@)

vV

TUBITAK Turkish Journal of Mathematics
Volume 48 | Number 6 Article 9
11-14-2024

Some complementary results on asymptotic behavior of solutions
of neutral difference equations

NOUR H. M. ALSHARIF

BASAK KARPUZ

Follow this and additional works at: https://journals.tubitak.gov.tr/math

Recommended Citation

ALSHARIF, NOUR H. M. and KARPUZ, BASAK (2024) "Some complementary results on asymptotic
behavior of solutions of neutral difference equations," Turkish Journal of Mathematics: Vol. 48: No. 6,
Article 9. https://doi.org/10.55730/1300-0098.3564

Available at: https://journals.tubitak.gov.tr/math/vol48/iss6/9

This work is licensed under a Creative Commons Attribution 4.0 International License.

This Research Article is brought to you for free and open access by TUBITAK Academic Journals. It has been
accepted for inclusion in Turkish Journal of Mathematics by an authorized editor of TUBITAK Academic Journals.
For more information, please contact pinar.dundar@tubitak.gov.tr.


https://journals.tubitak.gov.tr/
https://journals.tubitak.gov.tr/
https://journals.tubitak.gov.tr/math
https://journals.tubitak.gov.tr/math/vol48
https://journals.tubitak.gov.tr/math/vol48/iss6
https://journals.tubitak.gov.tr/math/vol48/iss6/9
https://journals.tubitak.gov.tr/math?utm_source=journals.tubitak.gov.tr%2Fmath%2Fvol48%2Fiss6%2F9&utm_medium=PDF&utm_campaign=PDFCoverPages
https://doi.org/10.55730/1300-0098.3564
https://journals.tubitak.gov.tr/math/vol48/iss6/9?utm_source=journals.tubitak.gov.tr%2Fmath%2Fvol48%2Fiss6%2F9&utm_medium=PDF&utm_campaign=PDFCoverPages
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
mailto:pinar.dundar@tubitak.gov.tr

Turkish Journal of Mathematics Turk J Math

(2024) 48: 1110 — 1126

© TUBITAK

T U B | TAK Research Article doi:10.55730/1300-0098.3564

http://journals.tubitak.gov.tr/math/

Some complementary results on asymptotic behavior of solutions of neutral
difference equations

Nour H.M. ALSHARIF!®, Basak KARPUZ>*
!Department of Mathematics, Graduate School of Natural and Applied Sciences,
Dokuz Eyliil University, Izmir, Turkiye
2Department of Mathematics, Faculty of Science, Dokuz Eyliil University, Izmir, Turkiye

Received: 27.02.2024 . Accepted/Published Online: 03.10.2024 . Final Version: 14.11.2024

Abstract: This paper focuses on examining the boundedness and asymptotic behavior of all solutions of the neutral
difference equations

Alzn — prZn—r] + nZn—e¢ =0 forn=0,1,--- (*)
and

Alzp — pn—x] + gntn—¢=0 forn=0,1,---, (k)
where k,£ € N, {p,} C[0,1), p€[0,1) and {g.} C [0,00). Diverging from much of the existing literature, our results
accommodate the scenario where {p,} C [4,1) and p € [5,1) for (x) and (), respectively. Furthermore, we underscore

the practical implications of our results through the presentation of numerical examples.

Key words: Neutral difference equations, variable coefficients, boundedness, asymptotic behavior

1. Introduction

In recent years, stability theory has developed as a versatile and effective tool for comprehending the dynamics
embedded in difference equations (DEs). Throughout the decades, several academics have worked carefully to
develop and formulate sufficient conditions to ensure that every solution of a delay difference equation (DDE)
converges to zero as the time variable approaches infinity. Some researchers have since extended and generalized
these analytical frameworks to examine neutral delay difference equations (NDDEs). It is important to note
that delays occur in both DDEs and NDDESs, with the latter adding complication due to the presence of neutral
terms. In this work, consider the following NDDE

Alxy — ppn—p] + @Tn—e¢=0, n=0,1,2,--- (1.1)
where x,0 €N, {p,} CR and {g,} C Rt U{0}. When p, =p € R, (1.1) takes the form
Alxy — pTpn—w] + @nTn—¢ =0, n=0,1,2,--- (1.2)
and if kx =0, then (1.2) can be written in the form

dn

Ax, + 1 Tpr=0, n=0,1,2,---. (1.3)
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Furthermore, for p, = 0, the asymptotic behavior of the solutions for simplified delay difference equation by

(1.1), which can be expressed as

Al‘n + GnTp—v = 07 n= 071727"' ) (14)

has been thoroughly examined in many literature, refer to [1-8, 10, 11] for more details. We shall provide an

overview of the most notable results for (1.1), (1.2) and (1.4). Let us begin with the theorem that yields one

of the best results for the asymptotic behavior of (1.4), achieving the best possible stability with the constant
1

(% + m), as mentioned in references [3, 6]. This emphasizes the importance and strength of the following

theorem in ensuring substantial stability in the absence of neutral elements in the equation.

