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Abstract: A group I' is said to be CCII if the quotient I'/Z(I") is 2-Engel or, equivalently, commutator-inversion
invariant, where Z(I") is the center of I". In this article, we prove algebraic and topological properties of gyrogroups that
are induced by CCII groups. Then, using a classification of non-abelian groups of order n with n < 32, we determine
all finite CCII groups of order less than 32.
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1. Preliminaries
We follow standard definitions and notations in group theory. For standard definitions and notations in
gyrogroup theory, we refer the reader to [5, 8]. We set notations and summarize basic relevant results in

this section.
Suppose that T is a group. Set Z(T') = {z € ' : g2 = zg for all g € T'}, known as the center of T". For

each a € I', conjugation by a, denoted by «, is the (inner) automorphism of I' defined by a,(g) = aga™? for
all ge . Let g,h € I'. The commutator of g and h is defined as [g,h] = g~'h~'gh. Recall that the derived
subgroup of I', denoted by I, is the subgroup of I' generated by all the commutators in I'. As in Definition
3.1 of [7], T is said to be commutator-inversion invariant if [g,h] = [g71,h7!] for all g,h € T', and T is said to
be central by a commutator-inversion invariant group if I'/Z(T") is commutator-inversion invariant. It is shown
in Theorem 3.1 of [7] that T" is 2-Engel if and only if " is commutator-inversion invariant, which gives another
characterization of 2-Engel groups. The fundamental importance of commutator-inversion invariant groups lies

in the following theorem.

Theorem 1 (Theorem 4.2 of [7]) Let T be a group. Suppose that T'/Z(T') is commutator-inversion invariant.
Then, the underlying set I' is a gyrogroup, denoted by I'SY" | under the binary operation defined by the equation

a®b=aaba™! for alla,beT. (1)

We remark that Theorem 1 was first proved by Foguel and Ungar in [2] in terms of left gyrogroups (see Theorem
3.4 of [2]) using the notion of 2-Engel groups (see Theorem 3.7 of [2]).
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In the resulting gyrogroup I'®Y" above, the identity of I'8Y" is the same as the identity of I', and the
inverse of an element a in I'®Y" is the same as the inverse of a in I'. Moreover, if a and b are elements in I', then
the gyroautomorphism of I'8¥" generated by a and b is the inner automorphism generated by the commutator
[a=1,b]. It is shown in Theorem 4.3 of [7] that I'®" is associative if and only if T' is nilpotent of class n
with n < 2, which gives a characterization for I'®¥" to form a group under the induced gyrogroup operation.
The converse of Theorem 1 is also true in the sense that if the underlying set of I' is a gyrogroup under the
binary operation defined by (1) with the gyration map sending the pair (a,b) to the inner automorphism that
is generated by [a~!,b], then I'/Z(T) is necessarily commutator-inversion invariant by Theorem 4.4 of [7].

A (finite or infinite) group I' is said to be 3-residual provided the map T defined on I' by T'(z) = 2*
is surjective or, equivalently, if any element of I" can be written as a cube element in I'. A gyrogroup is
degenerate if its operation is associative. Therefore, every degenerate gyrogroup forms a group under the
gyrogroup operation. Suppose that G is a gyrogroup. We say that elements a,b, and ¢ of G are associative
if a®(bdc)=(aDb) D c; that elements a and b of G gyrocommute if a ® b = gyr[a,b](b D a); that G is

gyrocommutative if @ and b gyrocommute for all a,b € G.

2. Algebraic properties of gyrogroups induced by CCII groups

In view of Theorem 1, any group such that its quotient by the center is a commutator-inversion invariant group

is crucial to construction of a gyrogroup. Therefore, we introduce the notion of a CCII group as follows.

Definition 1 A group T' is said to be CCII if the central quotient T'/Z(T') is commutator-inversion invariant.

We give a few remarks here. It is clear that any abelian group is CCII; moreover, I'/Z(T') is obviously
commutator-inversion invariant. Throughout the remainder of this article, if I' is a CCII group, then the
gyrogroup I'$¥" constructed via Theorem 1 will be employed. Suppose that T' and II are CCII groups. According
to Proposition 4.2 of [7], T' 2 II implies I'8¥" = 18", The converse does not in general hold. However, the
converse holds under certain conditions. For instance, if I" is 3-residual, then the converse holds by Theorem
4.5 of [7]. According to Proposition 4.3 of [7], the order of an element g in T equals the order of g in I'#¥".
Furthermore, every subgroup of I' forms a subgyrogroup of I'8Y". In contrast, a subgyrogroup H of I'8" forms
a subgroup of I if and only if hHh™! C H forall h € H.

