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Abstract: A ring R is called NZI if for any a € R, l(a) is an N-ideal of R. In this paper, we first study some basic
properties and basic extensions of NZI rings. Next, we study the strong regularity of NZI rings and obtain the following
results: (1) Let R be a left SF-ring. Then R is a strongly regular ring if and only if R is an NZI ring; (2) If R is an
NZI left MC2 ring and every simple singular left R—module is nil-injective, then R is reduced; (3) Let R be an NZI
ring. Then R is a strongly regular ring if and only if R is a von Neumann regular ring; (4) Let R be an NZI ring. Then

R is a clean ring if and only if R is an exchange ring.
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1. Introduction
All rings considered in this paper are associative with identity, and all modules are unital. The symbols J(R),
P(R), N(R), E(R), Zi(R) (resp., Z.(R)) and Soc(rR) (resp., Soc(Rp)) stand respectively for the Jacobson
radical, the prime radical, the set of all nilpotent elements, the set of all idempotent elements, the left (resp.,
right) singular ideal and the left(resp., right) socle of R. For any nonempty subset X of R, r(X) = rr(X) and
I(X) = Ilr(X) denote the set of right annihilators of X and the set of left annihilators of X in R, respectively.
Especially, if X = a, we write r(X) =r(a) and [(X) = l(a).

A ring R is called (von Neumann) regular [9] if for every a € R, there exists b € R such that a = aba.
A ring R is called strongly regular [18] if for every a € R, there exists b € R such that a = a?b. A ring R is
called reduced [19] if N(R) = 0. Rege [18] proved that R is strongly regular if and only if R is reduced regular.
According to Cohn [6], a ring R is called reversible if ab = 0 implies ba = 0 for a,b € R, and R is said to be
semicommutative if ab = 0 implies aRb = 0. Obviously, R is a semicommutative ring if and only if I(a) is an
ideal of R for any a € R. A ring R is called Abelian if every idempotent of R is contained in the centry C'(R).
Evidently, semicommutative rings are Abelian. For several years, the applications of semicommutative rings
have been studied by many authors. Kim, Nam and Kim [12, Theorem 4] proved that if R is a semicommutative
ring and every simple singular left R-module is YJ-injective, then R is a reduced weakly regular ring. A ring
R is called a left (right) SF [19] if all simple left (right) R-modules are flat. It is well known that if R is left
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SF and semicommutative, then R is strongly regular. Clearly, R is a semicommutative ring, and then R is a
von Neumann regular ring if and only if R is a strongly regular ring. The present paper is such an attempt in

this direction; in other words, we shall give some weaker conditions such as NZI rings.

2. NZI rings
Let R be aring. A left ideal L of R is called an N-ideal, for every b € N(R)NL, bR C L. A ring R is called

NZI if for any a € R, l(a) is an N-ideal of R. Clearly, semicommutative rings are NZI, but the converse is not

true, in general.

F x a b
Example 2.1 Letheaﬁeld,Rz(O F):{<0 Z)|x,y,z€F} andletAz(O C)ER,

o

Bz(é ‘Z)EZR(A)- ThenOzBAz(xoa xbz—cyc)ythatis, za=zc=0 and zb+yc=0.

Case 1. If a#0, c#0, then x =y =2=0, so lr(A) =0, this implies Ir(A) is an N-ideal.

Case 2. If a #0, ¢ =0, then x =0, so lp(A) = (8 ?) Since N(R):<8 §>zs an ideal of

R, N(R)NIr(A) = ( 8 1(;‘ ) is an ideal. Hence lg(A) is an N-ideal.

bl
Case 3. If a=0, c#0, then z=0, so ZR(A)—{<3(§ mléc >x€F},N(R)ﬂlR(A)—O,thz's

implies lg(A) is an N-ideal.
Case 4. If a=0, ¢c=0, b#0, then x =0, the process is similar to Case 2.
Case 5. If a=0, b=0, ¢=0, then [g(A) = R. Clearly, Ir(A) is an N-ideal.

So we can attain R is an NZI ring.

0 0 0 0 0

a semicommutative Ting.