Theorem A ([3]) Assume that

> 4 =00 (1.5)
7=0

and
li1r1n_>sol<1>p '_Z::Z g; < % + ﬁ (1.6)
Then, every solution {x,} of (1.4) tends to zero as n — oo.
The upper bound (% + ﬁ) in (1.6) emerges naturally from the monotonicity property of a function

of the form ®(\) := aX — £A%, which plays a major role in the proof of [3]. Several authors later extended
and generalized this result by replacing (1.6) with a weaker condition or a condition of a slightly different type.
In [12], Zhou et al. make enhancements to Theorem A to achieve a better result for (1.2), which is stated as

follows:
Theorem B ([12]) Let p € (—3,%). Assume (1.5) and

- 3 (1-2[p)?
lim sup Z qj<f+w

=00 2 2[£+1] _2|p|(2_ |p|) (1.7)

j=n—~
Then, every solution {x,} of (1.2) tends to zero as n — oo.

It should be noted that in [12] the authors assume p € (—1,1). However, (1.7) cannot hold when
p € (—1,—1]U[L,1). Additionally, condition (1.7) reduces to (1.6) for (1.4), i.e. when p = 0. This highlights
some restriction on the applicability of the Theorem B for certain ranges of p. Applying Theorem A to
(1.3), which is also a particular case of (1.2), one can see that Theorem B is not the best result of asymptotic
behavior for (1.1). Subsequently, in [9], Tang identifies an opportunity to address some of this gap and enhances
Theorem A, ultimately achieving the best result to date for (1.1) involving the summation of (¢+1) consecutive

terms of the coefficient {g,}, which is quoted below.
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Theorem C ([9]) Assume that there exists p € [0, %) such that |p,| < p for all large n. Further, assume (1.5)

and
3 1 ¢
s 32 gy P L)
lim sup Z a4 < ¢(p) = {12 1
nooo STy 2.—(1-2p), pe [4[/+1] 3)-

+1

Then, every solution {x,} of (1.1) tends to zero as n — co.

Technically, very similar to that of Theorem A, the upper bound function ¢ originates due to the proof

technique used in [9, Theorem 2.2]. The separation point relates to the function ® again. Examining

14
e+
some fundamental properties of the function ¢, we see that it is continuous, decreasing and concave down on

[0,3) with ¢(0) =3 + ﬁ and lim,,_, 1 ¢(p) = 0. It is worth mentioning that for £ € N, (3 —2p+ ﬁ) is

tangent to 2“1 (1—-2p) at p= More precisely, 221—%(1 —2p) <2 —2p+ holds for p € [0, %]

¢
1Me+1] [z+1]

and ¢ € N with equality if and only if p = ﬁ.
Therefore, in the following theorems, Tang [9] proceeds establishing two new results, wherein p € [%, 1)
is admissible. This is accomplished by using a smaller initial limit for the sum, while simultaneously increasing

the right-hand side to obtain more desirable results.

Theorem D ([9]) Assume that there exists p € [0,1) such that 0 < p, < p for all large n. Further, assume
(1.5) and

- (+2
lim sup Z g; < (1—p) <1 + ﬁ(l - p))7 (1.8)
PO i (304 (m—1)k+1)

where m € N satisfies p+ 2p™ < 1. Then, every solution {x,} of (1.1) tends to zero as n — cc.

Following this, Tang [9] employs an iterative technique to advance the result of Theorem C for (1.2) in

the following theorem.

Theorem E ([9]) Assume that p € [0,1) and (1.5) holds. Further, assume

lim su z": P < 1=p 3_4pm+ ! (1.9)
P Gs1—pm\ 7 2 N+ (m—1Dr+1])° '

" j=n— (4 (m—1)k)
where m € N satisfies 4p™ < 1. Then, every solution {x,} of (1.2) tends to zero as n — oo.

