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Abstract: In this paper, we apply the criterion of Mikhalev and Umirbaev for the invertibility of an endomorphism
of a finitely generated free Leibniz algebra via its Jacobian matrix to determine whether a given endomorphism is an
automorphism. Moreover, it is shown that the invertibility of the determinant of the Jacobian matrix of an automorphism

implies its wildness.
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1. Introduction

Leibniz algebras are algebraic structures that generalize the concept of Lie algebras by allowing nonantisym-
metric products. The study of Leibniz algebras encompasses a wide range of topics, including their structure
theory, automorphisms, representations, and subalgebras. In recent years, there has been significant progress
in understanding the properties of Leibniz algebras and exploring various aspects of their theory. This progress
has been driven by the efforts of many researchers who have made important contributions to the field.

Bloh [3] was the first to define the notions of a left and right Leibniz algebra (but called them left and
right D-algebra, respectively). Much later, and independently, Loday reinvented the concept of a left and
right Leibniz algebra. In particular, Loday and Pirashvili [6] made significant contributions to the theory of
Leibniz algebras by studying the universal enveloping algebras of these structures and their (co)homology.
Their work shed light on the algebraic properties and cohomological aspects of Leibniz algebras. In [1]
Abdykhalikov et al. characterized tame automorphisms of free Leibniz algebras with two generators. This
characterization offers an algorithm for identifying tame automorphisms. Building upon these findings, they
have also devised a construction method for generating wild automorphisms. Drensky and Papistas established
that the automorphism group of a free nilpotent Leibniz algebra with more than two generators can be generated
by all tame automorphisms and one additional wild automorphism (see [5, Theorem 4.5]). In [7, Theorem?2]
Mikhalev and Umirbaev proved the analog of the Jacobian conjecture for Leibniz algebras, i.e. they proved that
an endomorphism of a finitely generated free Leibniz algebra is an automorphism if, and only if, its Jacobian

matrix is invertible.
Let § be a finitely generated free Leibniz algebra over a field of characteristic zero. In this paper we start

out by exploring some properties of partial derivatives of free Leibniz algebras. Then we apply the criterion

of Mikhalev and Umirbaev for the invertibility of an endomorphism of a finitely generated free Leibniz algebra
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via its Jacobian matrix (see [7, Theorem 2|) to determine whether a given endomorphism is an automorphism.
Moreover, we provide a sufficient condition for an automorphism of § to be wild in terms of the determinant of its
Jacobian matrix. In [1] Abdykhalikov et al. constructed a wild automorphism for free Leibniz algebras with two
generators. Note that it is still unknown whether a free Leibniz algebra with more than two generators has wild
automorphisms. We address this problem affirmatively by establishing the existence of a wild automorphism for
any finitely generated free Leibniz algebra, and thus complementing Theorem 3 in [1]. Moreover, we construct
another wild automorphism for finitely generated free Leibniz algebras. For three generators this automorphism
is an analogue of the Anick automorphism. Umirbaev proved that the Anick automorphism for free associative

algebras with three generators is wild (see [12]).

2. Preliminaries
A right Leibniz algebra £ over a field K is a nonassociative algebra with a K -bilinear product that satisfies
the Leibniz identity

x(yz) = (zy)z — (z2)y
for all z,y,z € £. In case £ is anticommutative, i.e. 22 = 0 for all z € £, the Leibniz identity is equivalent
to the Jacobi identity. The Leibniz identity provides us with a powerful tool to simplify Leibniz products, as it
enables us to represent any product as a linear combination of right-normed products. A right-normed product
with 3 factors is written as zyz = (zy)z. To reference the ideal generated by elements 2%,z € £ in £, we use
the notation Ann(£). It is well known by [6] that 7, = 0 if @ € Ann(L). We denote the resulting Lie algebra
as Lrie = £/Ann (L) and the image of an element z € £ under the canonical homomorphism 7 : £ — £, as
T. Additionally, we refer to the automorphism group of £ as Aut L.

In [6], the universal enveloping algebra of a Leibniz algebra was introduced. To elaborate, consider two
distinct copies of the Leibniz algebra £, which we denote as £/ and £7. In these copies, we identify elements
labeled as [, and r,, corresponding to the universal operators governing left and right multiplication by z.
Let I¢ be the two-sided ideal of the associative tensor K -algebra T(£! @ £7) over K with an identity element

satisfying the following relations

rwy = ’ra:T‘y — T'y'lqm (21)
loy = lgry —1yls (2.2)
(ra +1)l, = 0 (2.3)

for any z,y € £. Then the factor algebra UL(L) = T(£' @ £")/I¢ is the universal enveloping algebra of the