The main goal of this section is to investigate further properties of the gyrogroup induced by a CCII
group. It turns out that algebraic properties of CCII groups and their corresponding gyrogroups are intertwined
and have strong connections. We begin by proving that the process of constructing a gyrogroup as in Theorem

1 and the process of taking finite direct products are interchangeable.

Proposition 1 Let I'y and I's be CCII groups. Then, I'y x I'y is a CCII group, and
(Fl X Fz)gyr = Flgyr X F2gyr.

Proof The first part of the proposition was proved in Proposition 3.4 of [7]. Note that the underlying sets of
(T'; x I'2)®" and T'1®" x T'y®" are equal. It remains to show that the gyrogroup operations on these two sets

coincide. We temporarily denote the gyrogroup operations in (I'y x I'9)®", T'1®", and I'2®" by @.. Then, we
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obtain that

(a,b) @c (b, d) = (a,b)(a, b)(c, d)(a,b) ™"
= (aaca™", bbdb™ 1)
=(a®.c,bP.d)
= (

a,b) @ (¢, d),

which completes the proof. O

Note that Proposition 1 is easily extended to the case of a finite number of CCII groups. Moreover, the
proposition is not, in general, true for semidirect products. In fact, the symmetric group S3 of degree 3 is not
commutator-inversion invariant since [(1 2 3),(2 3)] = (1 2 3), whereas [(1 2 3)71,(2 3)7!] = (1 3 2). This
also implies that S3 is not CCII since the center of S3 is trivial. It is known that S3 can be recognized as the
semidirect product of the cyclic groups of order 2 and order 3 and that every cyclic group is CCII. Next, we
show that the structures of I' and I'®Y" are identical whenever T' is an abelian group. Therefore, we may pay

attention to non-abelian CCII groups.

Proposition 2 Let T' be a CCII group, and let a,b € I'. Then, a ® b= ab if and only if ab = ba.

Proof This proposition follows directly from the fact that a © b = ab if and only if aaba=! = ab if and only
if ab=ba. O

In fact, according to Theorem 4.3 of [7], the gyrogroup induced by any nilpotent group of class n, where
n < 2, is degenerate. The next proposition shows some relationships between (group) homomorphisms of T
and (gyrogroup) homomorphisms of I'8Y*. In particular, this gives a characterization for a homomorphism of

'8 to be a homomorphism of I'.

Proposition 3 Let I' be a CCII group, and let ¢ : I' = T' be a map.

1. If ¢ is a homomorphism of ', then ¢ is a homomorphism of T'8Y".

2. Let ¢ be a homomorphism of I'®". Then, ¢ is a homomorphism of T' if and only if ¢ o ag = ay(a) © ¢

for all a € T', where o, denotes the inner automorphism generated by a .

Proof In view of (1), part 1 holds trivially. The proof of the forward implication of part 2 is straightforward.
To prove the converse of part 2, note that ¢(a™1) = ¢(©a) = ©¢(a) = ¢(a)~! for all a € T’ since ¢ preserves
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taking gyrogroup inverses. Suppose that ¢ o, = ag) 0 ¢ for all a € T'. Let a,b € I'. Then,
o(ab) = ¢p(a"'aaba™'a)
= ¢(a"(a @ b)a)
=¢oa,1(a®b)
= ag(g-1) 0 Pla®b)
= aga-1)(¢(a) & ¢(b))
= ¢(a™")p(a)p(a)¢(b)p(a)

Pla)p a)"tpla )7}
= ¢(a)" ¢(a)¢ a)"'o

(
(a)p(a)p(b)p(a)”" ¢(a)

= ¢(a)¢(b),

which completes the proof of part 2. O

In light of Proposition 3, we gain the following corollary immediately.

Corollary 1 Let T’ be a CCII group, and let Agy, be the subgroup of Aut (I'®") generated by all the gyroau-

tomorphisms of T'8¥",
1. Then, Agyy € Aut (') C Aut (I'®").

2. Let ¢ be an automorphism of I'¥*. Then, ¢ is an automorphism of I' if and only if ¢ o aq = ag(a) © @
forall a eT.

The following proposition gives a characterization for three elements in the induced gyrogroup being
associative. In particular, it shows that the induced gyrogroup I'8Y" satisfies the associative law (that is, I'8¥"

is degenerate) if and only if all the commutators of I" lie in the center of I'.

Proposition 4 Let I' be a CCII group, and let a,b,c € I'. Then,
a®bdc)=(adb) e
in T if and only if c is a fived point of the inner automorphism -1 .