Seth(l 1> andAz(O _11),thenBA=O, BRA=<0 *)#O,thisimpliesRisnot

According to Anderson and Camillo [1], a ring R is called 2-primal if N(R) = P(R). According to Zhao
and Yang [24], a ring R is called NCI if N(R) =0 or N(R) contains a nonzero ideal of R, and R is called NI
if N(R) is an ideal of R. Clearly, 2-primal rings are NI and NI rings are NCI, and no reversal holds.

Theorem 2.2 NZI rings are 2-primal.

Proof Let R be an NZI ring. It is clear that P(R) C N(R). For any 0 # a € N(R), there exists a positive
integer n such that a™ = 0. By hypothesis, a" 1Ra =0. If n—1=1, aRa = 0, then (Ra)? =0, Ra C P(R),
a€P(R). If n—1>1, a" 2RaRa =0, if n —2 =1, then aRaRa =0, (Ra)®> =0, Ra C P(R), a € P(R).
Similar to the above, we can attain N(R) C P(R). This shows that NZI rings are 2-primal. O

Corollary 2.3 NZI rings are NI
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Example 2.4 Let Z4 be the ring of integers modulo 4. Consider the ring R = {( 8 ZC) ) la,b,c € 24} with

the usual matriz operations.
Since N(Zy) = P(Z4) = {0,2} is an ideal of Zy, Zy is 2-primal, by Bass [{, Proposition 2.5], R is

2-primal.

SetA:(g ?)andB:(é g),thenBeN(R) and BA = 0. ButB(1 1>A:

< 8 g ) %0, this shows that R is not an NZI ring. So the converse of Theorem 2.2 is not true.

According to Chen [5], a ring R is called nil-semicommutative if a,b € R satisfy ab € N(R), then
arb € N(R) for any r € R. It is known that NI rings are nil-semicommutative by Chen [5].

Corollary 2.5 NZI rings are nil-semicommutative.

F F F ar az ag
Example 2.6 Let F' be a field, R = 0 F F | = 0 a4 a5 a,a,...,a6 € F
0 0 F 0 0 ag

F F
0 F is an ideal of R, R is an NI ring.
0 0

Since N(R) = (
1
0 and B = ,then A2=0, AB=0, but ARB = #0;
0

0

0

0

0 0

Set A = 0 0
0 0

o O O
o O O
_ O
o O O
o O O
O O ¥

this shows that R is not an NZI ring.

By Example 2.6, the converse of Corollary 2.5 is not true, in general.

Corollary 2.7 NZI rings are directly finite.

Proof Let R be an NZI ring and ab = 1 for any a,b € R. Write e = ba, then e = ¢ and ae = aba = a.
Set h = a —ea, so he = ae —eae = ae —ea = a —ea = h, eh = ea — e?a = 0, h® = heh = 0, then
h € N(R)NI(1 —e). Since R is an NZI ring, hR(1 —e) =0, hb(1 —e) =0, hb = ab — eab = 1 — e. Hence
l—e=(1-¢)?2=hb(l—e¢)=0, e=ba=1. This shows that R is directly finite.

An element k of R is called left minimal if Rk is a minimal left ideal of R, and an idempotent e of R
is said to be left minimal idempotent if e is a left minimal element of R. We use M E;(R) to denote the set
of all left minimal idempotents of R. A ring R is called left min-abel [22] if every element of M Ej(R) is left
semicentral in R, and R is said to be strongly left min-abel [22] if every element of M Ej(R) is central in R.
Clearly, Abelian rings and semicommutative rings are left min-abel. O
Theorem 2.8 NZI rings are left min-abel.

Proof Let 0# e € ME;(R) and a € R. Write h = ae—eae. If h # 0, then eh = 0, he = h and h? = 0, hence
h € N(R)(I(h). By the hypothesis, hR C l(h), hRh = 0. Since Rh = R(ae — eae) C Re, Re is a minimal
left ideal of R and Rh # 0, Re = Rh, thus 0 = R(hRh) = ReRe = Re, e = 0, but Re is minimal left ideal

of R, which is a contradiction. Hence h = 0 and ae = eae for all a € R, which implies that R is left min-abel. O
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Lemma 2.9 Let R be a ring. Then R[z] is left min-abel.

