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Abstract: In this study, we investigate the m-th order elliptic operators on n-dimensional bounded domain Q C R"
with discontinuous coefficients in the rearrangement-invariant Sobolev space WX (2). In general, the considered
rearrangement-invariant spaces are not separable, so the use of classical methods in these spaces requires substantial
modification of classical methods and a lot of preparation, concerning correctness of substitution operator, problems
related to the extension operator in such spaces, etc. For this purpose, the corresponding separable subspaces of these
spaces, in which the set of compact supported infinitely differentiable functions is dense, are introduced based on the
shift operator. We establish interior Schauder-type estimates in the above subspaces. Note that Lebesgue spaces Ly (2),

grand-Lebesgue spaces, Marcinkiewicz spaces, weak-type L, spaces, etc. are also covered by such spaces.

Key words: Banach function space, rearrangement-invariant spaces, Sobolev spaces, elliptic operator, Schauder type

estimate

1. Introduction

Over the last years, so-called nonstandard spaces of functions have been actively used in many problems of pure
mathematics, mechanics, and mathematical physics. The emergence of new functional spaces, such as Morrey
space and grand-Lebesgue space, naturally requires the development of appropriate theory. That is why various
problems in such spaces began to be intensively studied (see [1, 4-23, 25-33] ). The methods of harmonic
analysis in such spaces are well developed. At the same time, the various problems of differential equations
in nonstandard Sobolev spaces, generated by the norms of these spaces, have also begun to be studied. It
should be noted that, according to Luxemburg’s classification (see [2]), all these spaces are Banach function
spaces (b.f.s). The first research of this kind about Morrey type spaces dates back to 2000 to continue up to
the present. (Note that in case of 2] = 400, the Morrey space L, x(£2) is not Banach function space. In this
work, we consider only the case || < 4+00.) Similar studies have been also carried out for grand-Lebesgue
spaces(see [7, 9, 10, 16, 28, 29, 33] ). Most of these spaces are rearrangement-invariant (see [2, 27]). These
circumstances require the study of solvability problems of elliptic equations in rearrangement-invariant Sobolev

spaces, generated by rearrangement-invariant Banach function spaces.
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This work is a continuation and generalization of the studies [8-10, 31|, which deal with the elliptic
operators in grand Sobolev spaces and rearrangement-invariant Sobolev spaces. In [31], the boundedness of
substitution operator and extension operators from W' (Q2) to W (1) (for some ©; D Q) has been studied.
Some basic aspects of these works, which we will use in this work, are described in Section 2.

In this paper, we study the m-th order elliptic operators on n-dimensional bounded domain  C R"
with discontinuous coefficients in the rearrangement-invariant Sobolev space W (€2), generated by norm of
some rearrangement-invariant Banach function space X (£2). In general, the considered rearrangement-invariant
spaces are not separable; therefore, using classical methods in these spaces requires the essential modification
of classical methods and a lot of preparation, concerning correctness of substitution operator, problems related
to the extension operator in such spaces, etc. To this aim, based on the shift operator, corresponding separable
subspaces of these spaces are introduced, in which the set of compact supported infinitely differentiable functions
is dense. In the classical case, Schauder type estimates play a very important role in the establishment of the
Fredholmness of elliptic operators. For this purpose, we establish interior Schauder type estimates in the above
subspaces. Note that Lebesgue spaces Ly, (€2), grand Lebesgue spaces, Marcinkiewicz spaces, weak-type L;’

spaces, etc. are also covered by such spaces.

2. Essential information and notations

We will use the following standard notations: Z,- set of nonnegative integers, R, = [0, +o0), |z| =
22+ ...+ 22 - the norm of z = (z1,...,2,) € R", B, (x9) = {z € R": |v — x| <r} - the open ball in

R"™, and 99Q will be the boundary of the domain Q, Q = QJ9Q will stand for the closure of Q. Q; CC Q»

means that ; C Qy. || is Lebesgue measure of the set . The diameter of the set 2 will be denoted by

d(Q) =dg = diamQ, p(x, M) = dist (x, M) - the distance between x and the set M. M;AM, will be the
symmetric difference of the sets M; and M,. Accept

0 (0) = Q) Br (w0), Br =B (0),Q—6={z:x+5€Q} (VeR"),

Q. ={z: dist(z, Q) <e}, (Ve >0).

3 (Q) will denote the set of measurable functions on Q@ C R™, [X,Y] - Banach space of bounded operators

acting from X to Y, [|T|x_y. |IT]lix) -the norm of the operator T" € [X]. Unit balls in Banach function
space X and associate space X’ will be denoted by Bx and By, respectively. a = (a1, as,...,a,) will be
a multiindex with the coordinates oy € Z,, Vk = 1,n; 8; = 8%1_ will denote the differentiation operator and
0% = 97105%..0%m . For every & = (&,&2,...,&,), we assume ¥ = (£,£52,...,£2). By the m-th order
diffeomorphism of two domains in R™ with sufficiently smooth boundaries, we will mean the homeomorphism

of these domains, i.e. an invertible function that maps one domain into another, such that both the function
and its inverse are m-time differentiable. By C™(f2), we denote Banach space of m — th order continuous

differentiable on Q functions with norm

Iflem@y = X 10%Flem g (2.1)

la|<m
where ||gllea) = sup,eql9(@)].
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2.1. Banach function spaces

For more details on Banach function spaces, related notions, and main properties of these spaces, we refer the
readers to [2, 20, 27]. Here we give some necessary information.