The objective of this work is to replace the conditions p+ %pm <1 and 4p™ < 1, as well as the right-hand
side conditions (1.8) and (1.9) outlined in Theorems D and E by weaker conditions p + (1 + (1 — p)?)p™ < 1
and 2p™ < 1, along with improved right-hand side conditions, respectively. Our theorems are expected to
provide enhanced insights into both boundedness and asymptotic behavior of all solutions of (1.1) and (1.2).
Additionally, we aim to rectify certain inaccuracies given in Theorems D and E.

The structure of the paper is as follows: In Section 2, we provide the results concerning the boundedness

and asymptotic behavior of solutions of (1.1) and (1.2). In Section 3, we offer numerical examples to illustrate

1112



ALSHARIF and KARPUZ/Turk J Math

the practical relevance and novelty of our main results. Section 4 contains discussion on the proofs of the results
presented in Section 2. Lastly, Section 5 comprises remarks and amendments for Theorems D and E, serving
as the concluding section of the paper.

2. Main results

We now present our main results on the boundedness and asymptotic behavior of all solutions of (1.1) and (1.2).

2.1. Results for boundedness

This subsection presents novel conditions that ensure the boundedness of all solutions of (1.1) and (1.2).

Theorem 2.1 Assume that there exists p € [0, H%] such that 0 < p, < p for all large n. Further, assume

- 0+2

§ g < (1—p) l—i—L(l—p) for all large n,
. 200+ 1]
j=n—(3l+(m—1)r+1)

where m € N satisfies p + (1 +(1- p)z)pm < 1. Then, every solution of (1.1) is bounded.

Let us define a number

1—p (3—4p™ 1 [ [t (m-Dr
, 07 m )
1—pm < 2 + 2[6+ (m— 1)k + 1]) pe Afe+(m—1)k+1]

Lp ft (m = i +2 m m/__t+(m=1r 1

<)07TL(p7 I{’) E) =

Theorem 2.2 Assume that p € [0,1). Further, assume

n

Z g < om(p,K,£) for all large n, (2.1)
j=n—{+(m—-1)k)

where m € N satisfies 2p™ < 1. Then, every solution of (1.2) is bounded.

2.2. Results for asymptotic behavior

This subsection outlines new conditions that govern the asymptotic behavior of all solutions of (1.1) and (1.2)

toward zero.

Theorem 2.3 Assume that there exists p € |0, 12—%2} such that 0 < p, < p for all large n. Further, assume

(1.5) and
n

lim sup Z g; < (1—p) (1 + 2@‘:_21] (1-— p)>’ (2.2)

"0 (304 (m—1)k+1)

where m € N satisfies p + (1 +(1- p)z)pm < 1. Then, every solution of (1.1) tends to zero at infinity.
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Theorem 2.4 Assume that p € [0,1) and (1.5) holds. Further, assume

n

lim sup > qj < om(p, K, ), (2.3)

0 (- (m—1)k)

where m € N satisfies 2p™ < 1. Then, every solution of (1.2) tends to zero at infinity.

3. Numerical examples

In this section, we present two neutral difference equations for which, to the best of our knowledge, none of
the existing results can address the asymptotic nature of their solutions. However, our results in Theorems 2.3

and 2.4 can be applied to obtain positive outcomes.

Example 3.1 Consider the neutral difference equation

112 + (—=1)"
m | HeHEDY forn=0,1,---. (3.1)

Alz, — —=x
10n + 1 1250

e Theorem D: It is observed that

™m 7
n = <—:: 1 frng 7l,---
Pn=fony1 =10 “P<1 Jorn=0
and
3 7 3/ 7\"
Opm— L 42 <1 = e
p+2p 10+2<10> <1 = m=5,6,
Upon calculation, it is determined that

lim sup Z ¢; = limsup Z qj

MO (304 (m—1)k+1) N0 (m415)

= limsup i (64 +4m + (*1)71(1 - (*1)m)>

n—ooo 2500
451
> —— . = ..
2 1250 0.36 for m =15,6, ,
and
+2 141
1-— 1+ ——(1-— = — = 0.3525.
( p)( "oy p)> 400
Consequently, it is readily apparent that
11 141
li —(64 dm + (—1)"(1 - —1M) S 03525 =56, .
msup o2og (64 4m+ (10" (1= (=1™)) £ 355 for m

Therefore, Theorem D does not provide any answers in this context.
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Figure 1. Some solutions of (3.1).

