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Abstract: In this paper, we construct a free object in the variety of weakly k -nilpotent n -tuple semigroups and
characterize the least weakly k -nilpotent congruence on a free n -tuple semigroup. Moreover, we present separately
free weakly k -nilpotent n -tuple semigroups of rank 1 , calculate the cardinality of the free weakly k -nilpotent n -tuple
semigroup for the finite case, emphasize that the semigroups of the free weakly k -nilpotent n -tuple semigroup are
isomorphic and the automorphism group of the free weakly k -nilpotent n -tuple semigroup is isomorphic to the symmetric
group. We also describe all maximal n -tuple subsemigroups of the free weakly k -nilpotent n -tuple semigroup and all
regular elements of the endomorphism semigroup of the free weakly k -nilpotent n -tuple semigroup, and provide a
criterion for an isomorphism of endomorphism semigroups of free weakly k -nilpotent n -tuple semigroups.

Key words: n -Tuple semigroup, free weakly k -nilpotent n -tuple semigroup, free n -tuple semigroup, semigroup,
congruence

1. Introduction and preliminaries

The notion of an n -tuple semigroup was considered by Koreshkov [7] in the context of the theory of n -tuple
algebras of associative type. There are sufficiently convincing motivations for studying these algebraic structures
since n -tuple semigroups are closely related to interassociative semigroups [1, 4, 5], dimonoids [8, 13, 19],
trioids [6, 9, 28], doppelsemigroups [21], duplexes [14], g -dimonoids [10, 29], restrictive bisemigroups [12], and
bisemigroups [11]. If n = 1 , n -tuple semigroups are semigroups. For n = 2 , n -tuple semigroups become
doppelsemigroups. The theory of doppelsemigroups has been developed in [2, 3, 15, 17, 20–23, 26, 30]. The
theory of free systems in n -tuple semigroup varieties is still in progress [16, 18, 24, 25, 27]. In particular, in
the latter five papers, the problem of the construction of free objects for the varieties of n -tuple semigroups,
commutative n -tuple semigroups, rectangular n -tuple semigroups, left (right) k -nilpotent n -tuple semigroups
and k -nilpotent n -tuple semigroups was solved; furthermore, certain least congruences on a free n -tuple
semigroup were characterized. The present paper continues this trend of research by considering so-called
weakly k -nilpotent n -tuple semigroups, i.e. n -tuple semigroups with n k -nilpotent semigroups. The class of
such algebras forms a subvariety of the variety of n -tuple semigroups for which the problem of describing a free
object remained open.

In this paper, we construct a free object in the variety of weakly k -nilpotent n -tuple semigroups and
characterize the least weakly k -nilpotent congruence on a free n -tuple semigroup. We also focus on the
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description of free weakly k -nilpotent n -tuple semigroups of rank 1 , calculate the cardinality of the free
weakly k -nilpotent n -tuple semigroup for the finite case, emphasize that the semigroups of the free weakly
k -nilpotent n -tuple semigroup are isomorphic and the automorphism group of the free weakly k -nilpotent
n -tuple semigroup is isomorphic to the symmetric group. In addition, we characterize all maximal n -tuple
subsemigroups of the free weakly k -nilpotent n -tuple semigroup and all regular elements of the endomorphism
semigroup of the free weakly k -nilpotent n -tuple semigroup, and provide a criterion for an isomorphism of
endomorphism semigroups of free weakly k -nilpotent n -tuple semigroups.

As usual, we denote the set of all positive integers by N , and for n ∈ N , denote the set {1, 2, . . . , n}

by n . Let us recall that a nonempty set G equipped with n binary operations 1 , 2 ,…, n , satisfying the
axioms (x r y) s z = x r (y s z) for all x, y, z ∈ G and r, s ∈ n , is called an n -tuple semigroup [7]. In this

section and Section 4, for an n -tuple semigroup, we will write G instead of (G, 1 , 2 , . . . , n ) .
We need the following lemma.

Lemma 1.1 ([16], Lemma 1) In an n-tuple semigroup G , for any m ∈ N\{1} and any xi ∈ G , 1 ≤ i ≤ m+1 ,

and any ∗j ∈ { 1 , 2 , . . . , n } , 1 ≤ j ≤ m , any parenthesization of

x1 ∗1 x2 ∗2 . . . ∗m xm+1

yields the same element from G .