Let X be a Banach function space, X’ be an associated space, p(f) be a function norm of f € X.
Denote the corresponding associate norm by p’ (f). Also, denote by X the closure of the set of all simple
functions in X, and by X, the set of all functions from X with an absolutely continuous norm. The theorem

below is true.

Theorem 2.1 a) The inclusions X, C X, C X, hold.

b) Subspaces X, and Xy coincide if and only if for every set E of finite measure, xg has an absolutely

continuous norm.

Let X = X (p) be a rearrangement-invariant Banach function space over an infinite, nonatomic, totally

o-finite measure space (M, p).

Definition 2.2 For each t > 0, let E; denote the dilation operator defined on o (R*, m) by

(ES)()=Fts).  (0<t<o0).
Let
hx (t) = HEl/t”[}E’}’ (0<t< o),

where X is Luzemburg presentation of X (about this concept see f.e. [2]).

Definition 2.3 Let X = X (p) be a rearrangement-invariant Banach function space over an infinite, nonatomic,

totally o -finite measure space (M, u). The Boyd indices of X are the numbers ax and Bx defined by

ax = sup log hx (t) By = sup loghX(t).
o<t<1 logt ’ l<t<oo logt

2.2. Some assumptions

Hereinafter, we will assume the following: let K = {(z1,...,2,): |2;] < ¢} C R"™ be a cube, X (K) be a

rearrangement-invariant Banach function space defined on K with Lebesgue measure and the function |||/ x (k-

If QCc K: QC K is a connected domain, by X () we will mean the space of restrictions of all functions from

X (K) to Q with corresponding norm, i.e.

X (@) ={feSE): fllx@ = Ifxalxa < +oo},

with the norm H'”X(Q).
Suppose 24+ Q C K. In case of relation Q+ 6 ={t+ 4 : t € Q}, we consider such § € R™: Q+ 6 C K.

When we consider the function Vf € X () as a function from X (K), we assume that f )K\ﬁ =0.
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By Ts, for § € R™: |6| < dist (092, OK), we denote the additive shift operator, defined in the following
way: (Tsf)(z) = f(z+9), forevery f € X(Q). By X4(2), we denote the subspace of all functions from X (Q),
which have the following property:

a) T (f) = flix =0, 6 =0, (2.2)

where § € R" is a shift vector and T5f (z) = f (x + 0) is a corresponding shift operator.

Let us accept the following condition:

B) VE, = 0= IxE.,

x — 0. (2.3)

Lemmas 2.4 and 2.5 below have been proved in [8, 31].

Lemma 2.4 If B) holds, then X, = X, = X = C§° () (the closure is taken in topology of X () ).

Lemma 2.5 Let X(Q) be a rearrangement-invariant Banach function space defined on the domain @ C R™
and ||xellp = 0, |E| = 0. Then Vo € Lo (), Vf € X (Q) implies of € X ().

2.3. Convolution operator

For the function f defined on Q C K, we define a new function f; on R™ as follows: Firstly, we continue f

by zero on the whole of K, and then periodically on the whole of R™, and denote
[ fa (- + kd)”X(K) = ||fd(')||x(K) =|fll, Vke z".

Since X (K) is a rearrangement invariant space, it follows that f;(-) and f4(-+y), (Vy € R™) are equimea-

surable functions. Then we have
1fa (- + Wl x ) = Ifallx @) = I/l x(@) Vv € B"
By the convolution of the functions f, ¢g defined on Q C K, f € X (), g € X' (), we mean
(F+9) (@) = [1a (o~ 9) 0 ) do (24)
denoted as fxg.

2.4. The singular operator

Let w:[0,00) — Ry be an infinitely differentiable function, which is equal to zero for ¢t > 1 and takes positive

values for arbitrary ¢ < 1. Then the cap function is defined as follows

2
wr (z) = er "W ('fl) , (2.5)

where c¢ is chosen in such a way that [, w, (z)dz = 1.
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Let f be any integrable function defined on Q: Q € K. We introduce
@) = s £) @) = [ oo =91 @)

Note that f is equal to zero on K\Q, and we always consider such 7 > 0 that supp f. C K.

The following statements have been proved in [8].
Lemma 2.6 For Vf € X,g € X', the relations

Ts (f * g) (x) = (Tsf * g) (x) = (f * Tsg) (x) ,

hold.

The following lemma shows that the convolution operator can be defined for arbitrary f,g € X (see [8]).

Lemma 2.7 Let X () be a rearrangement-invariant Banach function space defined on the domain . Then

for arbitrary f,g € X(Q) there is a convolution f xg and the following inequality holds:
|1 * g”X(Q) < ||f||X(Q) ||g||L1(Q) .

This lemma directly implies the following

Theorem 2.8 Let X () be a rearrangement-invariant Banach function space defined on the domain Q@ C R™.

Then for arbitrary f,g € X(Q) there is a convolution f+g € X(Q) and

|| f g”X(Q) <C ||f||X(Q) ”gHX(Q) )

where C' is independent of f and g, i.e. the convolution operator acts continuously from X to X.

Let us consider the following singular kernel

where w () is infinitely differentiable positive homogeneous function of degree zero, which satisfies

Ll_lw () do =0,

do being a surface element on the unit sphere. Denote by S the corresponding singular operator
(Sf)(z) = (kx* f) (z) = 5 k(z—y) f(y)dy.

The following theorem is true.