Proof Recall that gyr[a,b] = ap-1y for all a,b € I'. Then, for all a,b,c € T', we obtain by the left

cancellation law in I'8¥" that
0@ (b®c)=(aabh)@c & (a6b) @ gyr[abl(c)=(adb) o
< gyrfa,b](c) =c

< Qg1 (C) =c,

and the proof is complete. O
Corollary 2 Let ' be a CCII group. Then, T' is nilpotent of class at most 2 if and only if 'Y is degenerate.
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Proof By Proposition 4, I'8Y" is degenerate if and only if [a,b] lies in Z(T") for all a,b € ' if and only if T is

nilpotent of class n with n < 2. O

We remark that Corollary 2 was first proved by Foguel and Ungar in [2] in terms of left gyrogroups (see
Theorem 3.6 of [2]). Next, we give a characterization for two elements in I'®'" to gyrocommute. In particular,
we prove that the induced gyrogroup I'®Y" is gyrocommutative if and only if any element of I' commutes with

any cube element of T".

Proposition 5 Let T' be a CCII group, and let a,b € I'. Then,
a®b=_gyr[a,bl(b®a)
in &7 if and only if ab®> = b3a in T.
Proof A direct computation shows that
a®b=gyr[a,b(b®a) < aaba™t =[a"t bbbab a7
& aaba™' = ab ta " 'bbbab b L aba !

& ab® =b3a,

and the proof completes. O

Corollary 3 Let I be a CCII group. Then, I'®" is gyrocommutative if and only if ab®> = b3a for all a,b €.

Proof The corollary follows immediately from Proposition 5. O

In view of Corollary 3, we have a sufficient condition for I'8Y" being gyrocommutative and I" being abelian

to be equivalent, which is given below.

Proposition 6 Let T' be a CCII group. If T' is 3-residual, then T'®¥" is gyrocommutative if and only if T' is
abelian.

Proof Suppose that I'®Y" is gyrocommutative. Let a,b € I'. Since I' is 3-residual, there exists an element
c €T such that ¢3 = b. By Corollary 3, ab = ac® = c3a = ba. Conversely, if ' is abelian, then ab® = b3a for
all a,b eI, and so I'®" is gyrocommutative by Corollary 3. O

As shown in the proof of Corollary 4.5 of [7], on the class of finite groups, the order of a group T' is not

divisible by 3 implies that I' is 3-residual. Thus, we have the following corollary immediately.

Corollary 4 If T is a finite CCII group such that |U'| is not divisible by 3, then I'®" is gyrocommutative if

and only if T' is abelian.

It turns out that the property of being 3-residual is equivalent to the condition that the order of the
corresponding group is not divisible by 3 on the class of finite groups. Moreover, this fact is true not only for
the prime 3. Therefore, we state the following result for any prime p. Let p be a fixed prime. A (finite or
infinite) group T is said to be p-residual if the power map P defined on T' by P(z) = aP is surjective or,

equivalently, g € I' implies g = h? for some element h € I'.
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Theorem 2 Let ' be a finite group with identity 1, and let p be a prime. Then, I' is p-residual if and only
if p does not divide the order of T'.

Proof Suppose that T" is p-residual. Assume, to the contrary, that p divides |I'|. By Cauchy’s theorem, there
is an element 1 # ¢g; € I’ such that |g1| = p. By assumption, g; = g for some go € I'. Note that g, # 1 since

otherwise g; = 1. Since g§2 = g7 =1, |g2| divides p?, and so |g2| € {1,p,p*}. If |g2| =1, then go = 1, which
would imply g1 = 1, a contradiction. If |g2| = p, then g; = g5 = 1, a contradiction. Hence, |ga| = p*. Next,
we prove that if there are elements g1, g2, ..., gn, gns1 of I such that g; # 1, |g;| = p*, 9; = gi,, forall i with

n+1

1 <i<n,then |g 41| =p""". Since ggib: = gP" =1, it follows that |g,1| divides p"t1. If |g, 41| = p* with

2

0 <i < n, then we would have g1 =gp o ; = gnig ;= " = gt

= gfj_H = 1, a contradiction. Thus,
|gn+1] = p"T!. By induction, we gain an infinite sequence {g;}2°; of elements in I' such that |g;| = p® for all
i € N, which contradicts the fact that T is finite. Thus, p does not divide |T'|. The converse can be proved as

in Corollary 4.5 of [7] with appropriate modifications. O

3. Topological properties of gyrogroups induced by CCII groups

The goal of this section is to prove some topological properties of the gyrogroup induced by a CCII topological
group. It turns out that topological properties of CCII topological groups and their corresponding gyrogroups
have some nice connections. Throughout this section, by a CCII topological group we mean a topological group

that is also a CCII group. A few concrete examples of CCII topological groups are given below.