Leibniz algebra £. Using the homomorphism 7, we obtain homomorphisms dy and d; such that
do,dy : UL(£) = U(LLie),

where U(£ri.) is the universal enveloping algebra of the Lie algebra £1;., and we have
di(rz) =7, di(ly) = —T

do(T‘m) = f, do(lT) = 0

The kernel Kerd; ( respectively Kerdy) is generated by the elements r, + I, (respectively I, ) for x € UL(L)
and Kerd;Kerdy = 0 (see [6, Proposition 2.5]).
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Loday and Pirashvili [6] provided a comprehensive description of free Leibniz algebras. Consider a set
X, and let £(X) represent the free nonassociative algebra over K generated by X. Additionally, define Ix as
the two-sided ideal in £(X) generated by elements of the form:

a(be) — (ab)c + (ac)b

for all a,b,c € £(X). Then the algebra §(X) = £(X)/Ix is a free Leibniz algebra generated by X. For more

details, we refer the reader to [6].

3. A sufficient condition for the wildness of an automorphism

Let § be the free Leibniz algebra with the free generators xzi,...,x, over a field K of characteristic 0. By
definition, UL(F) is generated by the elements I,,,r,, (i =1,...,n) that satisfy the relations (2.1), (2.2), (2.3).
In addition, § is a right UL(F)-module with a right action given by

zly = 2,
2Ty = 22,

where z,z € §. Define the length of a monomial v = wjus... ur;, € UL(F) as the number of elements u; €
{re;;lz;]t =1,...,n} (j =1,..,k for k> 1) that u contains. Let I be the right ideal of the algebra UL(F)
generated by the elements [, € § which is the free UL(F)-module with the basis {l;,,ls,,--., s, }. Partial

derivatives in free Leibniz algebras are defined by Mikhalev and Umirbaev in [7] as follows. Consider mapping
d:F—1

given by
d(z) =lz,x €§.

By the relations (2.2) and (2.3), it is obtained
d(zy) = lpy = lory — 1yl = lpry + 1yl = d(x)ry + d(y)ls

for all z,y € § (see [7, p. 437]). Therefore the mapping d is a universal derivation of the algebra § with

coefficients in the UL(F)-module UL(F) ( see [10, Definition 4]). The partial derivatives of of an element f

6l‘i

of the algebra § can be expressed using the following formula;
d(f) =) d(wi) 5 - (3.1)
i=1 *

of
al’i

where € UL(F) (see [7], p- 440).

Lemma 3.1 Let f,, be a monomial in § of the form

Ly Ly« v LTy
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where i; € {1,...,n} and j=1,...,n. Then

n
d(fn) = Z d(l‘ij )lzilx’iz"'zij_lrwij+1 e Ty
j=1
and
Ofn _,
axiA T T Tig Ty TI,ij+1 e Ty
i

Proof We use induction on n. Given a monomial fs = x;,x;, € §, we obtain that
d(f2) = d(l‘i1$i2) = lIilliQ = lwz‘l Tziy, = Ty lwil = lwil Tz, + ll’ig lwil = d(xil)/r.xiQ + d(‘riz)lwil
By the definition of partial derivatives, we get

f2 _ of _

=Ty, =y, .
8Z‘i1 EX 8331'2 ‘

Now let us take f,,—1 = 2,2, ... 2, _, €F. By induction hypothesis, we write

n—1
d(fn—l) = E d(xij)lzilziz...mij71rmi].+1 .. ~7':671n71
Jj=1
and
8fn—1 . r r
8$i, - zilziz...zij71 :Ej,].+1 AR :L‘7‘,n71 .
J

Then for the element f, = x;, i, ... %, = fn_1%4,, We obtain that

d(fn) = d(fnfl)rrin + d(xin)lfn,l
n—1
= (Z d(xij)l$11$i2~--wij_1rwij+l SRR TN s, + d(min)lwilxign-w%_l
j=1

= Ty, -

T, .

d(xij )lfﬂilz,;z T,

j—1 Tij41 7T
1

n
j:
Hence,

of

= . . . Ty .
O Tig Tig-Tij_y ! Tigyg
.’I?lj

C Ty

O
The following lemma provides a chain rule for partial derivatives. Its proof is inspired by the proof of a similar

chain rule for Lie algebras by Umirbaev (see [11, p. 1162]).