Proof If I is a minimal left ideal of R[z], then I # 0, so there exists f(z) € I and f(z) # 0. Since I is
a minimal left ideal of R[z], I = R[z]f(x). Since xf(z) # 0, 0 # R[z]xf(z) C R[z]f(x) = I. Since I is a
minimal left ideal of R[x], R[z]xf(x) = R[z]f(x) = I, there exists g(z) € R[z] such that f(z) = g(z)xf(z),
but the degree of x appeared on both sides cannot be equal. So there is no minimal left ideal in R[z]. Hence
RJz] is left min-abel.

By Lemma 2.9, there exists a left min-abel ring which is not NZI. Hence the converse of Theorem 2.8 is

not true.
According to Wei and Chen [20], a ring R is called nil-injective if for any a € N(R), Ilr(a) = Ra.

Obviously, YJ-injective modules are nil-injective, but the converse is not true, in general, by Wei and Chen [20].
According to Nicholson and Yousif [17], a ring R is called left MC2 if every left minimal idempotent is right
minimal. Tt is known that R is strongly left min-abel if and only if R is left min-abel and left MC2 by Wei [22]. O

Theorem 2.10 Let R be an NZI and left MC2 ring. If every simple singular left R-module is YJ-injective,
then R is reduced, and RbR +1(b) = R for any b € R.

Proof Let a®?=0. If a # 0, then I(a) # R, there exists a maximal left ideal M of R such that I(a) C M. If
M is not essential in gR, then M = Re =1(1 —e) for some e € E(R). Since R(1—e) 2 R/I(1—e) = R/M is
a simple left R-module, R(1 — e) is a minimal left ideal of R, 1 — e is a left minimal idempotent element. By
hypothesis, R is an NZI ring, R is a left min-abel ring. R is a left MC2 ring, hence R is a strong left min-abel
ring, and 1 —e is central. Since a € [(a) C M =1(1—¢), a(l—e)=0=(1—¢€)a, 1 —e €l(a) CI(1—e), which
is a contradiction. Hence M is an essential left ideal of R, thus R/M is YJ-injective. Let f : Ra — R/M
be defined by f(ra) = r + M. Note that f is a well-defined R-homomorphism. Then there exists a left
R-homomorphism ¢ : R — R/M such that g(a) = f(a). Hence 1+ M = f(a) = g(a) = ag(l) = ac+ M,
g(l)=c+ M, 1—ace M. Since R is an NZI ring, ac € l(a), then 1 € M, which is a contradiction. Therefore
a =0, and R is reduced.

Suppose that there exists 0 # ¢ € R such that RcR + [(c) # R, then there exists a maximal left ideal
M of R containing RcR + I(c). If M is not essential in rR, then M = Re = [(1 — e) for some e € E(R).
Since R(1 —e) =2 R/I(1 —e) = R/M is a simple left R-module, R(1 — e) is a minimal left ideal of R, 1 —e
is a left minimal idempotent element. By the hypothesis, R is an NZI ring, R is a left min-abel ring. R is a
left MC2 ring, hence R is a strong left min-abel ring, 1 — e is central. Since ¢ € ReR +l(c) C M =1(1 —e),
c(l—e)=0=(1—e)c, 1l —e€l(c) CIl(1 —e), which is a contradiction. Hence M is an essential left ideal of
R, thus R/M is YJ-injective. Let f: Rc — R/M be defined by f(rc) = r+ M. Note that f is a well-defined
R-homomorphism. Then 1+ M = f(¢c) =cd+ M, d € R, hence 1 —cd € M. Since cd € ReRC M,s0 1€ M,
which is a contradiction. Therefore ReR + [(c) = R for any c € R.

It is clear that Let R be an NZI and left MC2 ring. If every simple singular left R-module is nil-injective,
then R is reduced. O

Now we consider whether the result holds if we omit the condition R is a left MC2 ring.