Recall the definition of a k -nilpotent semigroup (see also [21, 22]). A semigroup S is called nilpotent
if Sn+1 = 0 for some n ∈ N . The least such n is called the nilpotency index of S . For k ∈ N , a nilpotent
semigroup of nilpotency index ≤ k is called k -nilpotent. An element 0 of an n -tuple semigroup G is called
zero [25] if x i 0 = 0 = 0 i x for all x ∈ G and i ∈ n . An n -tuple semigroup G with zero will be

called weakly nilpotent if (G, 1 ) , (G, 2 ), . . . , (G, n ) are nilpotent semigroups. A weakly nilpotent n -tuple

semigroup G will be called weakly k -nilpotent if (G, 1 ) , (G, 2 ), . . . , (G, n ) are k -nilpotent semigroups. If
ρ is a congruence on an n -tuple semigroup G such that G/ρ is a weakly k -nilpotent n -tuple semigroup, we
say that ρ is a weakly k -nilpotent congruence.

Note that the operations of any weakly 1 -nilpotent n -tuple semigroup coincide and each operation results
in a zero semigroup. It is not difficult to verify that the variety of k -nilpotent n -tuple semigroups introduced
in [25] is a subvariety of the variety of weakly k -nilpotent n -tuple semigroups. An n -tuple semigroup which is
free in the variety of weakly k -nilpotent n -tuple semigroups will be called a free weakly k -nilpotent n -tuple
semigroup.

Denote the symmetric group on a set X by =[X] and the automorphism group (the endomorphism
semigroup) of an n -tuple semigroup G by AutG (EndG). If ν : G1 → G2 is a homomorphism of n -tuple
semigroups, the kernel of ν is denoted by ∆ν , that is, ∆ν = {(x, y) ∈ G1 ×G1 |xν = yν}.

2. Constructions
In this section, we construct a free weakly k -nilpotent n -tuple semigroup of an arbitrary rank and consider
separately free weakly k -nilpotent n -tuple semigroups of rank 1 . Note that the free weakly k -nilpotent n -tuple
semigroup over a set X is an algebra in the variety of weakly k -nilpotent n -tuple semigroups generated by X

and such that every map of X into any other weakly k -nilpotent n -tuple semigroup K can be extended to a
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homomorphism of the free weakly k -nilpotent n -tuple semigroup over a set X into K . We also calculate the
cardinality of the free weakly k -nilpotent n -tuple semigroup for the finite case and establish that the semigroups
of the free weakly k -nilpotent n -tuple semigroup are isomorphic.

Let X be an arbitrary nonempty set and let ω be an arbitrary word in the alphabet X . The length
of ω is denoted by lω . Fix n ∈ N and let Y = {y1, y2, . . . , yn} be an arbitrary set consisting of n elements.
Let further F [X] be the free semigroup on X and F θ[Y ] the free monoid on Y with the empty word θ . By
definition, the length lθ of θ is equal to 0 . For x ∈ Y and all u ∈ F θ[Y ] , the number of occurrences of the
element x in u is denoted by dx(u) . Obviously, dx(θ) = 0 for any x ∈ Y . Fix k ∈ N and define n binary

operations 1 , 2 , . . . , n on

Ωk = {(w, u) ∈ F [X]× F θ[Y ] | lw − lu = 1,

dx(u) + 1 ≤ k for all x ∈ Y } ∪ {0}

by
(w1, u1) i (w2, u2)

=

{
(w1w2, u1yiu2), if dx(u1yiu2) + 1 ≤ k for all x ∈ Y,

0, in all other cases,

(w1, u1) i 0 = 0 i (w1, u1) = 0 i 0 = 0

for all (w1, u1) , (w2, u2) ∈ Ωk\{0} and all i ∈ n . The algebra obtained in this manner will be denoted by
FNSk

n(X) . The main result of this paper is the following theorem:

Theorem 2.1 FNSk
n(X) is a free weakly k -nilpotent n-tuple semigroup.

Proof We first show that FNSk
n(X) is an n -tuple semigroup. Let

(w1, u1) , (w2, u2) , (w3, u3) ∈ Ωk\{0} and r, s ∈ n .