Theorem 2.3: It is evident with m :=4 and ¢ =5 that

L
m <l:07:.

= T=p< —— ~ 0.7142 — 0,1,
P = Ton+1 = 10 P=7 0.714286  forn =0

~J| Ut

and

7 7\ / 7\ 961709
1 1—p)2)pt = = 1 1- L — ] =—— ~0.96<1.
p+(1+0=p))pt =5+ ( +< 1o> )(10) 1000000 =
Furthermore, it is calculated that

n n
. Z . Z 44

"0 (304 (m—1)k+1) o

This demonstrates that the conditions stipulated in Theorem 2.3 are satisfied.
Furthermore, it is obvious to note that the condition (1.5) holds. Consequently, it is evident that Theorem 2.3

is invoked, whereas Theorem D is not invoked in this context. In Figure 1, a total of siz (linearly independent)

particular solutions of (3.1) are plotted.

Example 3.2 Consider the neutral difference equation

4 94 (-1)"5 B B
A {xn — 5xng] + Txn,l =0 forn=0,1, . (3.2)

e Theorem E: We observe that the inequality
AN |
() SE form="7,8,---,

holds. Upon computation, it is found that

. - . = 9+ (=1)75  9m
msw g =lmewp ) 400 200
j=n—{+(m—1)k) j=n—(2m—1)
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Figure 2. Some solutions of (3.2).

and
1—p (3—dpm 1 _5mGm ) —smaAn
1—pm 2 20+ (m—1rk+1])  20m(5m — 4m) I
It is noted that
9mn , 5™(6m + 1) — 8md™
2 =78 ...
200 © T 20m@em —amy ST =T8
Consequently, Theorem E does not apply.
e Theorem 2.4: It is apparent with m := 4 that
A" 256 (+(m—1)x 7 AN
-] =— =0.4096 d =—=021875< (-] <=,
(5) 625 My (m—Dr+1] 32 =\5 2

and further, computation reveals that

n n ;
. . 94 (—1)’5 9
lim sup g g; = limsup E ——— = —=0.18
MO i (04 (m—1)r) [ P 400 50

- 1—p \/2€+(m—1)m+2(1_2pm)

1—pm\ L+ (m—-1)k+1
5v113
= S = 0-21606,

satisfying the conditions of Theorem 2.J.

Therefore, while Theorem E does not apply, Theorem 2./ does hold. Additionally, it is easy to see the condition
(1.5) is satisfied. In Figure 2, the graphic of solutions of (3.2) with the initial values x_o =0, x_1 =0, g =1,
Yy o=0,y1=1,19=0, 29=1, 2.1 =0, zg =0 are plotted.

4. Proof of the main results
The proofs of Theorems 2.1 and 2.2 can be inferred from that of [9, Theorem 2.3] and [9, Theorem 3.1],

respectively. Hence, we will provide the details of the proofs for Theorems 2.3 and 2.4 in this section.
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Proof [Proof of Theorem 2.3] Let {x,} be any solution of Equation (1.1). We shall prove that

lim z, =0. (4.1)

n—oo
Consider the following two cases for the sequence {z,}.

Case 1. Let {x,} be nonoscillatory. That is, {x,} is either eventually positive or eventually negative. Without
loss of generality, we may assume that {x,} is eventually positive. We can find nyg € N such that z, > 0,

Tp—r >0 and x,_¢ >0 for n =ng,ng + 1,---. Defining {z,} as
Zp 1= Ty — PpTp_x forn=ng,ng+1,---, (4.2)

we see from (1.1) that {z,} is eventually nonincreasing. Set L, := lim,, o 2z,. Since {x,} is bounded by
Theorem 2.1, {z,} is also bounded, i.e. L, is finite. Then,

o0
Z qjTj—p = Zny — L, < 00,

Jj=no
which shows by (1.5) that liminf, _,. z, = 0. Let L, := limsup,,_,. n. We select two increasing divergent
sequences {ux} C N and {v;} C N such that x,, — 0 and z,, — L, as k — oo. Note that {z,, .}
and {z,,_x} are bounded sequences, they have convergent subsequences by the Bolzano—Weierstrass theorem.

Without loss of generality, we denote these convergent subsequences by {z,,_.} and {z,, .}, respectively.

