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Abstract: This paper is devoted to studying the existence and uniqueness of continuous solutions of the following

iterative functional differential equation

J x(t)—h(t,xm(t),...,x[”](t))
dt IR BIONIZIO)

=g (t,mm t),... ,z] (t)) ,te J,

z(0) = o.

By using of Boyd-Wong’s fixed point theorem and under suitable conditions, we establish the existence and uniqueness

of a continuous solution.
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1. Introduction
Iterative differential equations provide powerful tools for describing many phenomena in various fields of science
and engineering. There has been a great deal of research published on the existence of solutions for iterative
differential equations, see [8, 11, 13, 14, 18-20]. Fixed point theory plays a great role in this context and
generally in nonlinear integro-differential equations, see [1-4, 7, 8, 15].

A number of authors focused on studying the existence of solutions of iterative differential equations such
as A. Bouakkaz, A. Ardjouni And A. Djoudi in [5], S. Stanék in [19], P. Zhang and X. Gong in [20] and H. Y.
Zhao and J. Liu in [21]. In [19], S. Stanék, using fixed point theory, studied existence of continuous solutions

considering differential iterative equations
2/ (t) = z(x(t)) — bx(t). (1.1)
As a generalization, in 2014 P. Zhang and X. Gong [20] considered the differential iterative equation
2t =g (L), 2l w), (1.2)

and developed the existence of an analytic solution of this problem by using the Schauder fixed point theorem.
In 2019, by virtue of Schauder and Banach fixed point theorems, H. Y. Zhao and J. Liu [21] investigated the
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existence, uniqueness and stability solutions for nonhomogeneous iterative functional differential equations of

the form

2 (t) = Mz (@) + Xzl () + ..+ Azl (1) + (1), (1.3)

Recently, A. Bouakkaz, A. Ardjouni, and A. Djoudi [5] discussed the problem of the existence of periodic

solution for the iterative functional differential equation

d

gﬂﬂﬂﬁzi(hewm@%”wxM@D)—a@ﬁm@)+fewmﬁmuwﬂﬂw). (1.4)

dt

Since the Banach algebras represent a practical framework for several functional integro-differential equations,
there has been increasing attention by scholars in studying the existence of solutions of different nonlinear
equations in Banach algebras, see [1, 2, 4, 7, 9, 12, 15, 16].

Motivated by the above-mentioned works and theoretical investigations, in this paper, we establish a new
existence and uniqueness approach for a large class of iterative differential equations in Banach algebras by
mixing the properties of the Banach algebras with the Boyd Wong fixed point theorem.

More precisely, by using fixed point theory for the product and the sum of nonlinear operators defined in Banach
algebras, we consider the problem of existence and uniqueness results for the iterative differential equations of
type

d(ﬂﬂ_h@xmw““wwa»>_gewm@ran@DJGL

e\ f(tal(t), ... 2l(r) (1.5)

z(0) = zo,

where J = [0,1], f:J xR® =R\ {0}, g,h:J xR®* =R, j=1,...,m, are given functions, and z[’(¢) = ¢,
2 (t) = (1), 2l(t) = 2l (x(1)).

The problem (1.5) has not been studied in the literature before, so the results of this paper are new
to the theory of iterative differential equations and it significantly extends and generalizes some works in the
literature. For example, if n =2, f =1, g(t,x1,22) = 22 — bxy and h = 0. Then the problem (1.5) reduces to
problem (1.1), which has been studied by S. Stanék in [19].

In the special case when f =1 and h = 0 in the iterative differential problem (1.5), it reduces to problem (1.2),
which has been studied by P. Zhang and X. Gong [20] via Schauder’s fixed point theorem.