F F Ty
Example 2.11 Letheaﬁeld,Rz( 0 F>:{<O Z>x,y,zEF}.
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= {(38)-(3 23 3¢ 1)er]

0 0
0 1

0 F 00
n=(or)=n(o V)

R, so Iy is not an essential left ideal of

( 8 1{ ) (u #0) is a mazimal left ideal of R and a summand of

I, = ( FoF ) is an essential mazximal left ideal of R.

0 0
F 0 10 . » ,
13_(0 0)—R<0 0) is a minimal left ideal of R.

I, = {( 3 zou ) |x € F,u # O} is a minimal left ideal of R.

0 F 0 1 ) . .
I5—N(R)—<0 0 >_R(O 0) is a minimal left ideal of R.

Clearly, I3, Iy, Is C Iy and I3, Iy, Is are not mazimal left ideals of R and Iy = Is @ Is. By Example
2.1, R is an NZI ring, Set W is a simple singular left R-module, W = R/L, where L is an essential mazimal
left ideal of R. Since Is is the only essential mazimal left ideal of R, W = R/Is. Now we prove W = R/I5
18 1njective.

(3 2)en= (83 ) -(3 (5 2)0)- (5 ) onme
s ot o, (8 1)) =0
oo (3 8)eno((3 8)) (5 1) (3 8)-(3 1) (3)
(3 ()-8 (3 )0

Hence f =0 and f can be extended to R. Then R is an NZI ring and every simple singular left R-module

Let f : Iy — R/I> be any left R-homomorphism and f<( L0 )) = ( 1(; Z) > + I, then

18 injective, so every simple singular left R-module is nil-injective.

. 1 0 0 1 1 0 1 0 0 1
Smce(o O)EMEI(R) and<0 0>R<0 0>—O,but(0 0>R<0 0)7&0,because

1 0 1 0 0 1 01 . )
(O O)(O 0><0 0)—<0 0)#O,SORzsnotaleftMC,?mng.
. 0 F ,
Since N(R) = ( 0 0 )750, R is not reduced.

Therefore the result of Theorem 2.10 is not true if we omit the condition R is a left MC2 ring.

Theorem 2.12 Let R be an NZI ring. If every simple left R-module is nil-injective, then R is reduced.

Proof Let a € R and a? =0. If a # 0, then I(a) # R, so there exists a maximal left ideal of R such that
l(a) € M. Since R/M is simple left R-module, R/M is nil-injective. Let f : Ra — R/M be defined by
f(ra) =7+ M. Note that f is a well-defined R-homomorphism. Then 1+ M = f(a) = ac+ M where c € R,
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hence 1 —ac € M. Since R is an NZI ring, ac € l(a), then 1 € M, which is a contradiction. Therefore a =0,
and R is reduced. O

Remark 2.13 Let F is a field. Since R = ( g ? ) 1s an NZI ring but not reduced ring, there exists a

simple left R-module W is not nil-injective.

Let W = R( L0 > = < £ > be a minimal left ideal of R, then W is a simple left R-module.

0 0 0 0
(5 0)evm=(37):
wern(§ ) = (8 0) (o) ()= (8= (s ) (b)) -

< g 8 ) . Then f is a well defined left R-homomorphism. If W is nil-injective, then there exists g : R — W,

(38) =5((3 ) =o((2 )= B (2D - (2 ) (5 3) -

which is a contradiction.
This shows that W is the simple left R-module but not nil-injective.

Kim, Nam and Kim [12, Theorem 4] proved that if R is a semicommutative ring and every simple singular
left module is YJ-injective, then R is a reduced weakly regular ring. By Theorem 2.10, we have the following

corollary.

Corollary 2.14 Let R be an NZI and left MC2 ring. If every simple singular left R-module is YJ-injective,

then R is a reduced weakly reqular ring.

A ring R is called MELT if every maximal essential left ideal is an ideal of R. Wei [21, Theorem 16]
proved that R is a strongly regular ring if and only if R is a semicommutative MELT ring and every simple

singular left modules are YJ-injective. By Theorem 2.10, we have the following corollary.

Corollary 2.15 Let R be an MELT NZI and left MC2 ring. If every simple singular left module is YJ-injective,

then R is a strongly regular ring.