Example 1 One concrete example of an infinite CCII topological group is the classical Heisenberg group,
denoted by H, which is the group of matrices of the form

S O =
O = 8
— < W

where x,y, and z are real numbers. It fact, H is nilpotent of class 2 and hence is CCII by Proposition 3.1
and Corollary 8.1 of [7]. Furthermore, H is a topological group since it forms a subgroup of the general linear

group of degree 3 over R.

Example 2 As in Ezample 5.1 of [7], the dihedral group

8

Dig=(r,s:r® =5 =1,rs =sr 1)

s a finite CCII group. We can topologize D1g to obtain a finite CCII topological group as follows. Recall
that the center of Dig is Z(D1g) = {1,r4}, Now, we put a non-discrete topology on Dig so that it
becomes a topological group. Let T be the topology on Dig generated by Dig/Z(D1g). Observe that each
pair of elements of Dig/Z(D1s) is disjoint, and so the singletons in Dig are not open. Let a,b € Dig,
and let U be an open set containing ab. Then, aZ(D16)bZ(D1s) = abZ(D1s) € U. This shows that the
multiplication of Dig is continuous. Neat, let a € Dig, and let V be an open set containing a~'. Then,
(aZ(D1g)) "t = a"1Z(D1g) C V. This shows that the inversion function of Dig is continuous.
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We begin with the following proposition, which shows that a CCII topological group induces a topological
gyrogroup.

Proposition 7 Let I' be a CCII topological group. Then, T'®¥" forms a topological gyrogroup.
Proof Note that the inversion function of I'8Y" is automatically continuous. Moreover, being a composition

of continuous functions, @ is continuous. Therefore, I'8Y" is a topological gyrogroup. O

Let G be a topological gyrogroup. Recall that G is said to be a strongly topological gyrogroup if there
exists a neighborhood base U at the identity e of G such that gyr[z,y](U) = U for all z,y € G,U € U (cf.

Section 3 of [1]). For the relevant definitions such as an invariant metric, a gyronorm, we refer the reader to [6].

Proposition 8 Let I' be a CCII group with an invariant metric d. Then, the function ||| : I'®" — R defined
by ||z|| = d(e,x) for all x € T®" is a gyronorm on I'Y* . In particular, T8 is a strongly topological gyrogroup

with respect to the topology induced by d.

Proof Let a,z,y € I'®Y". By definition,
dla®r,a®y) = d(aazra™" aaya™") = d(z,y).

Hence, by Theorem 9 of [6], the function ||| is a gyronorm on I'8¥". The last assertion follows from Proposition
7 and Theorem 16 of [9]. O

For basic knowledge of topology used here, we refer the reader to [3], for instance. Recall that a subset
A of a topological space X is called a neighborhood of a point = in X if it contains an open set containing x.
Recall also that a nonempty subset A of a topological group T is said to be thin in I' if for every neighborhood
U of the identity e in T, there exists a neighborhood V of e such that aVa=! C U forall a € A. If T is thin in

itself, then IT" is said to be balanced (also known as a SIN-group). Then, we obtain the following proposition.

Proposition 9 Let I' be a CCII topological group. Then, the derived subgroup I is thin in T if and only if
I'8Y" s a strongly topological gyrogroup.

Proof Suppose that IV is thin in I". Let U be a neighborhood of e. Then, there exists a neighborhood V of
e such that aVa~™! C U for all a € I’. Then, the set

W = U aVa ' CU
acl”

is a neighborhood of e. Moreover,

gyr [z, y)(W) = [z~ )Wz~ ",y] 7!
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for all x,y € I'sY". Thus, I'®Y" is a strongly topological gyrogroup.

Conversely, suppose that I'8Y" is a strongly topological gyrogroup. Let U be a neighborhood of e. Then,
there exists a neighborhood V C U of e such that [z,y]V[z,y]™! = gyr[z71,y](V) = V for all z,y € ['®".
Hence, I" is thin. O

Corollary 5 If ' is a balanced CCII topological group, then I'8Y" is a strongly topological gyrogroup.

Proposition 10 If ' is a CCII topological group, then I'8Y* is uniformizable.