Furthermore, note that the limit of the sequence {x,, .} cannot exceed L, . Then, we estimate

Zup T Rup = [ka _pvkka*ﬁ} - [xuk _pukxuk*lﬂ]

> Xy, — Ty, — PLy,—px  Tor k € N.

Letting k — oo yields 0 = L, — L, > (1 — p)L,, which implies L, = 0, i.e. (4.1) holds. Thus, the proof is

complete for Case 1.

Case 2. Let {x,} be oscillatory. We set

L, :=limsup |z,
n— oo

Clearly, L, > 0. We claim that L, = 0. Assume the contrary that L, > 0. Let {ux} C N be an increasing
divergent sequence such that z,, — L, as k — oco. Note that {x,,_.} is a bounded sequence, it has a
convergent subsequence by the Bolzano—Weierstrass theorem. Without loss of generality, we will denote this
convergent subsequence by {x,, _.}. Further, note that the limit of the sequence {x,, .} cannot exceed L, .

Consequently, by (4.2), we get

|2u | > |Tu, | — plTu,—x| for k€ N.

Letting k — 0o, we obtain
L,>L,—pL,=(1—-p)L, >0, (4.3)

where L, :=limsup,, , . |zn|. Let us define

B(p,€) :==(1—p) <1 + 2[55_:‘21](1 —p)) forn =ng,ng+1,---. (4.4)
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From (2.2) and (4.4), there exist ng € N and %(1 —p) < B < B(p,£) such that ng > 30+ (m — 1)k + 1, and

n

Z ¢ <B forn=mng,ng+1--. (4.5)
j=n—(30—(m—1)k+1)

For every ¢ € (0, %Ld, there exists n; € N such that ny > ng,
|| < Ly +e forn=mny,n +1,---. (4.6)

Note that {Az,} is oscillatory, and there exists an increasing divergent sequence {v;} C N such that vy > n; +
2[30+(m—1)k+1]+k for k € N, vy, — 00 and |z,, | = L, as k — oo with |z, | > max{(1—p)(L, —¢),|zv, -1/}
for k € N. Without loss of generality, we may assume that {z,,} is a positive sequence. Now, we consider the

following two subcases.

Subcase 1. Let
2n >0 forop—[30+(m—1)k+ 1] <n < .

Then, we have
—2p, <p(Lyp4e) forvg—[30+(m—i)k+1]<n<wv,andi=1,2,---,m. (4.7)
Define the sequence {y,} by
Yn i =2n — D" (Ly +¢€) forn=ny,ni+1,---. (4.8)
Then, it follows from (1.1), (4.2) and (4.8) that
Ayn = Az = qu(—2n—0 — Pn—tTn—t—r) < —Qniyn—¢ for vy — (204 1) < n < vy. (4.9)
Then, for k£ € N, we deduce

Yup, = 2oy, _pm(LI + E)
> (1 =p)(Ls —e) —p"(La +¢)

=(1=p—p")Ly —(1—p+p™)e>0.

On the other hand, from the fact that Ay,, 1 = Az,,-1 > 0 and (4.9), we conclude that y,, ¢—1 < 0. Hence,
there exists sp € N such that vy — ¢ < s < vg,

Ysr—1 <0 and ys, > 0.
Then, there exists £ € [0,1) such that
§(Ys, — Ys—1) = Ys, or equivalently ys, = {Ay,, 1. (4.10)
Using (1.1), (4.7), and (4.8), we obtain

Ay, < (L +e)p"qn, for ng <n < . (4.11)
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We deduce from (4.5), (4.10), and (4.11) that

Skfl
—~Ynoe= Y Ay;—EAy,,
j=n—~
sp—1
<p"(Ls +¢) ( > 4- £q5k—1>
j=n—~
<p™(Ly +€) (B — Z wjyskl(f)qj> for sp —1<n<w,—1, (4.12)
j=sr—1

where, for A € RT, the weight sequence {w, s(A\)} is defined by

wns(N) == {1’ ns (4.13)

A, n=s.

Substituting (4.12) into (4.9), we have

Ayn < pm(Lx + E)Qn <B - Z wj,skl(g)Qj> for Sk — 1 <n< UV — 1

Jj=sr—1

Set

Ay = (max{3(1 —p),B—p(1—-p)}— 2@121] (1- p)?).