If f=1, h=0 and g(t,x1,...,22,%,) = A1 + Aoxa + ...+ A2y + f(¢). Then the problem (1.5) reduces to
the iterative differential problem (1.3), which has been studied in [21] via the principle of contraction mappings.
In other when g (t,21,...,2,) = —a(t)z1 + f (t,21,...,2y,), then the problem (1.5) reduces to the iterative
differential problem (1.4) which has been studied by A. Bouakkaz, A. Ardjouni and A. Djoudi in [5] under
Lipschitz conditions on the functions g and h.

The paper is organized as follows. Section 2 is devoted to introducing necessary preliminary results.
In Section 3 a new approach is constructed to ensure the existence and uniqueness of continuous solutions
for hybrid iterative differential equations of type (1.5), and illustrative examples are provided to reinforce our

findings.
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2. Analytical preliminaries

Let X be a Banach space with norm || - ||. We denote by C(J,X) the Banach algebra of all continuous
functions defined from J into X endowed with the supremum norm ||z|| = sup,¢; ||(t)|| and with the pointwise

multiplication (zy)(t) = z(t)y(t).

Definition 2.1 [6, 9, 10]Let T : X — X. We say that T is D-Lipschitzian if there exists a continuous
nondecreasing function f:Ry — Ry with f(0) =0 such that

IT(x) = Tl < flz —yll) for all 2,y € X.

If f is not necessarily nondecreasing and f(r) < r,r > 0, then we say that T is nonlinear contraction. Here,
f is called the D -function associated to T.

Notice that every Lipschitz mapping with Lipschitz constant o > 0 is D-Lipschitzian with D-function (t) =

at,t > 0, but the inverse is not necessarily true. It suffices to consider for example the operator T': J — J

given by T(z) = — 22.

In the sequel, we need the following technical lemma. Consider the closed, convex subset

C(L,M) :={z e C(JR); ||z|| < L, |z(t) — z(s)| < M|t — s]|}.

Lemma 2.2 [21] For any §,¢ € C(L, M),

Hf[n] _ ¢l

n—1
<> Mg —].
=0

A generalisation of the celebrated Banach fixed point theorem has been proved by Boyd and Wong in [6].

Theorem 2.3 Let T : X — X be a nonlinear contraction, then there exists a unique fixed point x* € X such

that T'(z*) = x*. In addition, for any x € X, the sequence T™(x) converges to x*.

3. Existence results

This section is devoted to discussing the existence and uniqueness of a continuous solution for (1.5) under

D-Lischitzian conditions. For this purpose, we need to prove the following results.
Definition 3.1 A function = € C(J,R) is a solution of the iterative differential equation (1.5) if

z(t) — b (t,2l(1),..., 2l"(2))

(i) the function t = —— (t,z1(t), ... =l (t))

is differentiable, and

(ii) x satisfies the equations in (1.5).
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Lemma 3.2 Let € C(J,R). Then for any function g € C(J,R), the function x is a solution of the hybrid

functional iterative problem

d (z(t)—h(t,z0(),... 2l ()
dt £l ... zl(t))

(3.1)

z(0) = zo,

if and only if

a(t) =f (t,z[u(t),_._’x[n](t)) (/tg(s) do i T0 1 (0,21(0), ..., 21" (0))
0

@), ... 2l )
£(0,210(0), ..., 2I"(0)) >+h<t’ U, ..., (t))

(3.2)

Proof Let g € C(J,R). Assume first that z is a solution of the iterative differential equations (3.1) defined
z(t) — h(t, (), ...zl ()
f(taM(@), ... 2i())

_ (1] [n]
differentiable there, so i z(t) —h (t’ T (t))
f (& al(),. .. zl(1))

dt
in (3.1) from 0 to t, we obtain the hybrid functional integral equation (3.2) on J.

on J. By definition, the function ¢t — is continuous on the interval J, and is

) is integrable on J. Integrating the first equation

Conversely, assume that z satisfies the hybrid functional integral equation (3.2). Then, we have

z(t) — h(t,2l(),..., 2" () T zo — h (0,211(0), ..., 2"(0))
(620, 2l (D)) _/0 9(s)d 7 (0,2019(0), .., 21"1(0))

z(t) — h (t, 20 (@),...,2M(2))
[ (a0, ... zl(t))
by direct differentiation, we get the first equation in (3.1). On the other hand, substituting ¢ = 0 in (3.2) in