Let R be aring and a € R. a is called clean element if a is a sum of an unit and an idempotent of R,
and z is called exchange element if there exists e € E(R) such that e € Rx and 1 —e € R(1 —z). A ring
R is called clean ring [15] if every element of R is clean, a ring R is called exchange [15] if every element of

R is exchange. It is well known that clean rings are always exchange, but the converse is not true unless R is
Abelian.
Lemma 2.16 If R is an NZI ring and idempotents can be lifted modulo J(R), then R/J(R) is Abelian.

Proof Let R= R/J(R) and @ € E(R). Since idempotents can be lifted modulo J(R), there exists e € F(R)
such that e + J(R) = € = a. For any © € R, write h = xe — exe, then he = h, eh = 0, h? = 0. so
h € N(R)(I(h). Since R is an NZI ring, hRh = 0, (RhR)? = 0. So RhR is a nilpotent ideal of R, this gives
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RhR C P(R) C J(R), hence h € J(R), ze —exe € J(R), so Té = eZe, that is, Ta = aZa. Hence a is left
semicentral. This implies that R is Abelian. O

Theorem 2.17 Let R be an NZI ring. Then R is clean if and only if R is exchange.

Proof One direction is trivial. Now we show the other direction. Let R be an exchange ring. R/J(R) is
exchange and idempotents can be lifted modulo J(R). Hence R/J(R) is Abelian by Lemma 2.16. Therefore
R/J(R) is clean, by Camillo and Yu [7, Proposition7], R is clean. O

Corollary 2.18 Let R be an NZI ring, © € R and n > 1. If ™ 1is clean, then x is clean.

Proof Since z" is clean, 2" = u + f, where u € U(R), f € E(R). Write ¢ = u (1 — f)u. Then
e€ E(R), u(z” —e) =uz" —ue =u(u+ f) — (1 — flu= (2" — 1)a" € Rz, e = 2" + u~ (2" — 2*") € Rz,
l—e=1-a2"—ut(a"-2?") = (1-uvlz2")(1-2") = 1—ut2")(1+z+22+...+2" ) (1-2) € R(1—2), so
x is exchange. Hence there exists e € F(R) such that e € Rz, 1—e€ R(1—x). Let e=yz, 1 —e = z(1 — z),
where y = ey € R, z= (1 —e)z € R. By computing, we have (y — z)(x — (1 —e)) =1 —y(1 — e) — ze. Since
(y(1 —e€))?> = (ze)2 =0 and R is an NZI ring, by Theorem 2.2, y(1 —e) + ze € J(R). Hence 1 —y(1 —¢e) — ze

is invertible in R, by Corollary 2.7, x — (1 — e) is invertible, so z is clean. O

Corollary 2.19 Let R be an NZI ring and x € R. If 2 is clean, then x and —x are clean.

Theorem 2.20 If R is an NZI left idempotent reflexive ring, then R is Abelian.

Proof TFor any e € E(R), write h = ea — eae. Then eh = h, he = 0, h? = 0. R is an NZI ring and
h € N(R)(I(e), hence hRe = 0. Since R is a left idempotent reflexive ring, eRh = 0, h = eh € eRh = 0.

This shows that e is central. O

Lemma 2.21 If R is a left PP Abelian ring, then R is a semicommutative Ting.

Proof Since R is a left PP ring, gpRa is a projective module for any a € R. Then there exists e € F(R) such
that a = ae, l(a) =1(e) = R(1 —e). Since 1 — e is central, R(1 —e) is an ideal of R. Hence I(a) is an ideal of

R, R is a semicommutative ring. O

Corollary 2.22 If R is a left PP Abelian ring, then R is an NZI ring.

It is known that R is a left quasi-duo ring if and only if Rz + R(xy — 1) = R for any z,y € R.

Theorem 2.23 If R is an NZI ring, then Rx + R(za—1) = R for any x € R and a € N(R).