Theorem 2.9 (see, [24]) For ¥p € (1, 00), singular operator acts boundedly in L, (Q), i.e. S € [L,(Q)].

(2.7)
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The following Boyd’s theorem plays a very important role in obtaining many results.

Theorem 2.10 (see, [2]) Let 1 < p < ¢ < oo, T € [L,], T € [Ly] and X be a rearrangement-invariant
Banach function space with Boyd indices ax, Bx : % <ax <Px < %. Then T € [X].

The above two theorems have the following:

Corollary 2.11 If X is a rearrangement-invariant Banach function space with Boyd indices ax, Bx : 0 <

ax < Bx < 1, then the singular operator S is bounded in X : S € [X].

Moreover, the following statement holds.

Problem 2.12 (see, [8]) If X is a rearrangement-invariant Banach function space with Boyd indices ax, Bx :

0 < ax <pBx <1, then the subspace X is invariant subspace of S'.

2.5. Substitution operator

Let D; Q be domains in R™ and ¢ : D — Q be an invertible mapping preserving measurable sets. Then the
substitution operator is defined as follows ¢ : f — f o .
The following theorem has been proved in [31].

Theorem 2.13 Let D;Q) C K. Then: a) Let ¢ : D — Q be a one-to-one mapping from D onto Q, itself and

its inverse transforms measurable sets to measurable sets and satisfies
36>0:VE € (D,p) = o6u(E) < u(p(B) <6 'u(E). (2.8)
Then the substitution operator ¢ is an isomorphism between X () and X (D). Furthermore,
§< flpll <071

b) If X (D) and X () have the property ), then the operator ¢ is an isomorphism between X (D) and
X (Q) if and only if the relation (2.8) holds.

2.6. Sobolev spaces and extension theorems

We will denote by W (€2) and W (©2) the following spaces of functions
WE(Q)={feX(Q): 6"feX(Q),VpeZ}, [p|<m},
Wi (@) = {f € Wiia) s ITf = fllwge = 0,5 0},

with the corresponding norm

||f||W;p(Q) = Z ”aprX(Q) : (2.9)

[p|<m

The shift operator is continuous on W' (€2); therefore, Wi (€2) is a closed subspace of Wy q.

0 0 _
Subspace W' (2) is defined as W (€2) = C5° (2) (closure is taken in the space W§* (€2)).
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0
Remark 2.14 I is clear that every function uw € W' () can be extended by zero on the whole of K.
Lemma 2.15 (Minkowski-type inequality) (see, [S, 31]) Let Q1 C K, Qo C R* be domains, X (1) be a

functional Banach space, and f : Q1 x Qo — R be a measurable function. If f(-,y) € X (1) for m—a.e.
y € Qy and ||f (~,y)HX(Ql) € Ly (Q2), then the following inequality holds:

H / f(x,y)dyH < [ 17Calxiay o (2.10)
Q2 X (1) Q2
Remark 2.16 Let f € X (Q),Vh > 0. Let us consider the function defined as follows:

z;+h
fi,h ((E) :/ f(l'l,...,xifl,T,thl,...,xn)d’T:
T

[

h
= / fxr, e, i1, @ + T, @i 1, ey Ty ) AT
0
In case of rearrangement-invariant space, the following relation has been proved in [24]:

Il fi.n

‘Xgh”fo- (2.11)

When Q = B,, we will use the notations X (r), X,(r), W (r), W (r), and in case of space W (£2),

we can introduce the equivalence norm

1wy o = > A5 107 fllx ) -
s( ) Q

[p|<m

Theorems and corollaries below have been proved in [31].

Theorem 2.17 Let D; Q: D, Q C K and ¢ : D — Q be a C"™ -class diffeomorphism. If u € WX (),
then v =uo@ € WX™ (D) and the following inequality holds:

allullwxi) < lvllwxipy < ez llullwxi ) (2.12)

where the constants depend only on the norms of ¢ and @~ 1.

Theorem 2.18 Let Q be a C™ -class bounded domain and Q C Qq, Q1 € K. Then there exists a bounded
0
extension operator € acting from W' (Q) to W§' (1) such that the relations
u€e Wy D), v=0u=VzreQ=v(x)=u(x)),Vz € Q— (v)(x) = u(x),

hold and
Je>0: ||v||W;(né(Ql) < c||u||W;(,L @ Yu€Wx (), (2.13)

where ¢ is independent of u (-).
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0 _—
Corollary 2.19 If there exists a bounded extension operator from W3 (Q) to W¥' (Q), then C> (Q) =
WX (Q2) in topology of W¥ ().

Corollary 2.20 If there exists a bounded extension operator from W' (Q) to W' (), then there eists a

0
bounded extension operator from W' (Q) to W' ().

3. Main results
Let Q : Q Cc K be an arbitrary domain and all assumptions made at the beginning of Section 2.1 hold.
X (K) is a rearrangement-invariant Banach function space (with Lebesgue measure), which has the property

B). Without loss of generality, we can assume B; C K (remember that B is a unit ball in R™), Q+Q C K.

3.1. Elliptic operator of m-th order

Let L be an elliptic differential operator of m-th order

L= Y a,(x)0", (3.1)

[p|<m

where p = (p1,p2,..sPn), Pk € Z4, Yk =1,n,a,(-) € Lo () are real functions. Consider the elliptic operator
LO :
Lo= Y ahor, (3.2)

[p|=m

with the constant coefficients ag.