This implies in particular that t — is differentiable, since g € C(J,R). Hence

order to get z(0) = xo. O

Our results will be considered under the following hypothesis: There exists L > 0 such that:
(Hy) The function f:J x R™ — R\ {0} is such that:
(i) There exist C'r,6 > 0 such that
lf(t,z1,. .., xn) — f(s,21,...,20)| S Cflt —s| forall t,s € Jand z; € [-L,L],i=1,...,n
and
sup 1£(0,21,...,2,)| " <6.
T1,...,n€[—L,L]

(ii) There are D-functions ¢; with ;(r) <r forr >0,i=1,...,n and a € C(J,R) such that

[ftzr, . xn) — fE Yy, yn)| < ()] igpi(\mi—ym for t € J and x;,y; € [-L, L], i=1,...,n.

i=1
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(Hz) The function ¢ : J x R™ — R is such that:
(i) The partial mapping ¢ — g(t,z1,...,z,) is continuous on J.
(ii) There are D-functions t;,i =1,...,n and n € C(J,R) such that
|g(t7$17 s ,(En) - 9(t>y17 s 7y’n)| < ‘n(t)‘ Zwqu’l_y’LD for ¢ € J and Ti,Yi € [—L,L], i= ]-7 sy T
i=1
(Hs) The function h: J x R™ — R is such that:
(i) There exists Cj > 0 such that

[h(t,x1,.. . @) —h(s,21,...,2,)| < Chlt —s| for t,s € Jand z; € [-L,L],i=1,...,n.

(ii) There are D-functions 6; with 6;(r) <r for r > 0,i=1,...,n and v € C(J,R) such that

n

[h(t,x1,. . xn) — Ry, yn)] < |y(E)] Zezﬂ%*yﬁ) fort € J and ;,y; € [-L,L],i=1,...,n.
i=1

By an application of Lemma 3.2, we can see that the iterative differential equation (1.5) is equivalent to the
hybrid fixed point problem
x = Az - Bx 4 Cx,

where the operators A, B, and C' are defined by
(A2)(t) = f (2" (@), 22 0), .., al0)),

zo — h (0,211(0), ..., 2"(0))
f (0, 2[1(0),. .., zM (O))

and

(Cx)(t) = h (t, W), 2@ (1), ...,z (t)) .
Lemma 3.3 The operators A, B and C map C(L, M) into C(J,R).
Proof Let z € C(L, M) and let t,¢' € J. We have
(Az)(t) — (Az)(t)] < ’f (t,mm ), 22 (), ...,z (t)) —f (t’,:z:[l] ), 22 ),z (t’))‘
< ’f (t,mm ), ... ,M(t)) .y (t’,:z:[l](t), . ,M(t))\
+ ]f (.2, .2t @) = 1 (¢, a0), .. 2l (t’))’ .

Using assumption (Hy), we infer that

(A2)(1) = (An)(E)] < Cqle =21+ a0l 3 (J20) - 20 ) (33)

i=1
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Now, taking into account that
1200(t) — 2(s)| < MP|t — 5| forall t,s € Jand i = 1,...,n,

on the base of (3.3) we derive that

|(A2)(t) = (A)(t)] < Crlt =]+ a()| Y i (MIt—t']). (3-4)

1

Using the continuity of ¢;,i =1,...,n, we get A(x) € C(J,R). By assumption (Hs),

(B = (B < |

t
L

t
’

/ <|n(s>| > (Jas)1) + g(s,o,...,on) ds,
t 1

g (s, 2 (s), ...,z (3)) ‘ ds

IN

g (5733[1](5),...790[”](5)) —g(s,07...,0)‘ +19(s,0,...,0)|ds

IN

and therefore
(B - Ba)¢)| < [ (|n<s>|Zm@)ﬂg(s,o,...,on) ds.