Hence, A; < p™(1 —p)? < 1—p— p™. For this subcase, there are two possibilities for the number d :=
Z;k:gqu Wi sp—1(€)q;. Replacing |z,+| by (Ly + €) and using similar arguments to that in the proof of [9,

Theorem 2.3], we can conclude that
Yo, < (Ly +€)Ay for ke N. (4.14)

It follows from (4.8) and (4.14) that
Zop, = Yo, + D" (Ly +6) < (A1 +p™)( Ly +e) for keN.
Letting £ — oo and € — 0 in the above equation, we have

Lz = limsup 2y, < (Al +pm)Lm < (1 _p)Lm

k—oco

which leads to contradiction with (4.3). Hence, L, = 0. Thus, the proof is complete for Subcase 1.

Subcase 2. Let r; € N satisfy v, — [30 + (m — 1)k + 1] < rp < vy,
Zro—1 <0 and 2z, >0.
It should be noted that Az, _1 > 0. Then, there exists & € (0, 1] such that

&(zry — 2Zr,—1) = 2zr, O equivalently z,, = Az, _1.
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From (1.1), (4.2) and (4.6), we have
Az, < gn(Ly+e) forng+€<n<uvp—1,

and
Azp < @up(Ly +¢) forrg+£<n<wv,—1

Then, using similar arguments to that in the proof of [9, Theorem 2.3], we obtain

Az, < (Lx—|—e)qn<B—|—p— Z wj,rk_l(f)qj> forr, —1<n<r,+£¢—-1.

j:rk—l

Setting

Consequently, Ay < 1 —p. There are also two possible subcases for the number h := Z:’gfj Wy —1(£)g; -

Replacing |z,«| by (L, + ) and using similar arguments to that in the proof of [9, Theorem 2.3, we can

conclude that

Letting £ — oo and € — 0 in the above equation, we have

L, =limsupz,, < AL, < (1—p)L,,

k— o0
which leads to contradiction with (4.3). Hence, we obtain L, = 0 which is finalized the proof for Subcase 2.
Hence, the proof for Case 2 is also complete.

O

Proof [Proof of Theorem 2.4] Let {x,} be any solution of Equation (1.2). We will prove that (4.1) holds.

Consider the following two cases for the sequence {z,}.

Case 1. Let {z,} be nonoscillatory. Replacing p, by p and then using the same arguments to that in Case 1
in the proof of Theorem 2.3.

Case 2. Let {x,} be oscillatory. Set

L, :=limsup |z,].
n—oo

It is easy to see that L, > 0. We claim that L, = 0. Assume the contrary that L, > 0. Let {u;} C N be an
increasing divergent sequence such that z,, — L, as k — oo. Note that {z,,_.} is a bounded sequence, it
has a convergent subsequence by the Bolzano—Weierstrass theorem. Without loss of generality, we will denote
this convergent subsequence by {z,, . }. Further, note that the limit of the sequence {z,, .} cannot exceed

L, . Consequently, we obtain

|2up | > |uy,| — PlTw,—x| for k €N,
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where
Zp = Ty — PTp—p form=mng,ng+1,---. (4.15)

Letting kK — oo, we obtain
L,>L,—pL,=(1—-p)L, >0, (4.16)

where L, :=limsup,,_, . |2n|. Let us define

( 0) = 1—p (3—4p™ 1
AmAPy 5= m (T2 N+ (m—1r+1])
(4.17)
1-p b+rm-1)+2

From (2.3) and (4.17), there exist ng € N, % 11__;,’" < A< am(p,k,£) and 0 < B < B (p, k,¢) such

that ng > £+ (m — 1)k,

m l+(m—1)k
" A, pe |0y )
Z £l <¢i= /[ t+(m—1)k 1
j=n—L—(m—1)k B, P S |: kS W’ T\/i)

For every ¢ € (0, (1- me)Lz) , there exists n; € N such that n; > ng such that

forn =mng,no+1,--- .

|n| < Lp4+e forn=ny,ng+1,---. (4.18)
Define the sequence {y,} by
yn::zn—(l—p)lp (Ly+¢e) forn=mny,ng +1,---. (4.19)
— pm
Then, we can derive
m—1
“In—t S Z pzyn—l—iﬁ for n = ng,na+1,--- (420)
i=0

where ny > ny + £+ mk. From (1.2), (4.19) and (4.20), it follows that

m—1
Ayp = Az = —GuTnt < —Qn Z PYn—v—ir, forn=mo,ng+1,---. (4.21)

i=0
It is noteworthy that {Az,} is oscillatory, and there exists an increasing divergent sequence {vy} C N such that
v > no+2[(m—1)k+¢] for k € N, v, = o0 and |z,,| = L, as k — oo with |z,, | > max{(1—p)(Ly—¢), |zv,—1|}
for k € N. Without loss of generality, we may assume that {z,,} is a positive sequence. Then, for k € N, we

deduce

m

p
1—pm

Yo, = 2o — (1 - p) (LI + 5)

m

p

— nym

>(1_p)(Lx_E)_(1_p)1 (Lm+€)