Suppose that
dx(u1yru2ysu3) + 1 ≤ k (1)

for all x ∈ Y . Then we get

((w1, u1) r (w2, u2)) s (w3, u3) = (w1w2, u1yru2) s (w3, u3)

= (w1w2w3, u1yru2ysu3)

= (w1, u1) r (w2w3, u2ysu3)

= (w1, u1) r ((w2, u2) s (w3, u3))

since (1) implies dx(u1yru2) + 1 ≤ k and dx(u2ysu3) + 1 ≤ k for all x ∈ Y . If

dx(u1yru2ysu3) + 1 > k

for some x ∈ Y , we have

((w1, u1) r (w2, u2)) s (w3, u3) = 0 = (w1, u1) r ((w2, u2) s (w3, u3)).
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The proof of the case when the element 0 appears on both sides of the axioms of an n -tuple semigroup
at least once is obvious.

Therefore, FNSk
n(X) is an n -tuple semigroup.

Take arbitrary elements (wi, ui) ∈ Ωk\{0} , 1 ≤ i ≤ k + 1 . Since

dyr
(u1yru2yr . . . yruk+1) + 1 > k

for any r ∈ n , we conclude that

(w1, u1) r (w2, u2) r . . . r (wk+1, uk+1) = 0.

At this point, assuming x0 = θ for all x ∈ Y , for any (xi, θ) ∈ Ωk\{0} , where xi ∈ X , 1 ≤ i ≤ k , we get

(x1, θ) r (x2, θ) r . . . r (xk, θ) = (x1x2 . . . xk, y
k−1
r ) 6= 0.

The last arguments guarantee that (Ωk, r ) , r ∈ n , is a nilpotent semigroup of nilpotency index k . Therefore,
by definition, FNSk

n(X) is a weakly k -nilpotent n -tuple semigroup.
Let us show that FNSk

n(X) is free in the variety of weakly k -nilpotent n -tuple semigroups.

Obviously, FNSk
n(X) is generated by the set X×{θ} . Assume that (K, 1 , 2 , . . . , n ) is an arbitrary

weakly k -nilpotent n -tuple semigroup. Let φ′ : X×{θ} → K be an arbitrary map. Consider a map φ : X → K

such that xφ = (x, θ)φ
′ for all x ∈ X and define a map

ϕ : FNSk
n(X) → (K, 1 , 2 , . . . , n ) : ω 7→ ωϕ

as

ωϕ =


x1φ i1 x2φ i2 . . . is−1 xsφ, if ω = (x1x2 . . . xs, yi1yi2 . . . yis−1

),

xj ∈ X, 1 ≤ j ≤ s,

x1φ, if ω = (x1, θ), x1 ∈ X,

0, if ω = 0.

According to Lemma 1.1, ϕ is well-defined. We aim to demonstrate that ϕ is a homomorphism. For this,
we will use the axioms of an n -tuple semigroup and the identities of a weakly k -nilpotent n -tuple semigroup.
If s = 1 , we will regard a sequence yi1yi2 . . . yis−1 ∈ F θ[Y ] as θ . For arbitrary elements

r ∈ n, (w1, u1) = (x1x2 . . . xs, yi1yi2 . . . yis−1
),

(w2, u2) = (z1z2 . . . zm, yc1yc2 . . . ycm−1
) ∈ Ωk\{0},

where xd, zt ∈ X , 1 ≤ d ≤ s ∈ N , 1 ≤ t ≤ m ∈ N , yip , ycb ∈ Y , 1 ≤ p ≤ s− 1 , 1 ≤ b ≤ m− 1 , we obtain

((x1x2 . . . xs, yi1yi2 . . . yis−1) r (z1z2 . . . zm, yc1yc2 . . . ycm−1))ϕ

=


(
x1x2 . . . xsz1z2 . . . zm, yi1yi2 . . . yis−1

yryc1yc2 . . . ycm−1

)
ϕ, if

dx(u1yru2) + 1 ≤ k for all x ∈ Y ,
0ϕ, in all other cases.
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In the case dx(u1yru2) + 1 ≤ k for all x ∈ Y , we have

(x1x2 . . . xsz1z2 . . . zm, yi1yi2 . . . yis−1yryc1yc2 . . . ycm−1)ϕ

= x1φ i1 . . . is−1 xsφ r z1φ c1 . . . cm−1 zmφ

= (x1φ i1 . . . is−1 xsφ) r (z1φ c1 . . . cm−1 zmφ)

= (x1x2 . . . xs, yi1yi2 . . . yis−1
)ϕ r (z1z2 . . . zm, yc1yc2 . . . ycm−1

)ϕ.

