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Abstract: This study proposed moment-based approximations for the expected value and variance of the ergodic
distribution of the semi-Markovian random walk process (X (¢)) with gamma distributed interference of chance. Many
studies have investigated analogous moment problems by using an asymptotic approach. The key distinguishing aspect
of this study from others in the literature is obtaining Kambo’s approximations for the moments of X(t) instead of
asymptotic expansions. Firstly, the approximation formulas for the moments of boundary functional Sy ;) of X (t) were
obtained. Then using these results, approximation formulas for the first two moments of the ergodic distributions of X (t)
were derived. Finally, the expected value and variance of X (t) were calculated by using the Monte Carlo simulation

method for two concrete distributions (Gaussian and Uniform).

Key words: Semi-Markovian random walk process, moment-based approximation, ergodic distribution, boundary

functional, interference of chance

1. Introduction

This study investigates the random walk process X (t) with a gamma distributed interference of chance. These
processes can be utilized to analyze diverse problems that arise within the domains of reliability, inventory, stock
control, queuing, physics, stochastic finance, and mathematical biology applications. The considered process is
a special case of a class of stochastic processes known as “Stochastic processes with a discrete interference of
chance” as introduced by A.N. Kolmogoroff [16]. Gikhman and Skorohod [7] proved the general ergodic theorem
for this class. Since difficulties arise due to the complexity of the mathematical structure of the exact formulas
in practice, asymptotic approaches have been employed. Researches have been done in several directions to find
simpler asymptotic expansions for random walk processes. Lotov [18] obtained the asymptotic expansions for
the first three moments of the ladder height of the Gaussian random walk using Hadamard expansion. Chang

and Peres [5] derived asymptotic expansions for the first four moments of the ladder height employing the
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Riemann zeta function. Nagaev [19] advanced the research on this topic by deriving asymptotic expansions
for the first five moments of the ladder height. Additionally, Janssen and Leeuwaardeen [11] examined the
cumulants associated with the boundary functional.

Further to the foregoing research, random walk processes have been analyzed over recent years with
the interference of chances with different types of distributions and asymptotic expansions were derived for
the moments of X (¢) see [1-3]. For example, in studies [8] and [9] the weak convergence theorem for the

distribution of the maximum of a Gaussian random walk and for the distribution of a random walk were
investigated, respectively. In studies [4], [13], and [14] a semi-Markovian random walk process is investigated

by using gamma, Weibull, and generalized beta distributed interference of chance, respectively. The study [15]
examined a semi-Markovian random walk process with a special barrier. As a result asymptotic expansions for
the moments of X (t) are acquired. One of the most important recent investigations of random walk processes
in the literature is the work of Hanalioglu et al. [10]. The study [10] examined the process X (t) with normal
distributed interference of chance. They proposed exact formulas in terms of boundary functional Sy(,) and
obtained asymptotic results for the first four moments of X (¢). However, as the results obtained in the above-
mentioned research are asymptotic expansions, the remaining terms following the first two or three terms are
usually given with small oh (0) or big oh (O) notations. This poses limitations in offering a comprehensive
understanding of the convergence of these terms to zero. The aim of this study is to address this gap identified
in prior research, particularly in cases where asymptotic expansions have been suggested. It is desirable that the
approximations presented for such systems provide accuracy, simplicity, applicability, and clarity. This article
is motivated by an interest in proposing a new approach to derive approximate formulas for some important
characteristics of a random walk process X (¢) that meets the listed requirements. For this aim, we first
propose approximations in the sense of Kambo for the moments of the boundary functional Sy ;). We also
derive approximate formulas for the first and second initial moments and variance of ergodic distribution of the
random walk process X (t).

Note that our research builds on the work of Kambo et. al. [12] that provide moment-based approxima-
tions for the renewal process. It is observed that the approximation formula derived for the renewal function in
Kambo’s work is exact for a number of distributions, including exponential, a mixture of two exponential (Er-
lang with two phases), and K2. These distributions are applicable in a number of different contexts, including
modeling of arrival and service distributions in queuing theory, lifetime distributions in reliability analysis and
approximation of probability distributions for the evaluation of multimedia systems. Moreover, the results in
the [12] study were obtained using the moment matching method. The moment matching estimation method,
which is similar to that used in study [12], and our study could also be used for the performance analyses
of reconfigurable intelligent surface (RIS)-assisted stochastic unmanned aerial vehicle (UAV) mmWave relay
communication system [17]. The study of Li et al. [17] is a good example that similar methods can also be
applied to other models employed in practical engineering applications.