By solution of the equation Lu = f, we will mean a strong solution, i.e. a function u which belongs to
the corresponding space and satisfies a.e. the equality Lu = f. By J(z) we denote the fundamental solution
of the equation Ly = 0, with constant coefficients.

We will use the following classical result (see, e.g., [3, p.222]).

Theorem 3.1 For an arbitrary elliptic operator Lo of m-th order of the form (3.2) with constant coefficient,
the function J () with following properties can be constructed:

i) If n is odd or if n is even and n > m, then

J () = 22)

- n—m’
|z

where w (x) is a homogeneous function of degree zero (i.e. w(tx) =w (z), Vt>0).

If n is even and n < m, then J(z) = q(z)log|x| + I;",(f)m, where q s a homogeneous polynomial of

degree m —n.

it) The function J (x) satisfies (in a generalized sense) the equation
LoJ (x) =0 (2),
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where § is a Dirac function, i.e. for every infinitely differentiable compactly supported function ¢ (-), the

following equation is true:
o @)= [ (Lo @) =)y = Lo [ () (=) dy.

Let us consider the elliptic operator (3.1) and assign a “tangential operator”

L, = Z ap (x0) 07, (3.3)

[p|=m

to it at every point zp € Q. Denote by Jy,(.) the fundamental solution of the equation L, ¢ = 0 in accordance
with Theorem 3.1. The function J,, is called a parametrix for the equation Ly = 0 with singularity at the

point xq. Let
(Sso0) (2) = (z) = / Ty (2~ y) 0 (4) dy,

and
Ty = Suo (Lzg — L) (3.4)

For every infinitely differentiable compactly supported function ¢ the relation
SeoLzy = LuySz, =1, 1e. SpoLayp = Ly Sz = ¢,

holds (see, e.g., [3, pp. 224-225]). Some properties of these operators are established in the following.

Lemma 3.2 Let X(K) be a rearrangement-invariant Banach function space with Boyd indices ax, Bx € (0;1)
and L be the m-th order elliptic operator on the domain 0 CC K. Then:

i) L, Ly, € [W;}’L(Q), X(Q)] . Furthermore, if B) holds, then L, L., € W}?S(Q), X:()|.
0
ii) Let the property () holds, r > 0 : Ba,(x9) C Q and ¢ € W (B, (v0)). Then there exists
C=C(r,m,L) >0, such that

120 Pllwe @y < Cllellx - (3.5)
iii) Sz, € [X (Q)].
i) If B) holds, then Sy, € [Xs (R2)].
v) If e € C™ (Q), then the multiplication operator defined as M. (u) = eu, u € W (Q), is a continuous

operator on Wy (€2).

Proof ) If uw e W (), then taking into account that a, (x) € L (£2), we have

0Pu OPu
ap (-) 5— <lap ()l H Y |p| =0, m.
‘ P07 ||y o PR e |02 || x
If 8) holds, then by Lemma 2.5 the relation
oPu
0Pu € X4(Q) = a, () X(92),

da?
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is true. Consequently, in both cases, we obtain

oPu
[ Lul| x (o) = Z ap () e < Cllullwm o) »
[p|<m X(Q)
where the constant C' is independent of u.

it) Let ¢ € C§° (B, (z0)). Since

(Sroip) (1) = / Joo (2 — )0 (4) dy, (x € By (x0)).,

B,
for |p| = m the formula

(07S,,) 0 () = /B T, (& — ) () dy + C'p () (3.6)

is true, where C’ # 0 is a constant (see, [3, p. 235]). The kernel 9”J,, (z) is singular for |p| = m. Applying
the continuity of singular operator in X (K) to (3.6), we have

18°Szoll x (ry < Cllellxry - (3.7)

Consider the case |p| < m. In this case, the kernel has a weak singularity and the relation

O Szop = /B O Ty (x—y) @ (y) dy,

holds. For 9PJ,,, the estimate
107 T,y ()] < C [,

is true. Therefore,

08,0 0] < C /B & — ™" o (y) dy = CT (x), (3.8)

where I (2) = [ |e—y" """ ¢ (y)] dy. Let

_ L e el <y [ le@l, o<,
O IO R
It is clear that supp (f * g) C Ba,. Using Lemma 2.7, we have

I Ollx ey S *gllx@) < 11y amy 91l -

Since
) [ A B
||f||L1(R") - ||fHL1(T) o /BT |x|"—m+‘1"  om-— Ip| ' ,

the estimate
107Sa0l x ) < C I (llxry < Cr™ Pl 1
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holds, where C' > 0 is a constant independent of r. Hence, for Vp: |p| < m the relation

107 Szl x () < crm-lel ol x () - (3.9)

0
holds. Tt is clear that Cr™~IPl is independent of ¢. From Cg° (B, (x0)) = W (€2) and the continuity of the

0
operator 97 Jy, (x) ¢ (+), it immediately follows that (3.5) is true for every ¢ € W' (Q).

i17) Let u € X () be an arbitrary function. Without loss of a generality, we consider the case n > m.