If dx(u1yru2) + 1 > k for some x ∈ Y , we get

0ϕ = 0 = x1φ i1 . . . is−1 xsφ r z1φ c1 . . . cm−1 zmφ

= (x1φ i1 . . . is−1 xsφ) r (z1φ c1 . . . cm−1 zmφ)

= (x1x2 . . . xs, yi1yi2 . . . yis−1)ϕ r (z1z2 . . . zm, yc1yc2 . . . ycm−1)ϕ.

The proofs of the remaining cases are obvious. Therefore, (a r b)ϕ = aϕ r bϕ for all a, b ∈ FNSk
n(X) ,

all r ∈ n , and hence, ϕ is a homomorphism. Clearly, (x, θ)ϕ = (x, θ)φ′ for all (x, θ) ∈ X ×{θ} . Since X ×{θ}
generates FNSk

n(X) , the uniqueness of such homomorphism ϕ is obvious. Thus, FNSk
n(X) is free in the

variety of weakly k -nilpotent n -tuple semigroups. 2

In order to calculate the cardinality of Ωk , let a0 = α0 = α−1 = 0 and let αp =

p∑
i=1

ai for p ∈ n and

α = (a1, . . . , an) ∈ {0, . . . , k − 1}n .

Corollary 2.2 The free weakly k -nilpotent n-tuple semigroup FNSk
n(X) generated by a finite set X × {θ} is

finite. Specifically, if |X| = m , then

|Ωk| = 1 +
∑

α = (a1, . . . , an) ∈
{0, . . . , k − 1}n

(
n−1∏
l=0

(
αn − αl−1

al

)
m(1+αn)

)
.

Proof Let (w, u) ∈ Ωk\{0} . Then we denote dyi(u) by ai for all i ∈ n . Clearly, ai ∈ {0, . . . , k − 1} for

all i ∈ n , and let α = (a1, . . . , an) . Hence, there are
n−1∏
l=0

(
αn − αl−1

al

)
possibilities for the word u. Since

lu = αn and lw = lu + 1 , there are m(1+αn) possibilities for the word w . Thus, we have

n−1∏
l=0

(
αn − αl−1

al

)
m(1+αn)

possibilities for an element (w, u) ∈ Ωk\{0} with dyi
(u) = ai for all i ∈ n , where α = (a1, . . . , an) ∈

{0, . . . , k − 1}n . Let
W(a1,...,an) = {(w, u) ∈ Ωk\{0} | dyi

(u) = ai for all i ∈ n}.
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It is easy to verify that
{W(a1,...,an) | (a1, . . . , an) ∈ {0, . . . , k − 1}n}

is a partition of Ωk \ {0} . Hence,

|Ωk| = 1 +
∑

α = (a1, . . . , an) ∈
{0, . . . , k − 1}n

(
n−1∏
l=0

(
αn − αl−1

al

)
m(1+αn)

)
.

2

Now we construct an n -tuple semigroup which is isomorphic to the free weakly k -nilpotent n -tuple
semigroup of rank 1.

We put

Y (k) = {u ∈ F θ[Y ] | dx(u) + 1 ≤ k for all x ∈ Y } ∪ {0}.

Define n binary operations 1 , 2 , . . . , n on Y (k) by

u1 i u2 =

{
u1yiu2, if dx(u1yiu2) + 1 ≤ k for all x ∈ Y,

0, in all other cases,

u1 i 0 = 0 i u1 = 0 i 0 = 0

for all u1, u2 ∈ Y (k)\{0} and all i ∈ n . The obtained algebra will be denoted by Y (n, k) .

Corollary 2.3 If |X| = 1 , then Y (n, k) ∼= FNSk
n(X) .

Proof Let X = {c} . One can show that the map

α : Y (n, k) → FNSk
n(X) : u 7→ uα,

defined by the rule

uα =

{
(clu+1, u), if u ∈ Y (k)\{0},
0, if u = 0,

is an isomorphism. 2

The following statement establishes a relationship between the semigroups of the free weakly k -nilpotent
n -tuple semigroup.

Corollary 2.4 For any r, s ∈ n , the semigroups (Ωk, r ) and (Ωk, s ) of FNSk
n(X) are isomorphic.

Proof For any x ∈ Y , let

x̂ =


s, if x = r,

r, if x = s,

x, otherwise,
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and define a map τ : (Ωk, r ) → (Ωk, s ) : q 7→ qτ by putting

qτ =

{
(w, ŷ1ŷ2 . . . ŷm), if q = (w, y1y2 . . . ym) ∈ Ωk\{0},
q, in all other cases.