Lemma 3.2 Given v =v(x1,...,2,) € §. Then for y1,...,yn €, %w =2im %M%’iw holds.
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Proof Applying the identity (3.1) to the element v(xq,...,2,), we obtain

" ov(xy, ..., Ty
dw(zy,... 2)) = Zd(xi)% (3.2)
i=1 ¢
If we substitute arbitrary y;’s for z;’s in (3.2), it follows
" ov(Yy1,.. ., YUn
ol ogm) = 3 () )
i=1 ¢
Then it implies
- - 8y’b av(y17"'7yn)
d ey Yn)) = d —_—
(U(yh Y )) izl(kZ:l (xk)al‘k) 8yz
Therefore
Ou(yr, - yn) _ z": Qyi Qv(ys,- - Yn)
6:ck izl al'k ayz '
O

The following lemma characterizes the invertibility of certain elements in UL(F). In fact, the elements
we consider are exactly the elements that do not belong to the augmentation ideal of UL(F). Note that UL(F)
is an augmented algebra, i.e. there exists an algebra epimorphism ¢ : UL(F) — K, which is defined by
e(l) :==1, e(ly) :== 0, and &(r;) := 0 for any = € X. The kernel Ker(e) is called the augmentation ideal of
UL(F), and one has UL(F) = K - 1 ® Ker(e) as vector spaces. The latter shows that the elements o and u in

the following lemma are well-defined and independent of the set of generators.

Lemma 3.3 Let a+u € UL(F) for some a € K\{0} and some u € Ker(e). Then o+ u is invertible if, and
1 1
only if, u> = 0. In this case — — —u is the inverse of a +u in UL(F).
a o«
Proof Firstly, suppose that a + u € UL(F) is invertible. Then
(a+uw)(B+v)=(B+v)(a+u)=1 (3.3)

for some element 5+ v € UL(F), where 8 € K and v belongs to the augmentation ideal of UL(F). We obtain
that
af + pu+ av+uv = af + fu+ av +vu = 1.

Then it implies that uv = vu, and using the augmentation, we obtain o8 =1 (which implies that 8 # 0) and
Bu+ av +uv = 0. (3.4)

The image of the left-hand side of identity (3.4) is
di(Pu) + di(aw) + dy(u)di(v) = 0. (3.5)

918
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for t =0, 1. It is well known that U(FLic) is a graded algebra. If di(u) and d;(v) are nonzero then the length
of the element di(u)d:(v) is greater than the length of the both d:(u) and di(v) for ¢ = 0,1. Therefore we
obtain

di(fu) + di(aw) =0 (3.6)

and

di(u)d(v) =0 (3.7
by (3.5) for t=0.1. Since the algebra U(FLie) has no zero divisors, the identity (3.7) leads to a contradiction.
At the same time we find that if di;(u) = 0 then di(v) = 0 by (3.5). Similarly if di(v) = 0 then d:(u) = 0.
This implies that di(u) = 0 and d¢(v) = 0 for ¢ = 0.1. Therefore u and v belong to the kernels Kerd, and
Kerd;. So u and v are elements of the intersection of these kernels, Kerdy N Kerd;. It follows that u and v
are elements of the ideals KerdyKerd; or Kerd;Kerdy. If u and v are elements of Kerd;Kerdy then u =v =0
by the equation Kerd;Kerdy = 0 (see [6, Proposition 2.5]). If u and v are elements of KerdyKerd; then we
obtain

u? = wu € KerdyKerd; KerdyKerd; = 0

which yields that u? = 0. Similarly we get v?> = 0 and uv = 0. Subsequently, we obtain v = —éu by identity
o

1

1
(3.4) which implies the inverse of a + u is determined as — — —u.
a o«

Conversely, let a +u € UL(F) for a € K\{0} and u? = 0. Then

11 1,
(oz—{—u)(a—?u):l—?u =1

As an example, take 1+ I ,(l;, +72,) € UL(F). From the relation (2.3) in UL(F), we get
(1 + llI?2 (121 + ’rl’l))(l - 122 (1971 + Tml)) =1- lIz (lfrl + 7121)1302 (lﬂﬁl + rIl) =1,

which shows that 1+ 1,,(l;, + 74,) is an invertible element in UL(F).

Lemma 3.4 If y €Ann(gF), then a+1, (a € K\{0}) is invertible in UL(F).

Proof It follows from identity (2.1) that r 2 = ryr, — 1,7, = 0 for any = € § which immediately yields that
ry = 0 for any y € Ann(§F). The equality 0 = d(zy) = loy = lory + Iyl = lyl; is then deduced for all z € §.
Thus, we get 112/ =0 and by Lemma 3.3, o+, is invertible. a
of Of
Ox1’ " Oz,

transposition. Given an endomorphism ¢ of § such that ¢(z;) = f; for j = 1,...,n. The Jacobian matriz

J(p) of the endomorphism ¢ is the matrix with rows (9(f1),...,0(fn)) of the elements fi, fo,..., fn, ie.