Using Lemma 2.7, we obtain

+
X(Q)

[[Szou (2 HX(Q H/ 2o (T — )dyH <

X(2)

/ Ja:o (m_y)u(y) dy
B:(z0)

+ < O™ |lullx oy + Cr lul x (5. (2)) < €' ullx(q) -

X(Q)

/ on (m—y)u(y)dy
Q\ Be ()

iv) We will use the following evident relation

Ts (Syyu) (1)) = (Sagtt) (z + 6) = /Jzo (46— y)u(y) dy =

— [1a @ = ully =D + 8 dy = [y (0= Dule+ D) de=Soy (Tru(e) . (3.10)
(by the convolution f g we mean (2.4)). Let u € X, (€2). Then, by statement #¢) and (3.10), we have
[Ts (Szou) (1) = (Szou) (')”X(Q) < ||Sao Tsu — SmoUHX(Q) =
=[Sz, (Tsu — )| < C"||Tsu — ull x ) — 0, 6 — 0.
v) Let ¢ € W () and ¢ = M.p. For k < m, it is clear that

ak

Sl @)=Y Goedrn,
IpI<|k|
where |p| = |k| — |p| and C), are some constants. Consequently,
ok
‘ Ww ’)((sz) |£I|13|)1§| Gl I<Ik] ‘C m(Q) ;k o u”X(Q
= const |lellgm ey lullywr-1(q) -
The lemma is proved. g

Lemma below plays a special role in establishing the existence of the solution to the equation Lu = f.
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Lemma 3.3 (see [3, p. 216]) If p € W;(Q) and suppp CC Q has a compact support, then
Y= TIEo(p + Sﬂ?oL(pv
and if ¢ =Ty, 0+ Sy, f, then Lo = f.

Applicability of this lemma is based on the boundedness of T, . In the sequel, this condition is fulfilled

every time. It is a consequence of Main Lemma 3.5 given below.

Definition 3.4 We will say that the operator L has the property Py,) if its coefficients satisfy the conditions:
i) ap € Lo (Br (z0)), |p| < m, for some r > 0; 4i) Ir > 0: for |p| = m the coefficients a, (-) coincide a.e.

in B, (xzo) with some bounded and continuous function at the point xg .

If the condition P,,) is fulfilled, then the operator Ty, has the property stated in the following Main

Lemma 3.5, proved in [8].

Lemma 3.5 (Main Lemma) Let X(K) be a rearrangement-invariant Banach function space with Boyd indices
ax, Bx € (0;1) and L be the m-th order elliptic operator on domain Q C K, which has the property P,,) at
the point xo. Let p € W§' (B, (z0)) and ¢ vanish in some neighborhood of |x — x| =ro. Then

||Tzo¢||wgy(Br(xo)) <o(r) H‘PHWQ(BT(%)) )
where the function o (r) — 0,7 — 0, depends only on the coefficients of L and their modulus of continuity.

Before stating the next lemma, let us make some remark concerning the domain €.

Property c). We say that the domain €2 admits the extension of functions of the space W' (€2), if
there exists a domain €' D and a linear mapping 6 of the space W' (Q) into Wi (') such that

Ve € Q= (fu) () =u(x),

m

||9U||W;ps(sz/) < const ||UHW;13 @) YuE WX (Q).
Remark 3.6 Theorem 2.18 shows that the domains with sufficiently smooth boundary have Property c).

0
Moreover, if so, then a bounded extension operator from W' (Q) to W' () ewists.

To establish our main result, we need some local estimates. For this, we introduce the following function.
Let w () be a function defined on [0, 1] such that

1 2
For 0 < R; < Ra, the function £ (x) is defined as
R R 17 |LU| SRla
§(@) =& (B, Ry, w) = w(fi:g),ﬁ’ldx\éfb.

The following lemma was proved in [9].
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Lemma 3.7 VR; : 0 < R; < Ra, the inequality

1€llem(ry) < C (1 - Rz) ; (3.11)

holds.

The following lemma is true.

Lemma 3.8 Let X (K) be a rearrangement-invariant Banach function space with Boyd indices ax, Bx € (0;1)

and L be an m—th order elliptic operator on domain Q CC K, whose coefficients satisfy the conditions:
ARy : a, () € C (B (Rg)) ,Vp: |pl=m; ap(-) € Loo (B(R2)), Vp: |p| <m.

Then there exists C = (Rg,L) > 0, depending only on Ry and the coefficients of L, such that for Yu €
WX™ (Ry) the following inequality holds

R\ ™
lullwg ) < C (1 - R2> (||Lu||X(R2) + ||u|\W;s_1(R2)) VR :0< Ry < Ry, (3.12)

Proof Consider the function ¢ () = £ (R1, Ra, ) u(z). It is clear that
Ve € Br, = ¢ () = u(@) = [ulbwg () < Iellw (mo) -

and ¢ € W§ (). Moreover, ¢ vanishes in some neighborhood of |z| = Ry. Therefore, we can apply Lemmas

3.2-ii7), 3.3 and 3.5. Consequently, it suffices to prove the following inequality

Rl —m
lelhw oy <€ (1= ) (B0l + sy - ¥R s 0.< R < R

Since suppy C Bg,, we have ¢ = Ty + SoLy. By Main Lemma 3.5, 3R’ > 0 such that the inequality

1
HTOSOHW;L(RZ) < ) H‘PHW;L(Rz) J

holds for VRy < R’. We assume that Ry is selected from this condition and Bag, C 2. So we immediately

obtain the following inequality:

||<PHW;("(R2) <2 ||SOLSD||W;;L(R2) :

By Lemma 3.3 - i), the inequality
”SOLQDHW}("(RQ) < ||LSD||X(R2) ’
holds for some C’ > 0 depending only on Rs. On the other hand,
Lo =¢Lu+ M (u,§), (3.13)
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where

M (u,§) = Y Cp(x) 070",

[pl<m

pl =m — |p| and C, (-) is some linear combination of coefficients of the operator L. Consequently,
P

aP¢

IM ()l < max Gy @] Y |

[pl<m

oPu =
bw;;|mw

=C H£||C7”(R2) HUHW;?_l(Rz) :

As a result, we obtain
Lol x (ryy < I€llem (ryy 1Eull x (ryy + 1M (u, )l x gy <

< Clgllommay (IL0lxra) + lll 1 sy ) <

R\
<o(1-2) " (Iullsgy + Mg ca)

where C is a constant depending only on Ry and the coefficients a,(-).