The remainder of the article is organized as follows. In Section 2 we give mathematical construction of
the considered process X (t). In Section 3 we present exact expressions for moments of ergodic distribution of
the process X (t). In Section 4 we first introduce moment-based approximations for the first three moments of
the renewal process N(t) proposed by Kambo et al. [12]. Then, we gave the comparison of approximations for
renewal function U(¢) in the sense of Kambo and Feller with a specific example. We observed that Kambo’s

approximate formula Uk (t) is more closely aligned with the exact formula U(t) than Feller’s asymptotic
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expansion Up(t). At the end of Section 4 we proposed moment-based approximations for moments of boundary
functional Sy () inspired by the method by Kambo et al. [12]. In Section 5 we provide moment-based
approximations for the moments of the process X(t) by using the first three moments of Sy (.). In Section 6
we consider two examples and we calculate the expected value and variance of X (¢) by using the Monte Carlo

simulation method for two concrete distributions (Gaussian and Uniform).

2. Mathematical construction of process X(t)

Suppose {(&nsMn, Cn),n = 1,2, } is a sequence of independent and identically distributed random triples on the
probability space (Q,F,P). §,,n > 1, take only positive values; 7n,,n > 1, take both positive and negative
values. Moreover, {(,,n = 1,2,3} is a sequence of gamma distributed random variables (r.v.) with parameters
(o, A), >0, A > 0. For this case, the probability density function (p.d.f) fc(z) of ¢{,, (n =1,2,3...) is given
by

felz) = A 22 e 0 >0, A>0,2>0. (2.1)

It should be noted that, the r.v. (,, represents the discrete interference of chance.

The renewal sequence {T,,} and random walk {S,} are defined as follows, respectively:
n n
To=5=0Tn=) & Su=) mn=12
i=1 i=1

Now we can define a sequence of integer-valued random variables {N,,}, n =0,1,2, as
No=0,Ny=N(z)=inf{n>1:2—-S5, <0}, 2> 0;
Npjy1=inf{k>N,+1:¢ —(Sk—Sn,) <0}, n=0,1,2,...
and inf {@} = +oo is stipulated. Let
Nn

N(z)
70=0, 11(2) = Z Eiyoors Tn = Z&, n=23,..
i=1 i=1

and let define v(t) as v (t) = maz {n > 0:T, <t},t > 0. The stochastic process X (¢) can now be constructed

as follows:
X(t)=Co— (Sopy — SN,) 5 t € [Ty Tug1), >0, £ > 0; X(0) = (o =2>0. (2.2)

The process X (t) defined by (2.2) is called “A semi-Markovian random walk with gamma distributed

interference of chance”. Figure 1 shows a trajectory of X (t).
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Figure 1. A trajectory of the process X (¢).

Before giving the approximate formulas, we need to give the exact formulas for the moments of the
ergodic distribution of X ().

3. Exact expressions for moments of ergodic distribution of process X (t)

Now, in order to express the moments of the ergodic distribution (E(X*); k= 1,2) of X(¢) through moments

of Sz it is necessary to introduce the following notations:

E (Xk) =limioo B (Xk(t)) imp =F (nf) DM = :;—]:; k=1,2,..,;

M) = B (Sho )i B = [ " Mie)dn(a)s n=0.1,2...

Here, m(z) is the distribution of r.v. (7, i.e. 7(z) = P{(1 < z}. Moreover the probability density function of
(1 is defined by (2.1). In other words 7 (z) = f¢(z).

Let us now start our examination by first taking into account the exact formulas of the first two moments
of X(t) from the study [10].

Lemma 3.1 ([10], Theorem 3.2) Let the initial sequences of the random variables {&,} and {n,} satisfy the
following supplementary conditions i) 0 < E (&) < oo. i) E(m) > 0, iii) E(|n}) < +oo, iv) m is a
nonarithmetic random variable. In addition to these conditions let E(X?) < 4+oo be satisfied. Then, the first

two moments of the ergodic distribution of process X (t) can be expressed by means of the moments of boundary
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Junctional Sy .y as follows:

B (X) = ey (B (2 +ma)Mi(G) = B (a(6)). (3.1)
B (X7) = E(Mll@){E (Ms(G1)) = 3B <(;m2l + <1> Mg(@))
+FE <<(3m%122m?’1) + 3mo1(1 +3C12) Ml(Cl))}- (3.2)

Here, miy = my/my1, k=1,2,3.

Now let us define the first ladder epoch (v;") and the first ladder height (x]) of the random walk

{Sp,n=0,1,} that we will use through this section as follows:
v
vii =min{n >1:5, >0}, x{ = S, = Zm.
i=1

Let (v,f,x;f), n=2,3, be independent pairs with the same distribution as (v;", x{") (see [6], page 392).