Let f be an element of §. By O(f), we denote the column ( , where T indicates

Oxq Oxzo oz
Ofr  Of2 ... Ofn
J(SO) - Oxo Oxo Oxo
0fs Ofs ., Ofn
Oz, Oz, Oxy

919
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An endomorphism 1 of § induces an endomorphism v of UL(F) and the endomorphism ¢ induces
an endomorphism on the matrix algebra with components from UL(F) that this endomorphism is denoted
by the same symbol . Given endomorphisms 1 and ¢ of § such that ¢(z;) = v; = vj(z1,...,2,) and
Y(xj) =y; =yj(x1,...,2,) for j =1,...,n. The image ¢(v;(21,...,xy,)) is obtained substituting arbitrary y;’s

for z;’s in vj(x1,...,x,) that is v;(y1,...,yn). The Jacobian matrix of the composition 1 o ¢ of ¢ and ¢ is

Oop(x1)  Ovop(zs) . Iop(xs)

011 oz dx1
OYop(r1)  Opop(x2) AYop(xn)

J(pop)= Dos el D2
Oop(xz1)  Oop(xzs) . Iop(xn)

Oxp Oxp oy,

Lemma 3.2 implies that

n
31/1090(%) _ aqu(vj(xla""x”)) _ avj(ylv"'7yn) _ Z ayl 6Uj(y1,...7yn) (3 8)
Gsck amk al'k i—1 axk 6y2 ’
for j =1,...,n. Rewriting the components of J(v o ¢) using (3.8) yields
Z" Oyi Ov1(Y1,..,Yn) Zn By Ova(y1,.-yn) Zn Oyi Ovn(Y1,.-Yn)
i=1 Oz 0y; =1 Ox 0y; i=1 Oy 9y;
n dy; Ovi(Yise-yYn) n Qy; Ova(Y1,--Yn) . n y; Ovn(Y1,--Yn)
J(pop)= Zi:l e dy; Zi:l Jz2 dy; Zz‘:l Oz y;
Zn Ayi Ov1(Y1,--Yn) Zn y; Ova(Yi,-yn) . Zn Ayi Ovn(Y1,--Yn)
i=1 Oz, Oy, i=1 Oz, Oy, i=1 Oz, Oy,
Oy dy2 ... Oun O (Wiynyn)  W2(Wisetn) . OVn(Y1enyn)
Oy Oxy Oxy 9y1 9y1 oY1
Oyi  Qyz .. Oy Ovi(Wisenyn)  Ova(Winyn) . OUn(Y1sYn)
= Ox2 Ox2 Ox2 Y2 Oy2 0y2
Oy1 Oy2 . OYn Ov1(Y1,--,Yn) Ova(Y1,--3Yn) OV (Y1,--,Yn)
0x, Oz, Oz Oyn OYn o OYn
It implies the following composition rule for the Jacobian matrices
J( o) =J(@)0(J(9)) (3.9)
We denote by (u;;) a n X n matrix with components u;; for ¢,j = 1,...,n. An elementary matrix

Ey(w) is defined as a matrix that differs from the identity matrix only by having an element w in the k-th

row and [-th column. The inverse of Ey;(w) is Ey(—w).

Lemma 3.5 Let Ey(w) be an elementary matriz and D be a diagonal matriz with invertible elements over
UL(F). Then there exists an elementary matriz E' such that DEy(w) = E'D.

Proof Let D be a diagonal matrix, where the diagonal elements d; = a;; + wii, oz € K\{0}, u;; € Ker(e)

for i = 1,...,n are invertible over UL(F). Without lost of generality we consider elementary matrix Ej,(w)
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over UL(F). Then we get

d1 0 0 1 0 w d1 0 dlw
0 do --- 0 o1 --- 0 0 ds 0
DEqn(w) = S : R B
0 O dy, 0 0 1 0 O dp,
1 1
Onn Qnn 0 dy --- 0 1 1
_]1 01 - 0 —_— : = Ein(diw(—— — ——tnn))D,
0 0 1 0 O dn
1 1 . . .
where —— — —5—Unp 1S the inverse of d,, by Lemma 3.3. O
Ann ann

The homomorphism d; (t=0,1) induces a homomorphism of the n x n matrix algebras
Myxn(UL(L)) = Myxn(U(Lrie)),

denote by the same symbol d; (¢t =0,1), such that d¢((w;;)) = (d¢(w;;)) for every (wij) € Myxn(UL(L))

Lemma 3.6 Given an elementary matriz Eg(u) over U(FrLic). Then

Eyi(u) = dy (Ekl(wiz) + (%))
holds, where vﬁj € Kerd;, wt, € UL(F) does not involve elements of Kerd; for t =0,1 and i,j=1,...,n.