Lemma is proved.

(3.14)

O

Remark 3.9 The relation (3.12) holds for arbitrary domain Q, which admits extension to the domain ) :

Q C Q. It can be similarly proved as the estimate (3.14):

IZullx o) < 126l xan) < € (IZullxay) + g1 ) -

holds, where ¢ =ue, e € C* (K),0<e <1, ¢l =1, E\C\Q—l =0.

Lemma 3.10 Let Q C Q1 : Q1 € ' C K be domains in R", w € C§° (K) : suppw C Qy, and Vu: Q' — R:

ulg; € C™ ((Tl) . Then the function defined as

[ uw, on Y,
Tl 0 onK\Q,
satisfies:
a) belongs to C§° ()
b) Vm € N,3c = ¢ (w) : H“OHWSZ‘S(QI) <c ”uHW;“;(Ql)'

Proof a) This statement is obvious.

b) The statement is a consequence of
Py &
awr ~ 22 G g
lil<p

where Cj (w) = Z‘Zzo Cij%'

The lemma is proved.
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Lemma 3.11 Let X (K) be a rearrangement-invariant Banach function space with Boyd indices ax, Bx €
(0;1), which has Property c¢) and Q@ CC K some domain. Then 3C > 0, depending only n and a constant
from (3.12), and 36 > 0, for Vk=1,m — 1, and Ve : 0 < e < §, the inequality

0
lallye g < €llullyiri gy +Ce™ fullx (g Yu € WE (9), (3.15)
X . ()

holds.

Proof ) Let us first consider one-dimensional case. We will use the following formula:
Fl+h) —f@) = @O h+L0p2 4 4 L2Op Ry
Ry = 3 T 0D (@) (t 4 h— o) d,

where f € C?) (t —6,t46),t>0, h:|h| <§. In particular, for k = 1, we have
t+h
ft+h)— f(t) :f’(t)h+/ (t+h—7)f"(7)dr.
t

Since

t+h t+h
/ (t+h—7)f"(r)dr| < h/ |f" ()] dr,
¢ t

it follows that

€
oI [ @lar g1 e+ -1 0] <

t+h
<[ @ldr i m - (316)

1) k> 1. Let ¢ € C§°(R2). Fix some z;. Taking into account the inequalities (3.12) and (3.16), we obtain

|5

2
oz, + el - (3.17)

2
<5
X(Q) Ou;

X ()

In the general case, for p = (p1,p2,...,0n), if p; # 0, the following inequalities hold

2
H6?1?2~-p¢~~pngo||X(Q) S h‘ + E ’

3p1..~(p¢+1)~~pn¢H

apl.“(pi—l).nanOH . (3.18)

X(Q) X()

Taking into account that for the fixed multiindices p = (p1,p2,,...,pn) the number of difference chains of the
form
(p17 P — 1) 7pn) — (p17 s Diy 7pn) — (p17 ey P + 1a "'7pn)a

is equal to n, we get the validity of the following relations

" 2
HP1P2---Pi--Pn < h Haplu-(m-i'l)--l?n H = Hapl---(Pi—1)~~-Pn H )
n| LP||X(Q) = ;:1 ( 2 x@) —+ 5 ¥ X(@)
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Consequently,
S 1%l <= (8 X 1070lxe 2 3 N0l (3.19)
Plix@) = n Pl x () n Pllx@) | - .
lp|=k |p|=k+1 |p|=k—1
Assuming ¢ = %, we have

2
Z 1070l x (@) < € Z ||ap<P||X(Q)"'7T6 Z 1070l x () -

Ipl=k [p|=k+1 |pl=k—1
Taking into account that

1
el x@) <ellelxq + I el x e »

for Vk =1, m — 1, we have

el (@) < € llelyser ) +max (i f;) M el
Assume Ay = ||<‘0”W§s (- Consequently,
Ay < 1Ay +Cey Ay, Ay < e9Az + Ceyt Ay,
where €1, 9 € (0, 0) are sufficiently small numbers. Therefore,
Ay < e9A3 + Cerea M Ay + O ey M Ay,
Taking €1 = 5% and €2 = §, we obtain
Ay < Az + Co 3% Ag,

where ¢ > 0 is a sufficiently small number, and Cs;3 is a constant depending only on n. Continuing this

process, we obtain the validity of the estimate
Ag < eApir1 + Cpgpre " Ag,

for Vk =1, m — 1 and arbitrarily small ¢ > 0, where Cj.,41 is a constant depending only n and m. Taking

C = mlfLXCk;kHa we finally obtain
||90||W§S(Q) <e H@HWQI(Q) +Ce™* |l x(q) -
The lemma is proved. g

Lemma 3.12 Let all conditions of Lemma 3.11 hold and Q@ CC Q1 CC K some domains. Then:

i) 3C > 0, depending only on n and a constant from (3.12), and 35 > 0, such that for Vk =1,m —1,
and Ve : 0 <e <4, Vue W () the following inequality holds

||UHW)’€(S(Q) <e¢ ||UHW§-:1(QI) +Ce" Hu”X(Ql) : (3:20)
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i) If Qo : Qo C Q, then the following relation holds
HU“W; Q) =€ ||u||W)’§:rl(Q) +Ce" ||“HX(91) : (3:21)

Proof i) Let Q C Qy C Q : QC Qy,0 C Q1 and Qs have Property ¢) with respect to the domain €.
Then, by the Corollaries 2.19 and 2.20 the sets of restrictions of functions from C§° (Q1) on the domains Q

and €y are dense in the spaces Wy () and Wy (Q2) correspondingly. For this reason it is sufficient to prove
(3.20) for Vu € Wg' (1) @ ulg, € C™ (9Q2) .