In this case a stochastic process H(z) generated by the sequence {x;}},n =1,2, is defined as follows:

H(z)min{nZl:ZX;">z},z>0, H(0) =1.

i=1
The stochastic process H(z) is a renewal process (see [6], page 184). The boundary functionals N(z)

and Sy(.) = Zfi(f ) 7; can be represented by the Dynkin principle as follows (see [20]):

H(z) H(z)

N(z) = Z vt Sn(z) = Z Xi -
i=1

i=1

Remark 3.1. The calculation of the first and second stationary moments of X (t), as given by the exact formulas
in (3.1) and (3.2), is very difficult. To overcome this difficulty, in this study we aim to propose approximation
formulas for E(X) and F(X?) by using Kambo’s moment-based method (see [12]). To achieve this goal, we
must first examine the moments of Sy (,) . Lemma 3.2. below provides the Laplace transforms of the first three

moments of the boundary functional Sy ;). First of all, we should give some notations as follows:

E(H(z)) =Us(z) = ) Fi"(2), Fr(2) = P{x{ < 2}, ¢(7) = B(eap(—x7)),
n=0

Dy (v) = E(xy "exp(—=x{)), un = E(X{"), n=1,2,3, 7> 0.
Hereafter and throughout the article, G (v) and G*(7y) represent the Laplace transform and the Laplace

Stieltjes transform of any function G(z). Additionally, the notation CAv'(z) represents a moment-based approxi-

mation for any function G(z).
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Lemma 3.2 (/21], Theorem 4.2) Let the condition of uz = E(x7>) < oo be satisfied. Then, the Laplace

transforms of the first three moments (My(2)) of the boundary functional Sy .y are as follows:

o0

M, (v) = / e ?E (Sn(z)) dz = U4 (7), (3.3)

=0

W) = [ B (S3) ds = 2TV )DI0) + el 0), (3.4)

Mg(’y) = /:O e K (S?V(z)) dz

=0

+3psU4 (1)UL (1) D} (7) + 13U+ (7). (3.5)

Remark 3.2. Our first objective is to derive approximations for the first three moments of Sy (z) based on the

results of [12], which provided an approximation for the first three moments of the renewal process.

4. Moment-based approximations for moments of boundary functional Sy ;)

Moment-based approximation formulas in the sense of Kambo are given in the work [12] with Proposition 4.1.

We need to introduce following notation in order to give Proposition 4.1:

n 0
N(t):max{nEO:ZXigt},ZXiEO,t>O7 N(0) = 0. (4.1)

i=1 i=1

Here the random variables X,,, n = 1,2 are independent and identically distributed and positive valued. Note

that here N(t) represents the renewal function in the sense of Smith.

Proposition 4.1 ([12], Theorem 3.1) Suppose Y, = X1 + X2 + ... + X, n > 1. Moreover, suppose the first
three raw moments of X; exist and are known. Then the following approximation holds for the first three

moments of the renewal process N (t):

l —2u3)(1 — et
B(N() ~ L 4 W2 =20 = ) (42)
H1 249
o? 202 3 5ot 2us 2
Var [N(t)] = —t + [ +-+ - } [ + us] teso!
502 1 ot 2u3] | .
— [22 5+ 1 33} 50t _ 2250t (4.3)
Hi H1 HY
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3

1

E [N3(t)} ~ Ls w# 4
M1 H1

—+—+ t+v+

[1 12v  18v 1812 12v
pioop piso f1150

18 3612 1
+ TVQ 2 e? < - V) + [31/2(50 - 1/58)] t2esot
H1Sp  H1So 50
1812
+ { - 6v2(1 — VS()):| teot
1231
12 18 3612 1
+ |:—V _ 21/2 _ 2V 62 ( — y)} esot (4.4)
H1So  HiSp  H1So So

" L2 — L2 — 2
Jor so = ?é;g(ljgljfu;;, V= #22#02;1’ 0% = pg — M%a pn = E(XT), n=1,2,3.

Remark 4.1. In the following parts of this article, 17+ (z) will express the moment-based approximation of the
renewal function U, (z) = E (H(z)) in the sense of Kambo. As observed in (4.1), in order to write the equation

H(z) = N(z) + 1 with probability 1, it is sufficient to replace X; with x; . Thus the following expression can

be written.

~

U, (2) = Mi +ep+ (1—cp)e?. (4.5)
1

Note that cp = pa/(2u3) is Feller’s coefficient. At this point, we present a specific example to demonstrate that
the approximate formulas derived according to Kambo’s approach are more efficient compared to the formulas

available in the existing literature (commonly referred to as Feller’s approximation).