Proof Without lost of generality we consider elementary matrix Eq,(u) over U(Frie). Let U = (u;;) be
a matrix over U(Fri), where u;; = oy + v (ou; € K) for i, = 1,...,n. Then by the surjectivity of the
homomorphisms d; (¢ =0, 1) for every element w;; € U(Fric) there exist elements f;; —H}fj cUL(F) (Bij € K)
such that

wij = auj +vij = di(Bij + vij) = Bij + di(vi;)

for i,7=1,...,n. Then o;; = B;; and v;; = dt(vfj) are obtained for 7,7 = 1,...,n. Thus we obtain
1o u L+di(viy)  de(via) oo Bin +di(v1,)
01 - 0 de(vh) 1+ di(vhy) - de(v3,)
Erp(u) = . = : : - : ’
00 - 1 de(vpy) di(vpe) 0 L4 di(vy,)

where (1, + di(vi,) = u, di(vj;) = 0 for v}; # vf, for i,j =1,...,n, t = 0,1. It follows v}; € Kerd; for
vf; # vi,. We can write (1, + v}, = wj + w}, where wj € Kerd; and wi € UL(F) does not involve elements

of Kerd;. Therefore we obtain

AN T R
o1 --- 0 Vg1 U Vg,

Bu@=d(| . . . . |+] S 1)
0 0 1 vl i, vt
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where vj; € Kerd; for vf; # vf,, i,j =1,...,n, di(w] +w}) = u, wi +wh € UL(F) such that w} is belongs
to Kerd; and w! does not involve elements of Kerd;. O

Let A be a matrix over U(Fie). The preimage of the matrix A under the homomorphism d;, denoted

by d;'(A), is the set of all matrices M over UL(§) such that the images are the matrix A. There exists an
augmentation map € : U(§eie) — K which is defined by &(1) := 1, &(Z) := 0 for any x € X. We denote £(A)

and £(M) by the matrices of the augmentations of the components of A and M, respectively.

Proposition 3.7 FEvery invertible Jacobian matriz on UL(F) can be written of the form D.E where E is a

product of elementary matrices and D is a diagonal matriz.

Proof Given an invertible Jacobian matrix M on UL(F). The image (M) is invertible on the ground field
K that it is of the form D.E, where D = diag(ds,...,d,) is the diagonal matrix with elements on the diagonal
d; € K\{0} for i =1,...,n and F is a product of elementary matrices over the field K. The images do(M)

and di (M) are invertible matrices on U(Fri.) and
e(M) = &(do(M)) = &(d1(M))) = D.E.

Then d;(M) is of the form D.E;, where D = diag(dy,...,d,) for d; € K\{0}, i =1,...,n and E; is a product

of elementary matrices over U(Fr;.) for t = 0,1 (see the proof of Corollary 3.4, [8]). Then we can write
dt(M) = D.HEkl(dt(Ukl)), (3.10)

where D = diag(dy,...,d,) for d; € K\{0}, i =1,...,n and IIEy;(d;(vg)) is products of elementary matrices
for di(vgr) € U(Frie), t =0,1. Every element of UL(F) is in the form o+ u for a € K, u € Kere. Then we
get

MZ&‘(M)—F(UU) :D.E+(uij), (3.11)

where u;; € Kere. It follows that

di(M) = DE + di((u,5)) (3.12)

for t =0,1. By (3.10) and (3.12) we have
di(M) = DE + d;((u;j)) = DILEy (di(vi)), (3.13)

Multiplying the both sides of the equations (3.13) and (3.11) by the inverse matrix D=1 of D on the left-hand
side yields

E+ D7 'dy((uiy)) = N E(di(via))- (3.14)

and
DM = E+ D ' (uy). (3.15)

Applying d; to the both sides of (3.15) and by (3.14) we get
di(D™*M) = E + D™ dy((uij)) = HEw (di(vr))
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for t = 0,1. Then D'M is an element of the intersection of the preimages dg ! (HEkl(do(vkl))> and

di? (HEkl(dl(vkz))) . Using this fact let us determine D~'M . By Lemma 3.6 we have

Eri(di(vrr)) = dy (Ek:z(wi;z) + (Uﬁj))

for w!;, € UL(F) does not involve elements of Kerd;, ufj € Kerd; for i,5,k,l=1,...,n, t =0,1. Then we
obtain