Proof Since R is an NZI ring, R is 2-primal by Theorem 2.2, a € N(R) = P(R), za € P(R) = N(R), then
1 — za is invertible. Hence R(1 — za) = R. O
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F F F
Example 2.24 Let F be a field, R = 0 F F |. By Yu [23, Proposition 2.1], R is a left quasi-duo
0 0 F
ring. By Lam and Dugas [14, Theorem 3.2/, for any x € R, a € N(R), Rz + R(za—1) = R.
01 1 1 0 O 0 0 0
Let A = 0 0 O € N(R), B = 0 0 -1 |, then AB=0. But A{ 0 1 0 | B =
0 0 O 0 0 1 0 0 0
0 0 -1
0 0 O #0. So R is not an NZI ring.
0 0 O

By Example 2.24, we know that the converse of Theorem 2.23 is not true, in general. In fact, Example

2.24 implies: (1) left quasi-duo ring is not NZI; (2) the upper triangular matrix ring of NZI ring is not NZI.

A ring R is called left GPP ring if for every a € R, there exists a positive integer n such that a™ € P,.(R),
where P.(R) = {z € R|Rz is projective as a left R-module}.

Theorem 2.25 If R is an NZI and left GPP ring, then © = w4+ a for any x € R, where a € N(R) and
u € P.(R).

Proof Let R be a left GPP ring. For any = € R, there exists a positive integer n such that z" € P.(R),
then there exists e € E(R) such that z"e = 2" and r(z™) = r(e). For any y € r(ze), zey = 0, z"ey = 0,
ey € r(z") = r(e), ey = eey = 0, hence y € r(e). This shows that r(ze) C r(e), then r(ze) = r(e),
ze € P.(R). Forany z € R, (1—¢€)ze € N(R) and (1 —e)ze(1 —e) =0, by hypothesis, (1 —e)zeR(1 —e¢) =0.
(1—e)2?2(1—e)=(1—e)z(l —e)z(l —e) = [(1 —e)z(1 — )], hence (1 —e)z"(1—e) = [(1 —e)z(1 —e)]".
So (z —xe)™! = z[(1 —e)z(1 —e)]*(1 —¢) = z[(1 — e)z"(1 — ¢)](1 — €). Since z"e = 2", 2"(1 —¢) = 0,
(x — ze)"* = 0. Hence © — ze € N(R). Write u = ze € P.(R), a=1z —xe € N(R). Then = = u + a, we are

done.

Let R be aring and ¢ : R — R be an automorphism of R, R[z;o] is R[z]| as a set. Give R[z;0] a
ring structure with multiplication: xa = o(a)z, where a € R. We shall call this extension the skew polynomial
ring of R. Specially, 0 =Idg : R— R, r — r. Then R[z;0] = R[z]. O

Example 2.26 Let D be a division ring and R = D@ D with componentwise multiplication. Clearly, R is a
reduced ring, so R is an NZI ring.

Let 0 : R — R be defined by o(s,t) = (t,s). Then o is an automorphism of R. Write S = R[x;0].
Then S is not an NCI ring by Hwang, Joen and Park [10, Example 2.7]. So R|x;o| is not an NZI ring.

So the skew polynomial ring of NZI ring is not NZI, in general.

We may suspect that a ring R is NZI if and only if R[z] is NZI. However, the following example erases
the possibility.

Example 2.27 Let Zy be the field of integers modulo 2 and A = Zs[ag, a1, as,bo,b1,bs,c| be the free algebra
of polynomials with zero constant terms in noncommuting indeterminates ag, ay, az, by, b1, by, ¢ over Zs.
Note that A is a ring without identity and consider an ideal of the ring Zs + A, say I , generated by
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aopbo, agby + a1by, apbs + a1by + asby, arbs 4+ agby, asbs, agrby, asrbs,

boag, boai + biag, boas + bia; + baag, bias + baay, beas, borag, baras,

(ao+a1+az)r(bo+0b1+b2), (bo+0b1+b2)r(ap+ar+az2), and rirorsry, where v,r1,72,73,74 € A. Then
clearly A* € I.