Example : {n,, n =1,2,...} is a sequence of Erlang distributed random variables with parameters (3, \), A > 0.

In other words, the probability density function f, (t) of 7, is expressed as follows:

A3¢2
fat) = Te‘”, t>0.

The main aim of this example is to show that Kambo’s approximate formula Uk (¢) is more closely aligned

with the exact formula U(t) than Feller’s asymptotic expansion (Ur(t)) for relatively small values of At. Here

2 1 1
U(t) = % + 3 + ge—%kt [cos <\/§2’)‘t> + ——sin <\/§)‘t>] ,

V3 2
At 2
Ur(t) = 5 + 5 +o(D),
2 1
UK(t) = % + 5 + 56_%>\t.

Here U(t) is the renewal function generated by Erlang distribution with parameters (3, ). The following

notations are used to measure closeness:

A A
Ap =|U(t) = Up(t)], Ax = |U(t) — Uk(t)|; op = W?)l(m%; Sk = Wlt()m()%’

APF = 10075}7; APK = 10075}(.
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Here, Ar and Ak are absolute errors of approximate formulas in terms of Feller (existing method) and Kambo
(proposed method), respectively; dp and 0k are relative errors; APr and APk are the percentage of accuracy

of these two approximate formulas. The table below shows the values of measures of closeness, obtained for
At =0.2;0.3;;1.5:

Table 1. Comparison of the results obtained by the proposed method and the existing method.

At | Ut) | Ur(t) | Ug(t) | Ap Ag | dp(%) | 0k (%) | APr(%) | APk (%)
0.2 | 1.001 | 0.733 | 0.980 | 0.268 | 0.021 | 26.75 | 2.08 73.25 97.92
0.3 | 1.004 | 0.767 | 0.979 | 0.237 | 0.024 | 23.61 | 2.43 76.39 97.57
0.4 | 1.008 | 0.800 | 0.983 | 0.208 | 0.025 | 20.63 | 2.48 79.37 97.52
0.5 | 1.014 | 0.833 | 0.991 | 0.181 | 0.024 | 17.85 | 2.33 82.15 97.67
0.6 | 1.023 | 0.867 | 1.002 | 0.157 | 0.021 | 15.30 | 2.05 84.70 97.95
0.7 | 1.034 | 0.900 | 1.017 | 0.134 | 0.018 | 12.98 | 1.70 87.02 98.30
0.8 | 1.048 | 0.933 | 1.034 | 0.114 | 0.014 | 10.91 | 1.32 89.09 98.68
0.9 | 1.063 | 0.967 | 1.053 | 0.097 | 0.010 | 9.08 0.95 90.92 99.05
1.0 | 1.081 | 1.000 | 1.074 | 0.081 | 0.007 | 7.48 0.60 92.52 99.40
1.1 | 1.101 | 1.033 | 1.097 | 0.067 | 0.003 | 6.10 0.29 93.90 99.71
1.2 | 1.122 | 1.067 | 1.122 | 0.055 | 0.000 | 4.93 0.02 95.07 99.98
1.3 | 1.145 | 1.100 | 1.147 | 0.045 | 0.002 | 3.94 0.20 96.06 99.80
1.4 | 1.170 | 1.133 | 1.174 | 0.036 | 0.004 | 3.11 0.38 96.89 99.62
1.5 | 1.196 | 1.167 | 1.202 | 0.029 | 0.006 | 2.42 0.51 97.58 99.49

As can be seen from the table, when At = 0.2 , the accuracy percentage of the Feller approach is 73.25%;
comparing the accuracy percentage of the Kambo approach is 97.92%. Additionally, when At = 0.3, these
percentages are 76.39% according to Feller and 97.57% according to Kambo, respectively. It becomes clear
that at relatively small At values, the approximate formula in the Kambo sense is more effective than Feller’s
approximate formula. As the At value increases, the accuracy percentage of both approximations approaches
each other. Particularly, for At > 7, the percentages of accuracy will be close enough to each other. From this
it can be concluded that especially for small values of At it is preferable to use approximate formulas derived
according to the Kambo approach.

