t(t — 8)* By pgal—k(t — ) P(h — g)]ds.
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5. Solution by Laplace transform

According to Liang [8], the Laplace transform method is one of the useful tools for solving fractional order

differential equations. Under some appropriate conditions, we will apply the Laplace transform method to solve

equations (1)—(4).

Now, supposing that the conditions of Theorem 2.9 are satisfied and h(t)—g(t, z(t)) satisfies the conditions
of Lemma 2.8, then by applying the Laplace transform operator to both sides of (1), with the lower limit equal

to 0, we have
£{Dg,a(t) + k Df_(t) + g(t,2(1)) = h(t)}

— s*La(t) — D 1x(0,) — s> z(ay) 4+ ks’ La(t) — kI Px(04) = Lh(t) — Lg(t, z(t))

— (s* + ks?) L {2(8)} = D*a(04) + kI P2(04) + sI*~“x(ay) + LA(t) - Lg(t,x(t)

DY lg(04) + kI Pa(04)  sIPx(04) N (Lh(t) — Lg(t, (1))

)l =
:}E{CE( )} Sa+k86 Sa—|—k8ﬁ S“—i—ksﬁ

(D a(04) + KT Pa(04))s7F ST AR ow(0y) | (Lh(t) — Lg(t,x(t))s P
= L{z(t)} = =B + k + sa—B 4+ [k + s* B+ k .

Taking the inverse Laplace transform of the preceding equation and using Lemma 2.10, we obtain that

z(t) = (D 2(04) + kI Pr(04 )t ' By po(—kt* ) + P722(0)t2 *Eq_p.a_1(—kt* ")
t
[ =" Bt = )7 h(s) — gt (5)ds,
0
On applying the boundary conditions, we have
z(t) = (D (b)) + kI Pa(b )t By g okt ) + P2 (b Ey_ g0 1(—kt*P)
t
+ [ =97 Ba (e = )7 h(s) — gt (s))ds,
0
This satisfies our given problem.
6. Some examples

Example 1 Considering the problem

sin(t) -

—t7

1+ 25 (t)

)

Di, x(t) + kD, a(t) +

3 3
Di, x(t) |i=a= Da, 2(t) [i=p=m,
2 2
13, 2(t) |i=a= 1, 2(t) |t=p= 10,

1 1
12, 2(t) li=a= I, (1) [i=p=€,

then by Theorem 3.1, the problem (21)-(24) has a solution in W35 (a,b).
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Its approximate solution according to Section 4 is given as

o

x(t) = (ke+7m) (t—a)5E

/at(t—s)iE

Example 2 Consider the fractional boundary value problem

[—k(t—a)5]+0(t—a)F E

4
5

oo

)

oo
|
T
—
—
|
VA
N~—
il
N
V2l
o
| @
w
=
=]
—~
|
VA
S~—
~_
QU
[Va)

il

s

D¢ x(t) + kDg z(t) + e~ =t=,t € [0,T],T > 0, (25)
Dg ' a(t) li—o= Dy w(t) [—r= A, (26)
2-Z 2-Z
Iy, 2a(t) emo= Iy (1) == B, (27)
Iy, *a(t) [=o= Iy, *a(t) == C, (28)

with A, B,C real numbers and k a positive real number. Then, according to Theorem 3.1, our problem has a

solution in W2 (0,T). Its evact solution according to Section 5 is given as

a(t) = (A+ Ck)t? 'Ez z(—kt%) + Bt* 2 Ex =z (—kt7)+
t s s T
/0(t—s)f_lE%’g[—k:(t—s)Z](sZ e%)ds,

7. Conclusion
Using a fixed point theorem, we have succeeded in proving the existence of the solution to problem (1)—(4)
in the space of W®#(a,b). In addition, by applying the method of successive approximations, we obtained an

approximate solution to our given problem. Moreover, an explicit solution to a special case of our problem was

obtained by using the Laplace transform method. Finally, some examples were used to illustrate our results.
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