An immediate verification shows that τ is an isomorphism.
2

3. The least weakly k -nilpotent congruence on a free n-tuple semigroup

In this section, we present the least weakly k -nilpotent congruence on a free n -tuple semigroup. We will use
the notation established in Sections 1 and 2. An n -tuple semigroup which is free in the variety of n -tuple
semigroups is called a free n -tuple semigroup. Recall the construction of a free n -tuple semigroup [16].

We define n binary operations 1 , 2 , . . . , n on

XYn = {(w, u) ∈ F [X]× F θ[Y ] | lw − lu = 1}

by

(w1, u1) i (w2, u2) = (w1w2, u1yiu2)

for all (w1, u1), (w2, u2) ∈ XYn and all i ∈ n . The algebra

(XYn, 1 , 2 , . . . , n )

is denoted by FnTS(X) . By Theorem 2 from [16], FnTS(X) is a free n -tuple semigroup. For k ∈ N , let β(n,k)
be the binary relation on FnTS(X) defined by

(w1, u1)β(n,k)(w2, u2) if and only if (w1, u1) = (w2, u2) or

{
dx(u1) + 1 > k for some x ∈ Y,
dy(u2) + 1 > k for some y ∈ Y.

Theorem 3.1 The relation β(n,k) on the free n-tuple semigroup FnTS(X) is the least weakly k -nilpotent
congruence.

Proof We define a map δ : FnTS(X) → FNSk
n(X) by

(w, u) δ =

{
(w, u) , if dx(u) + 1 ≤ k for all x ∈ Y,

0, in all other cases.

We need to show that δ is a homomorphism. Let (w1, u1), (w2, u2) ∈ FnTS(X) and r ∈ n . Suppose that
dx(u1yru2) + 1 ≤ k for all x ∈ Y . The latter inequality implies dx(u1) + 1 ≤ k and dx(u2) + 1 ≤ k for all
x ∈ Y . Then

((w1, u1) r (w2, u2))δ = (w1w2, u1yru2)δ = (w1w2, u1yru2)

= (w1, u1) r (w2, u2) = (w1, u1)δ r (w2, u2)δ.
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In the case dx(u1yru2) + 1 > k for some x ∈ Y , we conclude that

((w1, u1) r (w2, u2))δ = (w1w2, u1yru2)δ = 0 = (w1, u1)δ r (w2, u2)δ.

Thus, δ is a homomorphism which is surjective since

Ωk = {(w, u) ∈ XYn | dx(u) + 1 ≤ k for all x ∈ Y } ∪ {0}.

By Theorem 2.1, FNSk
n(X) is a free weakly k -nilpotent n -tuple semigroup. Therefore, ∆δ is the least

weakly k -nilpotent congruence on FnTS(X) . It follows from the definition of δ that ∆δ = β(n,k) .
2

4. Some properties
In this section, we describe some properties of free weakly k -nilpotent n -tuple semigroups. More precisely,
we characterize all maximal n -tuple subsemigroups of the free weakly k -nilpotent n -tuple semigroup and all
regular elements of the endomorphism semigroup of the free weakly k -nilpotent n -tuple semigroup. We also
demonstrate that the automorphism group of the free weakly k -nilpotent n -tuple semigroup is isomorphic to
the symmetric group, and that End(FNSk

n(X)) is isomorphic to End(FNSk
n(Z)) if and only if |X| = |Z| .

Now, we describe all maximal n -tuple subsemigroups of the free weakly k -nilpotent n -tuple semigroup
FNSk

n(X) .
An n -tuple subsemigroup of an n -tuple semigroup G is called proper if it is not equal to G . An

n -tuple subsemigroup T of an n -tuple semigroup G is called maximal provided that T 6= G and, for any
n -tuple subsemigroup M ≤ G , the inclusion T ≤M implies M = T or M = G . Equivalently, an n -tuple
subsemigroup of an n -tuple semigroup G is maximal if it is a proper n -tuple subsemigroup of G which is not
contained in any other proper n -tuple subsemigroup of G .

Proposition 4.1 Let S be an n-tuple subsemigroup of FNSk
n(X) . Then S is maximal if and only if there is

an x ∈ X such that S = Ωk \ {(x, θ)} .