Now we will examine the moments of the boundary functional Sy ).
Remark 4.2. To distinguish from the exact formula My(z) = E (S]’i[(z)) . k = 1,2,3; the notations Mj (z) are

used for proposed approximations in the sense of Kambo for first three moments of Sy ;). Now we will give
approximation formulas for first three moments of Sy (.) with Theorem 4.2. Note that the coefficient so that

we will use in Theorem 4.2 is defined as follows in [12]:

_ 6ua(p2 —2p1)
CO3u3 = 2pe

Theorem 4.2 Let the following conditions are satisfied: pug = E (XYG) < 400 and sy < 0. Then, the moment-

based approzimation formulas in the sense of Kambo for the first three moments for Sy.) of the process X(t)
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are obtained as follows:

]\71(2) =z + aj + b1e’°%, (4.6)
J\//.TQ(Z) =224+ hiz+hy + (c1z + co)e’?, (4.7)
Ms(z) =23+ 2 f1 22+ foz+ f3 + (di2% + doz + d3)e™>. (4.8)
Here
S 1:2[‘%_/1'2;
2u1’ 2u
b= b2y = B g Tty By g

pi1 3u 6uf  4pi 3m

2
c1 = hzsg — haso + paso, c2 = 2 — ha,

6 9 27 ol
J1=18u1 — 2= a2 — u; fi=H4 ngg - Lﬁ,
B 2p p1 wi 4pq

f4:_£+22u§+u3u3_9ﬁ
2m 3 4pd dpt’

fo= Mo B Bpnps B3 N Spspa  Susps | 1543
8ur  2u 8 3} 8y} dpi 1643
f3 2

2

f5 4

di = 2+ fasg — 3 50 da = 2(pu3 — f3)s0 + 3fas8 — f550, d3 = jz — f3.

Proof U, (y) and D} (v) are defined in Remark 3.1. Moreover, asymptotic expansions for U, (y) and D7 (7)

can be written when v — 0 as follows:

1

T (9) = o1), (49)
Y
* —+ _’YX+ 72 73 3
Di(v) EE(X1€ 1) =/ —WM2+§M3+€M4+0(’Y ) (4.10)
* _ +2 *’YXJF 72 3 ’74 4
D3(v) :E<x1 e 1) = M2 = Y3 5+ s ot +0(77). (4.11)
2 ~
Here cp = 2‘%\ and D = 4”723 - 6“722. Using Ui (y) = vUs(y) and (4.9)-(4.11) in Lemma 3.2 the following

expansions are obtained:

My(v) = % + % +mD +o(1), (4.12)
My(y) = %+E+%+h3+o( ), (4.13)
Ms(v) = %+$+é+%+f4+f57+0(’7)- (4.14)
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Using the above expansions and Tauber-Abel’s Theorem, the following expansions are obtained, when z — oo :

Mi(z) = z+ a1 + o(1), (4.15)
Msy(2) = 22 + hiz + hy + o(1), (4.16)
M) = 2+ L2 4 ozt gyt o), (4.17)

Our aim is to determine the functions o(1) in the above equations in a special way based on Kambo’s method.
Thus, we can eliminate the hiddenness created by o(1) and obtain concrete expression. Instead of the o(1)

functions, let us propose the following functions, respectively, based on Kambo:

Ri(2) = b1e®°?, (4.18)
Ro(z) = (12 + c2)e’0%, (4.19)
Rg(z) = (d122 + d2Z + dg)esoz. (420)

And so, let us consider the following functions:

My(2) = z+ a1 + Ry (), (4.21)
My(2) = 2% 4+ hiz + hy + Ra(2), (4.22)
1\73(2) =22+ %22 + foz + f3 + R3(2). (4.23)

In order to determine the above functions, the coefficients b;, ¢;, d; must first be determined. It is known that

lim, o M1(2) = p1 and lim, ;g ]\//.71(2) = ay + b;. Hence there must be a; + by = py. Therefore b; = 2“5%

is obtained. Thus, we can replace the function M;j(z) with the function ]/\4\1(2) whose coefficients have been

determined. So,

Mi(2) = 2+ a1 + bye™”,

In order to determine the other coefficients, we have to consider both the asymptotic expansion of ]\Z('y) and

the asymptotic expansion of the Laplace transforms (Z\/ZZ ('y)) of the functions Z\Z(z) (i=1,2,3), when v — 0.

For this aim we first obtain the asymptotic expansion for M. 2(7) as follows, when v — 0:

= 2y hy
%mzh@mm_$+$+7+umm» (4.24)
Here
1 1 € C2
L = 1L, (2¢9°) + ¢y L, (¢0%) = =92 .
L (Bale)) = 1L (5°) 4 ol (€)= oty e = G = 2 o)

The following equation must be ensured when the expansions of the M, () in (4.13) and the M, (7) in (4.24)

are matched:

hy = = — =2 (4.25)
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Moreover, it is known that lim,_oMa(z) = ps and limz_mM\z(z) = hg + ¢2. Thus, the following equation is
obtained:

o = ho + co. (426)

From the equations (4.25) and (4.26), the following equations are obtained:
1 = hgsg — haso + pi280, c2 = iz — ha.

Thus, we can replace the function Ms(z) with the function ]\72(2) whose coefficients have been determined.
So,

]/\4\2(2) = 22 + hlz + hg + (612' + CQ)GSOZ.