T (ds (o)) = 1y ( Bxa(wly) + () = dy (1 BraCuwly) + (uf)) ) = de (MBw(wly) + (aly))  (3.16)
where w}, € UL(F) does not involve elements of Kerd,, qu7 u‘;j € Kerd; for i,j5=1,...,n, t =0,1. Thus we

obtain the preimages

d;? (HEkl(dt(vkl))) = {HEkl(w,tcl) + (¢i;) : ¢i; € Kerdy, w; € UL(F) does not involve elements of Kerdt}

for ¢ = 0,1. The matrices in the intersection do_1 <HEkl(d0(7)kl))) N d1_1 (HEkl(dl(vkl))) holds the following

equality
HEg (wy) + (qgj) =E(wyy) + (Qilj) (3.17)

for ¢j; € Kerd;, wy, € UL(§) does not involve elements of Kerd; for ¢ = 0,1. Multiplying the both side of
(3.17) by the inverse matrix I1Ey(—wY,) of IIE)(wY,) on the left-hand side gives

I+ (pY;) = NEw (—wiy)Ew (wiy) + (pi;) (3.18)

0

where [ is the identity matrix, p?j € Kerd), p}j € Kerd, . Since (p;;) = s(p}j) =0, we have

I = B (—wd) 0E (wi,) (3.19)

that follows
HEkl(wgl) = HEkl(wllfl). (320)

This holds q?j = qilj by (3.17) which implies q?j, qilj € KerdogKerd;. Subsequently u!. are elements of

J

KerdoKerd; by (3.16) for i,j =1,...,n, t =0,1. Hence D~'M is in the following form
(B (wh) + (uf))

for uf; € KerdogKerd,,w}, € UL(F). Since (uf;)* = 0, every matrix Ex(wj;) + (uf;) in this product has the
diagonal elements 1 + uf, that are invertible by Lemma 3.3 for ¢ = 1,...,n. This allows us to reduce these
matrices to a diagonal form by applying elementary transformations to its rows. Subsequently we can write
B (wy,) + (uf;) of the form Dyy.Ey; where Dy is a diagonal matrix with invertible diagonal elements and Ey,
is a product of elementary matrices over UL(F) by Lemma 3.5. Consequently, we have

M = DH(EM(w;l) + (ul )) = DIIDy. By
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where D = diag(ds,...,d,) is the diagonal matrix with elements on the diagonal d; € K\{0}, Dy, is a diagonal
matrix with invertible diagonal elements and Ej; is a product of elementary matrices over UL(F). The proof

is completed by Lemma 3.5. O

Let ¢ be an automorphism of F. According to the result by Mikhalev and Umirbaev (see [7, Theorem 2])
the Jacobian matrix J(y) is an invertible matrix over UL(F). If J(¢) has at least one invertible element in
every row and column, this allows us to reduce the matrix J(p) to a diagonal form by applying elementary
transformations to its rows. Although we cannot say that this property holds for every invertible Jacobian
matrix over UL(F), we can write each invertible Jacobian matrix as the product of a diagonal matrix and a
product of elementary matrices by Proposition 3.7. Let J(p) be expressed in the form J(¢) = D(u).E, where

E is a product of elementary matrices and D(u) is the diagonal matrix that p is the product of the elements

on the diagonal. Take the group UL(F)* of all invertible elements of UL(F), and the quotient group UL(F) of

UL(F)* by its commutator subgroup that the commutator subgroup is generated by the elements of the form

1-v)1-w)(l+v)(1+w)
for v,w € Ker(e) and v? = w? = 0. Then the image 7 of p in m is defined uniquely and is called the
determinant of the matrix J(¢) in the sense of Dieudonn’e (see [2], [9]), denoted as det(J(y)). It has some
usual properties of the determinant; in particular, the determinant of the product of two invertible matrices
is equal to the product of their determinants. By the uniqueness and multiplicativity of the determinant for
invertible matrices, the invertibility of the determinant of J(p) implies the invertibility of the matrix J(p).

The automorphisms ¢; (i =1,...,n) defined by

N ) arit+g if j=1
et ={ & if G

where o € K\{0} and g belongs to the subalgebra of § generated by {z;|j # i}, are called elementary
automorphism of §. Moreover, the subgroup of the automorphism group Aut§ generated by all the elementary
automorphisms is said to be the tame subgroup of Autg, and its elements are called tame automorphisms.
Finally, an automorphism of § that is not tame is said to be wild.

Proposition 3.8 If ¢ is an elementary automorphism of §, then det J(¢) is a nonzero element in the ground
field K .

Proof Without loss of generality, we consider the elementary automorphism ;. Since the Jacobian matrix

of ¢y is
@« 0 0 0 a 0 0 0
?"2 10 0 0 1 0 0
Te) = | a5 01 of_[ o o1 0 | g,
oo :
Wgn 0 0 1 0 0 0 1

where FE is a product of elementary automorphisms such that
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1 0 0 1 00 0 1 00 0
= 1 0 0 10 0 0 10 0
0 1 0 20 1 0 0 01 0|
0 00 1 0 00 1 20 0 e 1
we obtain that det J(¢1) = o, o € K\{0}. O

Proposition 3.9 If ¢ is an elementary automorphism and 1 is an arbitrary automorphism of §, then

det ¥(J(¢)) is a nonzero element in the ground field K .