Proof Let x ∈ X . Further, let i ∈ n and (w1, u1), (w2, u2) ∈ Ωk \ {(x, θ), 0} . Then (w1, u1) i (w2, u2) ∈

{(w1w2, u1yiu2), 0} with u1y1u2 6= θ . Moreover, (w1, u1) i 0 = 0 i (w1, u1) = 0 i 0 = 0 . This shows that
Ωk \ {(x, θ)} forms an n -tuple subsemigroup of FNSk

n(X) , which is clearly maximal.
Conversely, let S be a maximal n -tuple subsemigroup of FNSk

n(X) . Since X×{θ} is the least generating
set of FNSk

n(X) , we can conclude that {(x, θ) |x ∈ X} 6⊆ S , i.e. there is an x ∈ X with (x, θ) 6∈ S . Therefore,
S ⊆ Ωk \ {(x, θ)} . Since S is a maximal n -tuple subsemigroup of FNSk

n(X) , we obtain S = Ωk \ {(x, θ)} . 2

Due to the fact that the set X ′ = X ×{θ} is the least generating for FNSk
n(X) , we obtain the following

description of the automorphism group of the free weakly k -nilpotent n -tuple semigroup: AutFNSk
n(X) ∼= =[X] .

It is natural to consider endomorphisms of the free weakly k -nilpotent n -tuple semigroup FNSk
n(X) .

Since X ′ is the least generating set of FNSk
n(X) , each map φ : X ′ → Ωk induces an endomorphism of

FNSk
n(X) , and conversely, every endomorphism of FNSk

n(X) is uniquely determined by a map from X ′ into
FNSk

n(X) . This yields the formula ∣∣End(FNSk
n(X))

∣∣ = |Ωk||X|
,
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whenever X is finite, with |Ωk| calculated by Corollary 2.2.
Let a ∈ Ωk . An endomorphism fa ∈ End(FNSk

n(X)) we call constant if (x, θ)fa = a for all x ∈ X .

Proposition 4.2 The only constant idempotent endomorphisms of FNSk
n(X) are fa for all a ∈ X ′ ∪ {0} .

Proof Let CI(X) = {fa | a ∈ X ′ ∪ {0}} . Obviously, every element of CI(X) is a constant idempotent
endomorphism of FNSk

n(X) . Conversely, let f ∈ End(FNSk
n(X)) be constant and idempotent. Suppose that

(x, θ)f = a ∈ Ωk for all x ∈ X . Then (x, θ)f2 = af = a = (x, θ)f . The equality af = a implies that
a ∈ X ′ ∪ {0} . Thus, f = fa ∈ CI(X) .

2

The following statement provides the criterion for an isomorphism of the endomorphism semigroups of
free weakly k -nilpotent n -tuple semigroups.

Proposition 4.3 Let X and Z be arbitrary nonempty sets. Then

End(FNSk
n(X)) ∼= End(FNSk

n(Z)) if and only if |X| = |Z| .

Proof Suppose that ψ : End(FNSk
n(X)) → End(FNSk

n(Z)) is an isomorphism. By Proposition 4.2, CI(X)

and CI(Z) are the sets of all constant idempotent endomorphisms of FNSk
n(X) and FNSk

n(Z) , respectively.
Then we can conclude that CI(X)ψ = CI(Z) . This yields |CI(X)| = |CI(Z)| , and thus, |X| = |Z| .

Let f ∈End(FNSk
n(X)) and (y, θ)f = (e1, e2) for some y ∈ X . We will denote e1 and e2 by [y]f

and (y]f , respectively. Suppose now that |X| = |Z| . Then there is a bijection σ : X → Z . We define
ψ : End(FNSk

n(X)) → End(FNSk
n(Z)) in the following way: let fψ be the endomorphism of FNSk

n(Z)

defined by (x, θ)fψ = ([xσ−1]fσ, (xσ
−1]f ) for all (x, θ) ∈ Z ′ , where σ is the extension of σ to F [X] . Since

σ is a bijection, we can conclude that ψ is a bijection from End(FNSk
n(X)) in End(FNSk

n(Z)) and let
a ∈ Z . Then we have (a, θ)(f ◦ g)ψ = ([aσ−1]f◦gσ, (aσ

−1]f◦g) . On the other hand, we get (a, θ)fψ ◦ gψ =

([aσ−1]fσ, (aσ
−1]f )gψ . It is easy to verify that ([aσ−1]fσ, (aσ

−1]f )gψ = ([aσ−1]f◦gσ, (aσ
−1]f◦g) . Hence,

(a, θ)(f ◦ g)ψ = (a, θ)fψ ◦ gψ . Consequently, ψ is an isomorphism, i.e.