Taking into account assumption (Hz) — (i) and using the dominated convergence theorem we infer that

B(z) € C(J,R), moreover we get
[(Bx)(t) — (Bx)(t')] < (IIn(-)II Zj:% (L) + llg (-0, . -70)II> t—1]. (3.5)

Similarly, by using assumption (Hs) we can obtain
((C2)(t) = (Cx)(t)| < Cult =+ 7Ol znjei (M'[t —t']), (3.6)

1

which implies C(z) € C(J,R). O

Lemma 3.4 The operators A, B and C are D-Lipschitzian on C(L,M).

Proof Let x,y € C(L, M) and let t € J. The use of assumption (H;) — (i¢) leads to

|(Az)(t) — (Ay) ()]

IN

£ (82,220, 2 0) = 1 (60,20, )|

2@l Y e (120 -y )])

IN
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Since ;,7 = 1,...,n, are nondecreasing functions, passing to the supremum over ¢t € J, we get
n o »
JAz = Ayl < o)l Y e (Jlal? = o))
1
Accordingly, by Lemma 2.2 we deduce that
n 1—1
Az — Ayl < JlaO)l Y @i <Z M|z — yll) :
1 1
which means that A is D-Lipschitzian with D-function
n i—1
o(t) = lla()ll Y i (Z MJt) :
1 1
Now from assumption (Hs) — (i), it follows that

(B B0l < [ o (5:06), ... 27(6)) = g (5.51(5) .17 (5) |

+ i) _ Zo
f(0,20(0),...,2"(0)) £ (0,y11(0),...,y"(0))

N h (0,211(0),...,zM(0)) B h (0,y1(0),...,y"(0))
£ (0,201(0),...,2"(0))  f(0,y11(0),...,y"(0))

ds + Ay + As,

where
Al— i) _ To
F(0,21(0),...,2l(0)) £ (0,y1(0),...,y(0))
and
e h (0,211(0),...,2M(0)) _h(o,y[lJ(O),...,y[nl(o))
2717 (0,210(0), .., 2l70(0)) £ (0,41(0), ..., yl(0)) |

From assumption (H;), it follows that
A = Jools? |1 (0,510), .y (0) - £ (0.21(0), .. 2 (0))]

< [zol3*la(0)] Y- i (J210) — 4 (0)]) -

600



BEN AMARA /Turk J Math

Similarly, by assumptions (H;) and (Hs), we obtain

1 (0.21(0). ... 2" (0)) ~ h(o y[”<o> (0))]
If(O z1(0), (0)) |

+3% 0 (0,41(0), ...yt (0))‘ (0.9, 5" @) = 7 (0,2100),..... 2" 0))]
5 ‘h (O,x[l] 0),...,z" (0)) —h (O,y[l] 0),...,y" (0))‘
+02 1 (0,410), .y 0)) |7 (0,4100), 5" (0)) = £ (0,2100).....,al")(0) )|

< h©15 Y0 (1290) — 0)1) + a5 |1 (0.5, ... 50 )(Zw (120 = 0)])

Hence, we obtain

(B2)(t) = (By)(®)] < /[ |Z¢ (1a(s) = 41 (s)1)
+a(©[5* (Jaol + |1 (0,510}, ...510)) ) Sops (12100) = 9 0)1)

As

IN

ds +|(0)[6

- M ?
D
o
_
&,—
=
—~
(e
=
QQ—‘
)
—~
(=)
-
N——

Using the fact that

‘h<O,y[1](0),...,y[”](0))‘ < ‘h(O,ym(o),...,y[”](o))—h(O,...,O)‘+|h(0,...,0)|
< b1 Y6 (W) + 5 O,....0)
< I”Y(O)lZn:ﬂi(L)+|h(0,-~-70)|

1

and, taking into account the monotonicity of ¥;,v;,0;,4 = 1,...,n, we can obtain

I(B2) = Byl < IO i (1l = 5 0) + o)la 30 (Jlal? — o))
1 1
1Y (Jl2 =y

where x = |a(0)6? (|$o| + [~(0) ZO )+ 1R (0 ,0)) .