Proof The proposition follows from the fact that I" is uniformizable. O

Let T be a topological group, and let Ns(e) be a symmetric open base at e. For each V € N(e), define
Bl ={(z,y) eT xT: a7 lyeV},
By ={(z,y) eI xT:ay t €V},

Ey = EL, N EY.
Denote by Dr the set of all symmetric subsets of I' x I'. Then, the following uniformities:

U' = {U € Dr : E, CU for some V € N,(e)},
U ={U € Dr: Ef, CU for some V € N;(e)},
U={U € Dr: Ey CU for some V € Ny(e)}

are called the left uniformity, right uniformity, and two-sided uniformity on I', respectively. It is well known

in the literature that these three uniformities coincide if and only if the group I' is balanced. For each U € U!
and for each = € T', define

Ulz] ={y el': (2,y) € U}.
Note that if V' € N,(e), then
Elilz]={yeT:(z,y) €L} ={yecT a7 lycV}=aV.
Now, suppose that T" is a CCII topological group. Let L,®" be the gyrotranslation by a defined on

I'ey* and let L, be the left multiplication by a defined on I'. Since L% = L,o0a, for all a € I', the following

proposition is immediate.

Proposition 11 Let I' be a CCII topological group, and let V € {U',U",U}. Then, the left gyrotranslation
L. (T,V) = (T,V) is uniformly continuous for all a € T.

Proposition 12 Let I' be a CII topological group, and let V € {U',U",U}. Then, the right gyrotranslation
R.E" : (I,V) — (T,V) is uniformly continuous for all a € T'.
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Proof Let a € I'®Y". Then, for each x € I', a direct computation shows that
R (z)=2Da
= (e l@a1)!
= (a~talz"ta) !
=a 'zaa

=R,o0,-1(2).

Thus, R,®" = R, o a1, and so R,®" is uniformly continuous. O

Theorem 3 Let I' be a CCII topological group. Then, the collection
[&vr = {L,%" :aq € T®"}
is equicontinuous with respect to U' if and only if T' is balanced.

Proof Suppose that Tevr is equicontinuous with respect to U'. Let U € N;(e). By assumption, there is an

open set V' containing e such that
L& (V) C EL[L&"(e)] = La®" (e)U = aU
for all a € I'®". That is, aq(V) C Ly-1(aU) = U for all a € I'®Y". Thus, I' is balanced. Conversely, suppose

that T' is balanced. Let z € T, and let U € N5(e). Since T' is balanced, there is an open set V' containing e
such that V C a='Ua for all a € I'. It follows that

L, (V) = aaxVa ' Caaxa ' Uaa ™ = (a ® 2)U = L& (2)U = Eb [Lo®" (x)]

for all @ € I'. Hence, Tevr is equicontinuous with respect to U*. O

4. CCII groups of order less than 32

In this section, we collect finite CCII groups of order less than 32, using a classification of finite non-
abelian groups, up to isomorphism, as in Appendix B of [4]. Recall that any group of order 1,2,3,4,5,7,9,
11,13,15,17,19,23, 25,29, and 31 is abelian. In Section 5 of [7], the author collects all finite CCII groups of
order less than 24. We continue to determine all finite CCII groups of order n with 24 <n < 32. In Table 1,
Z,, denotes the cyclic group of order n, D,, denotes the dihedral group of order n, @, denotes the generalized
quaternion of order n, A4 denotes the alternating group of degree 4, S; denotes the symmetric group of degree
4, SL(2,3) is the special linear group of 2 x 2 matrices with entries from a field of order 3, B(2,3) is the

Burnside group, and the group I';,,, has order m and is defined by the following presentations:
Touq = (z,y: 2 =y =1,yzy ™ =271,
Tose = (z,y,z: 2" =y =28 = Lyay ' =2~ aza™' =27 yay ™! = 2),
Dory = (z,y: 2 =¢° = 1,yay! = z?).
It turns out that only four groups are CCII: Zg x Dg,Zs x Qs,I'271, and B(2,3). Unfortunately, their

corresponding gyrogroups are degenerate, and so they give no new examples of gyrogroup structures.
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Table 1. The non-abelian groups of order n with 24 < n < 32, up to isomorphism.

Order Group I' CCII group Structure of I'8¥*

24 Z4 X Dg no n/a
24 Zo X Q12 no n/a
24 Zg X Dlg no n/a
24 Ty X Ay no n/a
24 Zs x Dg yes degenerate gyrogroup
24 Doy no n/a
24 S 1no n/a
24 Q24 no n/a
24 SL(2,3) 1no n/a
24 Z3 X Qg yes degenerate gyrogroup
24 IV no n/a
24 Toqy no n/a
26 Dog no n/a
27 Loz yes degenerate gyrogroup
27 B(2,3) yes degenerate gyrogroup
28 Dog no n/a
28 Q23 no n/a
30 D5 no n/a
30 Zs x Dqg no n/a
30 Zs X Dg no n/a
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