Proof Without loss of generality, we consider the elementary automorphism ;. Since the image of Jacobian

matrix of ¢; under v is

<
£
e}
e}

<

£
)
je)
)

Pgt) 1 0 0 10 0
D)) = | PE5) 01 0 f=-| 0o o1 0 | g,
BE) 000 1 0 00 1

100 0 1 00 0 100 0
D) 1 0 0 1 0 0 10 0
0 01 0 P(2L) 0 1 0 01 0|
0O 00 - 1 0 00 1 P(xL) 00 1
we obtain that det(J(p1)) = ¥(a), a € K\{0}. O

Corollary 3.10 If ¢ is a tame automorphism, then det J(¢) is a nonzero element in the ground field K.
Proof Let ¢ be a tame automorphism. By definition, ¢ is a composition of elementary automorphisms. Then
the proof can be completed by applying identity (3.9) and Proposition 3.8. O

By combining Theorem 2 in [7] and Corollary 3.10, we obtain the following corollary.

Corollary 3.11 Let ¢ be an endomorphism of §. If det J(¢) = a+ u is invertible for some a € K\{0} and

some u # 0, then ¢ is a wild automorphism of § .

For two generators the existence of wild automorphisms was obtained by Abdykhalikov et al. (see [1, Theorem
3]). The following theorem establishes the existence of a wild automorphism of a free Leibniz algebra with any
finite number of generators. Our construction generalizes the wild automorphism a free Leibniz algebra with

two generators found by Abdykhalikov et al.
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Theorem 3.12 Let ¢ be the endomorphism of § with generators x1,...,x, defined by

T +ory if j=1,
Tj) = . :
#les) {:cj if J#L
where v € Ann (§) depends only on xa,...,x,. Then ¢ is a wild automorphism of §.

Proof According to Theorem 2 in [7], it is enough to verify that the Jacobian matrix of ¢ is invertible. We
calculate d(p(z;)) for i = 1,...,n : d(@(21)) = loytvz, = loy (1 + 1) + 172, and d(p(x;)) = I, for j # 1.

Consequently, the Jacobian matrix of ¢ is

};w;(rxl) 000 T T4+ 00 0 0]
o 1 U0 0 0 10 0 0
2o 0010 0 0 010 .0
¢ (x1)
el 9001 .. 0= 0 001 . 0p
Op(z1) 0 00 0 1
[ Z2 0.0 0 1] L |
where E is the product of elementary matrices in the following form
100 0 1 00 0 1 0 0
% - 0 0 1 0 1 0 0
T2
0 01 --- 0 %;:) 01 - 0| 0 01 --- 0 ’
0 00 1 0 00 1 delm) g g ...o1

thus its determinant is 1+ [, where v € Ann(§) depends only on the elements z; for j # 1. By Lemma 3.4,
1+ 1, is invertible. Then it follows from Corollary 3.11 that ¢ is a wild automorphism of §. O

The following example establishes the existence of a wild automorphism of a free Leibniz algebra with any
finite number of generators. For three generators the automorphism in Example 3.13 is an analog of the Anick

automorphism (see [4, p. 343]). Umirbaev proved that the Anick automorphism is wild (see [12]).

Example 3.13 The endomorphism ~ of the free Leibniz algebra with generators x1,...,x, defined by

x1 — 1 + x3(T1203 — T3X2)
v XTo — Lo + ($1$3 — 333562)1’3
T; — (Ei,’i 7£ ]., 2

is wild. The endomorphism ~ is the composition of the automorphisms i, as, s, ay, as, g, a7, g, g such
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that v = ayasazagasagaragag, where the automorphisms are defined by

o] 1 Ty — X9+ T,
T; = Ti,1 # 2,
as 11— 21+ x3(zars),
T = T, #£ 1,
Q3 Ty — Lo — X1,
T — Ti, 0 F 2,
oy o X9 — T+ az(x1x3) + TrX3T3,
T — Ti, 0 F 2,
Q5 ¢ T — T — T3T3T2,
T; — Tiy 0 F 2,
ar : x1 — 1+ (v373)(0273) T3,
T; — X0 F 1,
ag : x1 = 21 — (w323)((T2 — T1)T3) T3,

J?i—>$i,2.751,

ag = as and ag = «ay. Let us take ; = ajas---«; for i =1,...,9. It is obtained that ;(x3) = x3. Then
identity (5.9) implies that