Similarly, we can determine Ms; (2).

Mal) = L, (V@) = S+ T B B (e, (127

Here

and when v — 0

—2d d d
Ly (R3(2)) = — ! {1 + 3L + 0(7)} + —3 [1 + P + 0(7)] -3 [1 + i + 0(7)}
S0 S0 S0 So So S0
—2dy + dosg — dzst  —6dy + 2dasg — dss?
_ 1 2380 350 + 1 250 3307 + 0(7).

1
50 50

The following equation must be ensured when the expansions of the Ms(y) in (4.14) and the J\//.Tg(w) in (4.27)
are matched:

—2dy + dosg — d38(2J

fa= 3 : (4.28)
50
—6dy + dysg — dss?
fy = 0 d280 = dssp (4.29)

1
5o

Moreover, it is known that lim,_oMs5(z) = pu3 and limzﬁoﬁg(z) = f3 + d3. Thus, the following equation is
obtained:

f3+ds =ps. (4.30)

From the equations (4.28), (4.29) and (4.30), the following equations are obtained:

dy =12 ; s s+ fasg — %83; dy = 2(p3 — f3)so + 3fasg — fssg; ds = pz — fa.
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Thus, we can replace the function Mjz(z) with the function J/W\g(z) whose coefficients have been determined.
So,

]/\4\3(2:) =23 + %Zz + foz 4+ f3 + (d1Z2 + doz + dg)esoz.
The coefficients are as given in the expression of Theorem 4.2. This completes the proof. O

5. Moment-based approximations for moments of process X(t)

This section presents a moment-based approximation in the sense of Kambo for the first two moments of the

process X (t) by using the first three moments of Sy (.). We start with stating following lemma:

Lemma 5.1 Let the sequence of random variables {(n, n=1,2,...} have gamma distribution with parameters

a and X\ given as in (2.1), and let the following conditions will be satisfied:
pe = E (x{°) < +o0, K = —s9 > 0.

Then the following moment-based approrimations in the sense of Kambo are written:

E(M(g)):3+ﬂf“2_“ﬁ (AiK)a, (5.1)

E (Clﬂl(cl)) = a(a; D ;:L/ﬁ\ af\uj ;(;fli‘a (5.2)
B (¢h (o) - et Jlerd, oot
() - S5t
e (AjK)a, (5.4)
b (i) — HoE DD ol s o
s e
() - RO et
+fs+dy (0;(1}1)&2 iy f;\:)aH +ds (/\Jr/\K) - (5.6)

Here B:a—i—;‘ﬁ.
H1

Proof Moment-based approximations Z/\l\k(z) in the sense of Kambo for My(z) = E(Sf\',(z)) for k =1,2,3

are obtained in Theorem 4.2. By using approximate formulas M (2), ]\/Zg(z) and ]\//.73(2) and making necessary

calculations we obtain (5.1)-(5.6). O
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The primary objective of this study is outlined in Theorem 5.2. Here we obtained in the sense of Kambo
moment-based approximations for the first two moments of the process X (¢) by using approximations for the

first three moments of Sy ).

Note that E (X*), k = 1,2 represents in the sense of Kambo moment-based approximations for the first

two moments of the ergodic distribution of X (¢).

Theorem 5.2 Let the conditions of Lemma 3.1 and Lemma 5.1 be satisfied. Then in the sense of Kambo
moment-based approximations for the first two moments of the ergodic distribution of the process X(t) are

derived as follows, when the parameter \ is sufficiently small:

~ ala+1) . _; Ao 3Ajpe —2us prc(a+1)
E(X)= ——)\ A — A
(X) B 3 61 B KB
B(x?) = alat1)(a+2),, . ala+1)(18umc+341) 4 L a(Ipipsc + ps + 3p1As)
B 2B B
L2 fs 434y = Aty (@+ D@+ 2me o (@t Dmc(I8ume+341)
2B KB 29K B '
Here Al = ma1, AQ = m2§1 — %7 mr1 = %’;7 k= 273, B=« + QHTZIA, Cc = 72M§;N2’ = —S0 = 7?;1%(?;3;2‘3

Proof The exact expressions for the first moment E(X) and second moment E(X?) of ergodic distribution
of X(t) are given in Lemma 3.1 with (3.1) and (3.2) respectively in Section 3. Moreover the following in the

sense of Kambo moment-based approximation can be given using Lemma 5.1 with (5.7) as follows:

B S :{a+m_uz—2u%( A )}1
E (MI(C1)) A 2,[!1 2#1 A+ K

~1
o Hic 1 mic fpicp 1 1
o — 14+ - ot Z ) et
{{AJ”“CFH T K Ka(a2 +K> H

Q

A L S o mclmerK +0?) o
o+ Mucr N Q2o+l

1 wic
il W 7}\04—&-2.
B aK*B

~ (5.7)
Here cp = po/2u3.