Next let R = (Zy + A)/I and consider R[x] = (Zy + A)[x]/I]x]. Notice that (ag + a1z + azz?)(bo +
biz + bex?) € I[z] and (ap + a1z + agx?)* € I[z], but (ap + a17 + agz?)c(by + b1z + bax?) & I[x] because
agchy + aicbyg € I, hence R[x] is not an NZI ring. By Kim and Lee [13, Ezample 2.1], we know that R is an
NZI ring.

Proposition 2.28 (1) Let R be a ring and A a multiplicatively closed subset of R consisting of central regular
elements. Then R is NZI if and only if A~ R is NZIL.

(2) Let R be a ring, then R[z] is NZI if and only if R[x,x~"] is NZL.
Proof (1) Let u='z € A7'R. For any 0 # v~y € N(AT'R)NIa-1g(u"tz), then yz =0 and y € N(R),
y € N(R)NIr(x). Since R is an NZI ring, (v"1y) A™' Ru~lz = A7lyRz = 0. So A™'R is NZL

(2) One direction is trivial. Now we show the other direction. Let A = {1,z,22,...,;}. Clearly, A is a
multiplicatively closed subset of R[z]. Since R[z,z7!] = A~1R[z], it follows that R[z,x~1] is NZI by (1).

A ring R is called Armendariz if whenever polynomials f(x) = ag + a12 + + apma™, g(x) = by + b1z +
+ b,x™ € Rx] satisfy f(z)g(x) =0, then a;b; =0 for each 4, j. O

In general, Armendariz rings are not NZI.

Example 2.29 Let F be a field, F < X,Y > the free algebra on X,Y over F and I denotes the ideal (X?)?
of F < X,Y >, where (X?) is the ideal of F < X,Y > generated by (X?). Let R=F < X,Y > /I and
x =X+ 1. By Antoine [2, Ezample 4.8], R is an Armendariz ring. According to Chen [5, Example 2.2], R is

not a nil-semicommutative ring. So R is not an NZI ring.

In general, NZI rings are not Armendariz.

0 F 0 =z

ring, but not an Abelian ring, so R is not an Armendariz ring.

Example 2.30 Let F' be a field, R = ( FoF ) = {( Ty ) |z, y, 2 EF}, by Example 2.1, R is an NZI

Proposition 2.31 Let R be an Armendariz ring. Then the following statements are equivalent:

(1) R is NZI;

(2) R[x] is NZI;

(3) Rlz;x1] is NZL
Proof (1) = (2): Let f(z) = Yi_ @iz’ € N(R), g(x) = X7 bja’ € R[z] and f(z)g(z) = 0. Since R is an
NZI ring, by Theorem 2.2, R is a 2-primal ring. Hence R[z] is a 2-primal ring by Dirkenmeier, Heatherly and Lee
[8]; then by Hiranv, Huynh and Park [11, Theoreml], N(R[z]|) = P(R[z]) C J(R[z]) = I[z] C N(R)[z], where
I is a nil-ideal of R. Hence f(x) € N(R[z]) € N(R)[z], a; € N(R). Since R is Armendariz , f(x)g(z) =0
and a;b; =0, a;Rb; = 0. Let h(z) = Zi:o ¢z’ € R[z]. Then a;c;b; =0, f(x)h(z)g(xz) = 0. This shows that
RJ[x] is an NZI ring.
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(2) = (3) is similar to (1) = (2).
(3) = (1) is trivial. O

3. Strong regularity of NZI rings
Lemma 3.1 The following conditions are equivalent for a ring R.
(1) R is a reduced ring;
(2) R is an n-regular ring and semicommutative ring;
(8) R is an n-regular ring and NZI ring.
Proof (1) = (2) = (3) is trivial.
(3) = (1): Suppose a? = 0, by hypothesis, and a = aba for some b € R. Since a € N(R)()I(a) and
R is an NZI ring, aR C l(a). So aRa =0 and a = aba € aRa = 0. Thus R is a reduced ring. O

Lemma 3.2 Let R be an NZI ring. If a € R is a von Neumann reqular element, then a is a strongly regular
element.