Let w e C5° (K) : 0 <w < 1, wl|,, = 1,suppw C Q. Consider the function ¢ = wu, ulg € C= (Qy). It
is clear that ¢ € C§° (€1). Then, by Lemmas 3.10 and 3.11, we have

||u||W)’“(S(Q) < ||SD||W;;:§(91) <e HQPHW;““(QI) +Ce" HSOHX(Ql) <

< Ciellulwgr o) + " ullxay)

where the constants are independent of w. It suffices to choose € := C¢.

i7) In this case, it suffices to consider
wel(K): 0<w< 1, wlg =1, w\c\ﬁzO,

and @zwu,ueC"O(Q).

This statement can be proved by another way: consider Qy C ' C Q: Qo C ', C Q and Q' have
the property c¢) with respect to the domain Q. Consequently, the statement i) can be applied.

Lemma is proved. O

Remark 3.13 In the last step of the proof, the inequality

3C>0: H‘PHW;(Q) <C ||U||W;(Q) ; Vk=0,m,
was used.

0
Remark 3.14 a) The inequality (3.15) holds for arbitrary € > 0 and arbitrary w € W (). In fact, u can

be extended on R™ in the following way
fK (xl +p1d> ey T +pnd) = f (xla ...7.’L'n)7 P1y.-yPn € Z7

||fK||X(Q) is equal to the sum of the norms of the restriction fx on the cubes which intersect 2. Then, the
inequalities (3.17), (3.18), (3.19) hold for arbitrary h > 0.
b) From the proof of Lemma 3.11, it follows that the inequality (3.19) holds for arbitrary u € C* (2)

which can be extended by zero on K.

The main result of this work is the following
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Theorem 3.15 Let X(K) be a rearrangement-invariant Banach function space with Boyd indices ax, Bx €

(0;1), L is elliptic operator on domain Q CC K with coefficients aq(-), which satisfy
iap () € C(Q),¥p: p| =m; ii)ay (-) € Lo (), ¥p: [p| < m.

Then for arbitrary domain Qo CC ), there is a constant C' > 0, which depends only on the ellipticity constant
of L, of domains Qo; €2, such that for Yu € W' () the following a priori estimate holds:

Fellw ey < © (10l ) + el ey ) - (3.22)

Proof We will carry out the proof in accordance with the scheme presented in the monograph [3, p. 243].
Qg can be covered by a finite number of open balls Bp, for which the estimates of Lemmas 3.8 and 3.10 hold.
Therefore, it suffices to prove the theorem for the case where 4 and )y are concentric balls of small radius
centered at the point zo = 0.

Therefore, let R > 0 be a sufficiently small number. We are going to prove that for Vr : 0 < r < R the

following estimate holds:

T —m?
lilwg <€ (1=5)  (1Eullxqm + lulxm) (3.23)

where C > 0 is a constant depending on R, but independent of r and w. Denote

2

r m
A= su (1 - —) o7 I— < | grrem )
OSTER R ” HWXS(T) ” ”WXS(R)

If w = 0, there is nothing to prove. For this reason, suppose u # 0. Then it is clear that there exists
R;: R/2 < Ry < R, such that

Ri\™
A<2 (1 - R) ||“HW;;LS(R1) .

Then for Ry : Ry < Ry < R, by Lemma 3.8, the corresponding inequality (3.12) holds, so we have
2 —m
Ry \™ R
a2 0 (1= 2) " (ILulyny + ol ny) <

m2 —m
<20y (1= )" (1= 8) " (J2ull iy + ol n) )

By Lemma 3.12, for Rz : Rs < R3 < R, the relation

HUHWQ:I(RQ) <e HUHW}'& (Ry) T Ce™™ Hu”X(R3) )

holds. Therefore,

a<oo (1o (BT Coe™™™!
<20y (1= I (1= ) (12l + < lulhwg, oy + Coe™™ )
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Paying attention to the fact that

2
R3\™
(1) T o < 4
we have
Rl m2 Rl o
A<2(1-2)7 ¢y ( - Rj) [ Lull x () +
m? —m —m?
+25( *%) Cl(*%) (1*%) A+
m? -m
201 (1= 2™ (1= ) ™ ul

where € > 0 is an arbitrary small number. Let us choose ¢ from the relation
R\™ (. R\ ™/ R\ ™ 1
2C) (11— = 1- == 1-== <=
(%) (-m) (%) <

2
1 Ri\™ R\ ™"
54 =20 (1 - R) (1 - Rg) Ll x gy +

2
_ Ri\"™ R\
+2C1Cs¢ m+1 (1 — R) (1 - ]%2) ||u||X(R3) <

< O (ILullx iy + lulxery ) -

Then we have

Taking into account the expression for A, we finally have

s < € (1= )" (1l emy + el

for Vr: 0 <r < R, where C > 0 is a constant independent of 7.