Taking advantage of Lemma 5.1 the following in the sense of Kambo moment-based approximation can
be written as A — 0:

afa+1) a H2 M3
E((2 MiQ)) = EQE(G) = ===t gty =g
(26 +ma)Mi(G) = B(B(G) = == + A +Aig = — o
2 — o ) ar ( 241 — pio ) aX®
Wl ) _ (5.8
+( ) ormen T\ T ) e 69

Substituting (5.7) and (5.8) into (3.1) following in the sense of Kambo moment-based approximation is
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derived for E(X):

Aja 3Ajuo — 2u3)\ 3 uic(a+1)

T B B 611 B KeB

Now it aims to find in the sense of Kambo moment-based approximation for the first two moments of ergodic
distribution of the process X (t). The exact expression for the second moment of the ergodic distribution of
X (t) was given through (3.2) in Section 3 with Lemma 3.1. Using Lemma 5.1 the following in the sense of

Kambo moment-based approximation can be written, when A — 0:

3m%1 — 2m31)

E(M3(¢1)) —3E ((;mm + Cl) Mz(Cl)> +E (<(2 +3ma1G1 + 3(12) Ml(Cl))

_ala+1)(a+2) n ala+1) [fl n 3A; 3u2] L& {fz _Ms (3m3, 2m31)]

A3 A2 2 2 2 m 2

Aps | (3m3) —2mai)p | a(a+ 1A [ 22 — m]
Tl + dy — 3¢, +37L 2
s 24 4pn A+ K)otz [ ! 2%

«@ A 22_
+7( o) [d2—321—302+3141u1 Mﬂ

A+ K)atl 2p1
A? (3m3y — 2ma1) (2uF — po
+ R [dg + . ) (5.9)

Substituting (5.7) and (5.9) into (3.2) following in the sense of Kambo moment-based approximation is

derived for E(X?2):

ala+1)(a+2) N ala+1) (e + 251) 1 a (9H3C + %3142)

E(X?) = A
(X%) B B + B
Aspa—A
ek PR (et (et 2mey (@4 Due(9met 2 |
B KoB KeB '
This completes the proof of Theorem 5.2. O

By using the approximate formula of the first two moments of the ergodic distribution of the process
X(t), we will obtain the approximation formula for the variance of the ergodic distribution of the process as in
Corollary 5.3.

Corollary 5.3 Under the conditions of Theorem 5.2 moment-based approximation in the sense of Kambo is

obtained for the variance of ergodic distribution of X (t) as follows:

Var(X) = A2V 4+ AT, + Vs 4+ ALY, 0<a<?2
W)=V A2V 4 A Vo + Vs + AVG, a> 2.
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Here
ala+1)(a+2) o?(a+1)?
‘/1 = B - B2 ’
Vo — a(a+1)(18uic+34:) 2A102(a + 1)
2 2B B? ’
Ve = a(Ipipze — ps + 3 As) A2a? o+ 1)(3A1ps — 2u3)
3 1B B? 311 B2 :
Vi — (a+D(a+2)me  20(a+ 1)2u1c
e K°B KoB2
Ve — 201 f3 + 3Asps — Arus _ aA1(3A1 10 — 2u3)
’ 2B 31 B?

Note that here the coefficients A; and B are given in Theorem 5.2

Remark 5.1 The approximate formulas proposed for expected value E(X ) and variance @“(X ) of the
ergodic distribution of the random walk process X(¢) in this study are relatively more precise approaches to

those existing in the literature. To demonstrate this, we will now consider two examples.

6. Examples
In this section, the expected value and variance of X (t) were calculated for two concrete distributions (Gaussian

and Uniform).

Example 1: Suppose that the summands 7; constituting the random walk process {S,} have normal dis-
tribution with parameters p = 1, 02 = 1 (9, ~ N(1,1)). In this case by using Python (3.11.0) version and
Monte Carlo simulation method by producing 10® trajectories, we calculated the first six moments of first ladder

height Xf. Following results were obtained:
M1 = 125, 125) = 218, M3 = 459, Ha = 1097, 1255 = 2898, 1273 = 83.04.