(1—2p™)L, —¢

> 0.
1—pm

=(1-p)

1121



ALSHARIF and KARPUZ/Turk J Math

On the other hand, from the fact that Az, _; > 0 and (4.21), we conclude that y,, _¢—i,x—1 < 0 for some
ip € {0,1,--- ,m — 1}. Hence, there exists s; € N such that vy — ¢ — ipk < s < vg,

Yoo 1 <0 and gy, >0.
Then, we can find £ € [0,1) such that
§(Ysp — Ysu—1) = Ys;, OF equivalently y,, = EAY,, 1.
Considering (1.2) and (4.18), we conclude that
Ay, < (Ly+¢)g, forng <n < w.

We can show that

n
—Yn—t—ign < (Ls +€) <¢ - Y wj,sk—1(§)%> for sy —1<n<wv,—1 (4.22)

Jj=sp—1

Substituting (4.22) into (4.21), we have

1
Ay, < (L +e)g ( Z Wj,sp—1( )qj> for sp —1<n<w,—1.
j=sr—1
Set
l+(m—1)k+2 1— m/__tt(m=1)k
A A— [0+ (m—1)r+1] lfp{)"’ e { \V +(m—1 n+1]>
o (+(m—1)k+1 1 2 {+(m—1)kK
S G tee 1 BY P E { T om—DrFI] 7)
We simply have
A< (1-pi=2”
O

v —1

There are three possible cases for the number d := e

1 wj,sk_1(§)qj. Replacing |z,~| by (L, + €) and

using similar arguments to that in the proof of [9, Theorem 3.1], we can conclude that
Yo, <ALy +¢) for keN. (4.23)

Thus, for k£ € N, we estimate from (4.19) and (4.23) that

P W;m (Ly +€) (4.24)

Ry, SA(LI+E)+<1_p)1_

Letting £ — oo and € — 0 in above equation, we have

L, =limsupz,, < (1 —p)Ls,

k—o0

which contradicts (4.16), i.e. L, =0, and hence the proof is done.
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5. Discussion
Now, we focus our attention to the proofs of [9, Theorem 2.3, Theorem 2.4, Theorem 3.1 and Theorem 3.2].
Let us first consider the proofs of [9, Theorem 2.3 and Theorem 2.4] by comparing them with the proofs of [9,
Theorem 2.1 and Theorem 2.2] together. It is apparent that the main idea in the proof of [9, Theorem 2.3]
is very similar to that in the proof of [9, Theorem 2.1]. In the proof of [9, Theorem 2.3], the authors utilize
functions of the forms

+2

f(z,p,£) .= B(p,O)x — mm for x € [0,00), p€[0,1] and £ € N

and

g(a,p, ) := f(z,p, ) +p(B(p,£) — (1 —p)) forz €[0,00), pe[0,1] and £ €N,
where ((p,£) is defined in (4.4). Readily, f(-,p,¢) and g(-,p,¢) are both increasing on [0 ,giéﬁ(p, ?)]. For
instance, in Subcase 1 in the proof of [9, Theorem 2.3], Tang uses the inequality f(z,p,¢) < f(1 — p,p,¥) for

{41

s 2 B(p, 0)], which is essential. Especially,

0 <z <1-—p. However, p € [0,1) does not imply 1 —p € [0

1—pé&]o, %B(p, ¢)] when p € (€+2’ 1). To guarantee f(-,p,¢) and g(-,p,¢) are both increasing on [0,1 — p],

we require that [0,1 —p] C [0 ,Ei;ﬂ(p, 0)], ie. pelo, “_2] Hence, [9, Theorem 2.3 and Theorem 2.4] can be

corrected as follows:

Theorem F (Correction of [9, Theorem 2.3]) Assume that there exists p € [0 such that 0 < p, <p

L]
) 1+2
for all large n. Further, assume

n

Z q; < (1—p) <1 + f—i_Z](l - p)) for all large n,

j=n—(3l+(m—1)r+1) 26+1

where m € N satisfies p + %pm < 1. Then, every solution of (1.1) is bounded.