J’y = Jalal(Jag)E2(Ja3 )@3(Ja4)w4(°7a5)1/)5(‘]046)wfi(‘]ow)w?(Jas)wS(‘]OéQ)'

Since the determinant is multiplicative for invertible matrices, we obtain the determinant of the Jacobian matriz

J, as

det J, = det Jo, det ¥, (Ja,) det Py(Jay) det 15 (Ju, ) det (o, ) det s (Jag) det 1hg(Ja, ) det ¥ (Jag) det g (Ja, 3.21)
The automorphisms oy, s, as,ay, ag, 7 and ag are elementary. Therefore we have det J,,, det);(Ja,),

det 1y (Ja,), detths(Ja,), dettps(Ju,), detthg(Ju,) and det),(Ja,) are nonzero elements of the ground field
K by Proposition 3.8 and 3.9. Furthermore det Jo, =1 — ly,0, and as is wild by Theorem 3.12. The image

VYy(z3) = w3 holds det ¥y (Jos) =1 — luyzy . Now let us find the dethg(Jyn,). The Jacobian matriz of ag is

1 =1y lyansTa, 0O 0 O 0

TI311313T13 1 0 0 0

(Tes + lwz)r(m—fcl)%rls + l(m—fbl)ll’sﬁrms + l(msms)((mz—rl)rs) 0 1 0 0

J(ag) = 0 0 1 0
I 0 0 0 O 1]
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Then
i 1- Txs szxsrxa 1 0 O 0]
TaglagasTas 1 0 0 0
_ (sz + lzs)rws(zz—zl)zsrrs + lws(m—m)lrsmsrmz + l(rara)(ws(m—m)ms) 0 1 0 0
Pg(Jay) = 0 0 0 1 0
i 0 0 0 O 1]
This matriz is equal to
(1= 7uyligasmz; O 0 0 0]
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0| &,
i 0 0 0 0 ... 1]
where E is the product of elementary matrices such that
[ 1 0 0 ... 0] 1 0 O
Txglxgxgra:g 1 0 0 0 1 0
0 0o 1 ... 0 (ras + lzg)rwg(ggz—xl)mrms + l¢8(12—11)lz3z3rm3 + l(zs2s) ($s(wa—a1)zs) 0 1
0 0 O 0 0 0 0
i 0 0 0 ... 1] 0 0 0

Hence, we get det(vg(J(a9))) = 1 — TuylugayTay- It follows from
nglxgmgrrgrxglmgm;;rmg = rzglxgxglmglxglm;;mgrrg = 07

and Lemma 3.8 that 1 — ry,ly,p,7s, 1S invertible. By the identity (3.21) the determinant of J, is

det(J(7)) k(l + lwsxs)(l - T‘xgll‘gl‘gr,’tg)
k(14 layas = TaslosesTas — lesesTaslosws Tas)

k(]- + l:L’g{L’g - 7"1319339[:37':1;3)

where k € K\{0}. It follows from

(lﬂﬁsﬂﬂs — Tag l1313r$3)(l$3I3 — Tzg ZI3$3TI3) = 07

and Lemma 3.3 that k(1 + lpspy — TaglegesTes) 48 tnvertible, and thus Theorem 2 in [7] shows that v is an

automorphism. Finally, we conclude from Corollary 3.11 that ~ is wild.

4. Conclusion

This paper starts with investigating various properties of partial derivatives of a finitely generated free Leibniz
algebra over a field of characteristic zero. Then we characterize the invertibility of certain elements of the
universal enveloping algebra of the free Leibniz algebra. Next, we prove that every invertible Jacobian matrix

over the universal enveloping algebra of a finitely generated free Leibniz algebra can be written as the product
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of a diagonal matrix and a product of elementary matrices. Thus, using this result, we give an analog of the
Dieudonné determinant of the invertible Jacobian matrices. After that, we apply the criterion of Mikhalev
and Umirbaev (see [7, Theorem 2]) for the invertibility of an endomorphism of a finitely generated free Leibniz
algebra via its Jacobian matrix to determine whether a given endomorphism is an automorphism. Then we
establish a sufficient condition for an automorphism to be considered wild based on the determinant of its
Jacobian matrix. Building on the work of Abdykhalikov et al. [1] who constructed a wild automorphism
for free Leibniz algebras with two generators, we address the open question regarding the existence of wild
automorphisms for free Leibniz algebras with more than two generators. At the end of our paper, we establish
the existence of wild automorphisms for any finitely generated free Leibniz algebra, thereby complementing
Theorem 3 in [1]. Finally, we construct another wild automorphism for a free Leibniz algebra with n generators
analogous to the Anick automorphism when n = 3. Umirbaev proved that the Anick automorphism of a free

associative algebra with three generators is wild (see [12]).
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