Theorem is proved. O

4. Some applications

In this section, we apply the above obtained theorems to some rearrangement-invariant spaces. Let 2 C R™ be
some measurable bounded domain. Throughout this section, it is assumed that the coefficients of the elliptic

operator L satisfy the following conditions
i)ay () € C(Q), ¥p: |pl =m; ii) ap (-) € Lo (), ¥p: [p| < m.

4.1. The Lebesgue spaces X = L, (2) (1 <p < o0)

nﬂuz(AUWM)7

The corresponding norm is
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It is clear that these spaces are rearrangement-invariant Banach function spaces, and the property ) holds.
Indeed

1

51 0= el = ([ ao)” = Gmesm)? o
E

In this case, Xs = L, (). Consequently, W' = W (Q), where W} (2) is a classical Sobolev space of m

times differentiable functions. It is well known that the Boyd indices of these spaces are equal to (see, [27])

0<ar,=pr, = % < 1. Therefore, the following classical result is true.

Corollary 4.1 Let Q C R" be a bounded domain and Qy : Qo C Q. Then for Yu € W (Q), the a priori

estimate
el ) < € (120l @) + il )

holds, where the constant C' depends only on the ellipticity constant of L, m, Q, Qo and the coefficients of the
operator L.

4.2. The grand-Lebesgue spaces X = L, (), (1 <p < +00)

The norm in these spaces is defined as follows:

11, = 0<sup (5/9 Vil dm) p=e , €Ly ().

e<p—1

It is well known that the space L, (£2) is a nonseparable rearrangement-invariant Banach function space,
and from the inclusion L, C L, it follows that the property () holds. Therefore, in this case, the relation

Xs = Xo = Xp = C5° (), holds (the closure is taken in topology of L, (£2)).

The following lemma was proved in [8].

Lemma 4.2 The Boyd indices of grand Lebesgue spaces X = L,y () , 1 <p < o0, are ax = fx = 117’

Corresponding result for these spaces takes the following form.

Corollary 4.3 Let 2 C R™ be a bounded domain and Q¢ C 0 be an arbitrary compact. Then, for Yu €
W;?S (Q), the following a priori estimate holds:

Iy, | (o) <€ (1Ll o + Dl )

P))s

where the constant C' depends only on the ellipticity constant of L, m, Q, Qg and the coefficients of the operator
L.

This corollary is established in the [9]. Tt also should be noted that the Boyd indices of L, (2) have

been first calculated in [25] directly from the definition of these indices.

812



MAMEDOV and CETIN/Turk J Math

4.3. Marcinkiewicz space X = SL, » (Q2)

This is a Banach function space of measurable functions (in Lebesgue sense) on Q (1 <p<+4o00,0< A< 1)

with the norm

1 P
flon = s (—= [ 1rrae)
H ||p,A ECQ |E|1_,\ E||

where F C (Q is an arbitrary measurable subset. This space is a rearrangement-invariant Banach function space.
Recall that in the classical Morrey space Ly x () sup is taken over BN}, where B C R"™ is an arbitrary ball.
Unlike Marcinkiewicz space, L, » (2) is not a rearrangement-invariant space. It is clear that the inclusion
SM, » () C Ly a () is true. Let us prove that the property ) holds in SM,  (©2). Indeed

VE C Q, =

1 1 1
P B 7 2
= (it fobat)” = (152)7 < (10N EP)" <1817 =+
N
= ‘|XEHSLP_>\(Q) < |E|” —0, F—0.

Under the condition 0 < A <1, SL,  (©2) is nonseparable.

Using the results of monograph [27], it can easily be proved as follows:

Lemma 4.4 The indices of rearrangement-invariant Marcinkiewicz space X = SL, (), 1 < p < o0,

1-)

0< A<, are equal to ax = Bx = >

Consequently, the following corollary is true.

Corollary 4.5 Let Q C (—m,7) C R' and Qo C Q be an arbitrary compact. Then, for Yu € W (Q) with X =
SL, x (), the following a priori estimate holds:

llbwgs, 0 < € (120l 00 + Nl )

P ) g

where the constant C' depends only on the L, m, Q, Qo and the coefficients of the operator L.

4.4. Weak-type L, () space
Ly (2),1<p<oo0,is a space of functions
Ly (2) {fGS(Q): sup )\pmf(/\)<+oo},
0<A<+00

where $(£2) is a set of measurable functions on €. In [30], the space M, (Q) , r > 1, of measurable functions

1
f =sup—/ f| de,
I, = o f 1

where sup is taken over all measurable subsets E C . The following lemma was also proved in [17, 30].

was introduced with the norm
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Lemma 4.6 For arbitrary r > 1, the spaces LY () and M, (Q) coincide LY (Q) = M, (Q) ,r > 1.

In line with our notations, SLyx (€2) = My (€2), 0 <A <1. Consequently, LY (£2) = SL1 (2) and the
A

following corollary is true.

Corollary 4.7 Let Q2 C R™ be a bounded domain and Qo C Q0 be an arbitrary compact. Then for Yu €
WZ(Q), X=LY(Q),0< <1, the following a priori estimate holds:
s X

ol < € (1Bl @ + g o)
X X

where the constant C depends only of the ellipticity constant of L, m, , Qy, and the coefficients of the

operator L.
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