Theorem G (Correction of Theorem D) Assume that there exist p € |0, ﬁ] and m € N such that
p+ %pm <1 and 0 < p, < p for all large n. Further, assume (1.5) and (1.8). Then, every solution

{zn} of (1.1) tends to zero as n — co.

In the following remark, we compare Theorem 2.3 and Theorem G.

Remark 5.1 Readily, p+ 3p™ < 1 holds for m = [log,(3(1 —p))].[log,(3(1 —p))] +1,---, while p+ (1 +
(1=p)?)p™ <1 holds for m = [log,(7r7252)1 Nog, ()1 + 1, .

From Figure 3, it is clear that [logp(l-fh;—pp)Q)} < [log,(2(1 — p))] for p € [0,1) (which covers
[0, “_LQ] C [0,1) for any £ € N). The condition (1.8) appears in both of these theorems but its left-hand

side becomes smaller for the smaller m values. This verifies that Theorem 2.3 improves Theorem G.

On the other hand, if we consider [9, Theorem 3.1] when m = 1, it is just a restriction of [9, Theorem 2.1]

0 (1.2), i.e. there is nothing new in its proof for this particular case. However, with m =1 and p € [ﬁ, 1],
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Figure 3. Graphics of [log (ﬁﬂ and
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it appears that [9, Theorem 3.1] improves [9, Theorem 2.1]. This is due to a similar technical mistake mentioned
above, which also lies in the proof of [9, Theorem 3.1]. In the proof of [9, Theorem 3.1], we encounter a function

of the form

o L+ (m-1rK+2 ,
fm(@,p, K, ) i= am(p, K, O)x 200+ (m — 1)k + 1]m

for x € [0,00), p € [0,1] and m,k,£ € N, where a,,(p,~,¥) is defined in (4.17). Note that f,.(-,p,k,¥) is

increasing on [0, %am(p, ¢, k)]. As we see that 11_;’3” Z [0, gig::g:iéam(p, ¢, k)] if p€[0,1). For the

condition ll:pz:n € [o, ﬁigzj;zi; am(p, £, k)] to be held, it has to be assumed that 4p™ < %. Hence,

corrections of [9, Theorem 3.1 and Theorem 3.2] are as follows:

Theorem H (Correction of [9, Theorem 3.1]) Assume that p € [0,1). Further, assume

" 1—p (3—4p™ 1
Z g; < ( + > for all large n, (5.1)
1—pm 2 2 -1 1
j=n—{+(m—1)kK) p [Z + (m )H + }
where m € N satisfies 4p™ < %, Then, every solution of (1.2) is bounded.

In the following remark, we compare Theorem 2.2 and Theorem H.

Remark 5.2 Consider the autonomous neutral difference equation
Alxy — prp-1] +qtn—2=0 forn=0,1,---, (5.2)

where p € [0,1) and g € [0,00), k=1 and £ =2.
The conditions of Theorem 2.2 for (5.2) reduce to
3 — 4p™ 1

m m+1
q< 1 ].7p 2 +2(m+2)’ pe |:0’ 4(m+2)>

m+21—pm [om+3 o/ _mtl 1
Qnmli_t,_z(l - 2pm)’ pe |: 4(Tn+2)’ a

for m = Llogp(%)J +1, Llogp(%)j +2,--- since the condition 2p™ < 1 hold for these m values.
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On the other hand, the conditions of Theorem H for (5.2) reduce to

4p™ <

1 1 1-— —4p™ 1
m+ p<3 D ) (5.4)

d ¢<
mr2 ST\ 2 T 2mre

for suitable values of m € N. Note that these m values are greater than (|log,(3)] +1).

and

0.44

Figure J shows the region for possible values of the pairs (p,q) satisfying the conditions of Theorem 2.2
Theorem H.

[ T T T T T TTTTIT T I

0.58 0.63 0.67 p

Figure 4. Theorem 2.2 supplies the union of the blue region and the vellow region for the (p,q) pairs satisfying (5.3),
and Theorem H only supplies the yellow region for the (p,q) pairs satisfying (5.4).

Theorem I (Correction of Theorem E) Assume that p € [0,1), and there exists m € N such that 4p™ <

%. Further, assume (1.5) and (1.9). Then, every solution {x,} of (1.2) tends to zero as n — co.
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