Using the values of u;, @ =1,2,3,4,5,6; the constants ¢ and K can be calculated as follows:
2 2 2 2 _
_ 22 o g7g i = 6 (247 — pi2)

= 2.547.
211 3u3 — 2p1 i3

C

Considering these moments and Theorem 5.2, in the sense of Kambo moments-based approximations for the

expected value and variance of Gaussian random walk process X (¢) are derived as follows:

~ ala+1) _; 2« 0.52 0.38(ar+ 1)
Bx)=3aT -1, 2 P92y a.
(X) B T T B eages
. o2, 0<a<?
Var(X) = { aé 0o

, [a(a +1)[( +;ZB —ala+ 1)]} e [a(a + 1)[6.385;— dofa + 1)]] A1

a[10.74B — 5.63a — 1.63]]  [(a + 1)[0.38(cr + 2)B — 0.75a(a + 1)]] oy
+ [ B2 ] + [ (2.48)7 B2 } AT
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Afl

a

2 [a(a +1[(a+2)B — a(a+ 1)]] A2y {a(a +1)[6.38B — da(a + 1))
2 B2 B?

a[10.74B — 5.63c — 1.63] 168.16B — 3.27«
+ 52 + 2 A

Here B = o+ 0.87\.

Example 2: Now suppose that the summands 7; constituting the random walk process {S,} have uniform
distribution with parameters (—1,3) (71 ~ U(—1,3)). In this case by using Python (3.11.0) version and Monte
Carlo simulation method by producing 10® trajectories, we calculated the first six moments of first ladder height

Xf. Following results were obtained:

M1 = 143, 125) = 2767 M3 = 604, Ha = 1417, 1255 = 3482, 1273 =~ 88.27.

Using the values of u;, 1 =1,2,3,4,5,6; the constants ¢ and K can be calculated as follows:

_ 200 ke o yes o o OMa(20E — pa)

=~ 2.045.
2 3p3 — 21z

C

Considering these moments and Theorem 5.2, in the sense of Kambo moments-based approximations for the

expected value and variance of random walk process X (t) are derived as follows:

. ala+1) _, 233 084, 046(a+1)
Bx)= ATy _ 0oy 8
(X) B T T BT s
2
— | o1, O<a<?2
Var(X) = { o3, a> 2.

o2 = {a(a + [(« —G—;gB —afa+ 1)]} e [a(a + 1)[7.6SBB; 4.67c(o + 1)]] -1

a[21.1B — 8.89c — 3.45] (a4 1)[0.46(c 4 2) B — 0.93c(cx + 1))]
* [ B2 } * [ (2.05)> B2

:| )\oz—l

9 ala+1)[(a+2)B—a(a+1 9 a(a+1)[7.68B — 4.67Ta(a+1 1
o [alet Dle DB —alat D))o fofa UGS 46Talect ]

«[21.1B — 8.89c — 3.45] 216.21B — 8.04«
+ 52 + 52 A

Here B = o+ 0.96\.

7. Conclusions
In this article, we study a random walk process X (¢) with gamma distributed interference of chance. The key
idea is obtaining approximations for the expected value and variance of the ergodic distribution of the process

X(t). Our study addresses a significant gap in the existing literature regarding the convergence behavior
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of the remaining terms in asymptotic expansions. While previous studies have often relied on big-oh and
small-oh notations to characterize these terms, in this study, we have provided an approximation to the ergodic
distribution that allows us to visualize the convergence behavior of the remaining terms. Here, a new perspective
is proposed to obtain approximate formulas by utilizing Kambo’s approach.

In Section 4 in particular, we provided an example by considering the renewal function produced by the
Erlang distribution in order to measure the accuracy of the approximation proposed by Kambo. As a result of
our observation, we have come to the following conclusion: For large values of E((¢1)) moment-based in the sense
of Kambo approximation results and asymptotic results are closer to each other. However, at small values of
E((¢1)) the results obtained from moment-based in the sense of Kambo approximation results are more efficient
than the Feller’s asymptotic results. Here (; represents the discrete interference of chance and the probability
density function is given with Equation (2.1). In Section 5 we provide moment-based approximations for the
moments of the process X (t) by using the first three moments of Sy .). Moreover in Section 6 we consider two
examples to apply the formulas that we obtained for the first moment and variance of the ergodic distribution
of the process X(t).

In future it is possible to propose approximations for higher order moments of the ergodic distribution of
the process X (¢) in order to obtain approximations for skewness and kurtosis coefficients. Moreover moment-
based approximation formulas could be proposed for semi-Markovian random walk process with different types
of interference of chances (for example Weibull, Nakagami distribution, Amoroso distribution, Stacy distribution
and etc.). In addition, when the distribution of the random variable 7,, is symmetrized Gamma distribution
or triangle distribution in the interval [—a,b], a,b > 0, obtaining approximations in the sense of Kambo for

moments of random walk may also be interesting in application.
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