End(FNSk
n(X)) ∼= End(FNSk

n(Z)).

2

Recall that an element a of a semigroup S is called regular provided that there exists b ∈ S such that
aba = a . A semigroup S is called regular provided that every element of S is regular. At the end of this
section, we consider the question of regularity in End(FNSk

n(X)) .
Let ω be an arbitrary word in the alphabet X . The set of all elements x ∈ X occurring in ω is denoted

by c(ω) . Let further Reg be the set of all f ∈ End(FNSk
n(X)) with (x, θ) ∈ X ′f = {yf | y ∈ X ′} , for all

x ∈ c(w) , whenever (w, u) ∈ X ′f . Denote the constant transformation of Ωk with value 0 by fX0 .

Proposition 4.4 Reg ∪{fX0 } is the set of all regular elements in End(FNSk
n(X)) . Reg ∪{fX0 } is not closed

under composition, whenever |X| ≥ 2 .

Proof Clearly, fX0 is idempotent and thus regular in End(FNSk
n(X)) . Let f ∈ Reg . Then we put

Xf = {(x, θ) ∈ X ′ |x ∈ c(w) and (w, u) ∈ X ′f}.
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Since f ∈ Reg , for each (x, θ) ∈ Xf , there is (x, θ)∗ ∈ X ′ such that (x, θ)∗f = (x, θ) . Then let
g ∈ End(FNSk

n(X)) such that (x, θ)g = (x, θ)∗ for all (x, θ) ∈ Xf and (x, θ)g = 0 for all (x, θ) ∈ X ′ \ Xf .
Let (x, θ) ∈ X ′ such that (x, θ)f 6= 0 . Then it is easy to verify that (x, θ)fgf = (x, θ)f . If (x, θ)f = 0 then
(x, θ)fgf = 0gf = 0 since an endomorphism maps 0 to 0 . This shows that f is regular.

Let now f ∈ End(FNSk
n(X)) \ {Reg ∪ {fX0 }} . Then there is a (w, u) ∈ X ′f and x ∈ c(w) with

(x, θ) /∈ X ′f . Assume that there is a g ∈ End(FNSk
n(X)) with fgf = f . Let (a, θ) ∈ X ′ such that

(a, θ)f = (w, u) ∈ Ωk\{0} . Then (a, θ)fg = (w, u)g , and thus, (w, u)g 6= 0 since otherwise (a, θ)fgf = 0 , a
contradiction to (a, θ)fgf = (a, θ)f = (w, u) . Hence, there is (w1, u1) ∈ Ωk \ {θ} with (w, u)g = (w1, u1) . It
is clear that lw ≤ lw1

. Since (x, θ) /∈ X ′f and (w1, u1)f = (w, u) , we can conclude that lw1
< lw , i.e. lw < lw ,

a contradiction. This shows that f is not regular.
Finally, we demonstrate that Reg ∪ {fX0 } is not closed under composition, whenever |X| ≥ 2 . For this

let x1, x2 ∈ X . We put
(x1, θ)f1 = (x2x2, y1) and (x, θ)f1 = (x2, θ)

for all (x, θ) ∈ X ′ \ {(x1, θ)} ,

(x2, θ)f2 = (x1x1, y1) and (x, θ)f2 = (x1, θ)

for all (x, ∅) ∈ X ′ \ {(x2, θ)} . It is easy to verify that f1 and f2 define endomorphisms in Reg . We consider

(x1, θ)(f1 ◦ f2) = (x2x2, y1)f2 = (x1x1x1x1, y1y1y1) and

(x, θ)(f1 ◦ f2) = (x2, θ)f2 = (x1x1, y1)

for all (x, θ) ∈ X ′ \ {(x1, θ)} . Since x1 ∈ c(x1x1x1x1) , where (x1x1x1x1, y1y1y1) ∈ X(f1 ◦ f2) , but
(x1, θ) /∈ X(f1 ◦ f2) the endomorphism f1 ◦ f2 does not belong to Reg.

2

Corollary 4.5 Let |X| = 1 . The regular elements in End(FNSk
n(X)) are exactly the zero fX0 and the identity

map on Ωk which form a two-element subsemigroup of End(FNSk
n(X)) , in particular, a band.
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