Proof Since a € R is a von Neumann regular element, there exists b € R such that a = aba. Write
e = ba. Then a = ae, e? = e. Write h = a — ea. Then he = h, eh =0, h? =0, h € N(R)(I(h). By
hypothesis, hRh = 0. Especially, hbh € hRh = 0, (ab — eab)(a — ea) = 0, a = aba = (ab+ 1 — eab)ea =
(ab+ 1 — eab)ba® € Ra®. Write g = ab. Then a = ga, g = g*>. Write t = a — ag. Then t> =0, tg = 0,
t € N(R)((g). By hypothesis, tRg = 0. Especially, tbg € tRg =0, so (ab — agb)g = 0, abg = abab = agbab,
then g = g% = abab = agbab = a*b?ab € a®>R. Hence a = ga € a’R. O

Theorem 3.3 The following conditions are equivalent for a ring R.
(1) R is a strongly regular ring;
(2) R is a semicommutative ring and von Neumann regular ring;

(8) R is an NZI ring and von Neumann regular ring.

Let R be aring and a € R. a is called II -regular element [3] if there exists n > 1 and b € R such that
a™ = a"ba™, and a is said to be strongly II-regular element [3] if a™ = ba™*!. A ring R is called I-regular if
every element of R is II-regular element, and R is called strongly II-regular if every element of R is strongly
II-regular element. A ring R is called strongly clean [16] if a = e + u where e € E(R), u € U(R) and eu = ue
for every a € R.

Corollary 3.4 If R is an NZI and 1l -regular ring, then R is a strongly 1l-reqular ring; consequently, R is a
strongly clean ring.
Proof Since R is II-regular, for any = € R, there exists a positive integer n such that =™ is von Neumann

n

regular. Since R is an NZI ring, x™ is a strongly regular element by Lemma 3.2, 2" € R(2™)? C Rz"*!, thus

R is strongly II-regular. By Nicholson [16], strongly II-regular rings are always strongly clean. O

Theorem 3.5 If R is a left SF and NZI ring, then R is a reduced ring.
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Proof Let a?2 =0 and a # 0. If Ra+ r(aR) # R, there exists a maximal left ideal M of R such that
Ra + r(aR) € M. Since R is a left SF ring and a € M, there exists b € M such that a = ab, then
a(l—b) =0, a € N(R)(1(1—"0). By the hypothesis, aR CI(1-b), aR(1—-b) =0. Hence 1-b € r(aR) C M,
1=(1-b)+be€ M, which is a contraction. So Ra+r(aR) =R. Let 1l =x+y, x € Ra and y € r(aR) C r(a).
Write # = ca, c€ R. a=a-1=a(z+y) = ax = aca. Write e = ac. We have e? = e, a = ea. Write
h = a—ae. We have he = 0, eh = h and h? = 0, h € N(R)(\l(e). Since R is an NZI ring, hRe = 0,
especially, hce € hRe = 0. hc = (a — ae)c = ac — aec, hece = (ac — aec)e = ace — aece = e — aece = 0, then

e = aece = a(ac)ce = a’c*e = 0. Hence a = ea = 0. O

Corollary 3.6 If R is a left SF and NZI ring, then R is a strongly reqular ring.

Theorem 3.7 If R is a left SF ring and R/Z;(R) is an NZI ring, then R is a strongly regular ring.

Proof Let R be a left SF ring and R/Z;(R) a left SF ring. By hypothesis, R/Z;(R) is a strongly regular
ring. If Z;(R) # 0, there exists 0 # a € Z;(R). Write T = Z;(R) + r(a). If T # R, there exists a maximal
right ideal M and M D T. Since M/Z;(R) is a right ideal of R/Z;(R) and R/Z;(R) is a strongly regular
ring, M/Z;(R) is an ideal of R/Z;(R), then M is an ideal of R. Hence there exists a maximal left ideal L and
M C L. There exists b € L such that a =ab. So 1—-b e r(a) CL, 1 =(1-b)+b € L, which is a contraction.
Let 1 = +y, where © € Z;(R) and y € r(a). Then a(1 —z) =ay =0, but z € Z;(R), (1 —x) =0. It
implies that a = 0. This shows that R is a strongly regular ring. |
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