Thus in view of Lemma 2.2, we obtaln that

[(Bz) = (By)| < [InC)ll sz (ZMJIISE —y||> + (0) Z (Z Mjfv—y|>
szzl:goi (Zz:: M ||z — y||> .
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Then B is D-Lipschitzian with D-function

U(t) = [In()l Y s <Zth> +17(0)[6 > 0; (ZM?’t) +EY (ZMJ‘t) .

Proceeding as above, the operator C' is D-Lipschitzian with D-function

=(t) = IvOIl S 6, (Z th> .
O

Lemma 3.5 The sets A(C(L,M)), B(C(L,M)) and C(C(L,M)) are bounded respectively by ka,kp, and

Ko, where

n

ka = llaC)I D ei (L) +11£(50,..., 0)[,

1
kB = lII(L) + ||g(~,0,...,0)|| +6(|x0 - h(0’70)|)

and

n

kc = ||’7()H Zez (L) + Hh('707 : 70)”

1

Proof Let x € C(L,M) and let ¢t € J. From assumption (H;) — (i), it follows that

A0l < |f (620, o) = £ 60,0 +17 00, 0)
< oY (1) +174,0,....,0)].

1

Passing to the supremum over ¢ € J, we get

1Az]| < a1 @i (L) + [1£(-,0,.-., 0)].

1

Similarly, from (Hs) — (%) we can result that

ICxl < Iyl Y 0: (L) + [0, 0)].

On the other hand, since B is D-Lipschitzian with D-function ¥, we have

[Bzl| < [[B(z) = B(O)]| + [[BO)]

< U(L)+lg(-,0,...,0)|| + ¢ (Jxo — h(0,...,0)]).

Therefore, we are in position to present the main result of this section.
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Theorem 3.6 Suppose that

kaU(r)+kp®(r)+2(r) <r,r >0, (3.7

KA (n(~)ll Do (L)+ ||g(-,0,~~~,0)||> + B (Cf +llal)ll ZM> + <Ch + Ol ZM’) <M, (3.8)

1
and
kakp + ke < L. (3.9)
Then (1.5) has a unique solution in C(L, M).
Proof By using Lemma 3.2, x € C(J) is a solution for the problem (1.5) if it satisfies the operator equation
Q(x) := A(z) - B(z) + C(x) = x.

Therefore, in order to apply the Boyd-Wong Theorem, we shall prove that ) is a nonlinear contraction mapping
on C(L,M). This will be achieved in the following steps.

Stepl. A- B+ C maps C(L, M) into C(L,M). Let x € C(L, M) and let t,t' € J. Without loss of generality,
we suppose that x # 0 and ¢ # t'. We have

[A() () B(x)(t) — A(z)(t') B(2)(t))] + |C(2)(t) — C(x) ()]
[A@)IB(2)(t) — B(x)()] + | B(2)ll|A(z)(t) — Az) ()]
+HC(2)(t) = C2) ().

Q) (t) — (Q)(t')]

IN

N

From assumption (H;)-(i%), it follows that ;(r) <r,r >0 for all i =1,...,n. In view of inequality (3.4) we
get

[A(2) (1) — A(x) ()] < (Cf + lla()ll ZM> jt—'].

1
Similarly from (3.5)-(3.6), we can obtain
|B(x)(t) — B(x)()| < [Iln(')ll > Wi (L) + g0, -70)||1 |t —t].

and

Cl)(t) - Cla)(#)] < (ch + IOl ZM’) )

1
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Consequently, using Lemma 3.5, we get

Q) (®) — Qo)) < [A)()B(2)(t) — A(z) (') B(z)(t')] + |C(2)(t) — C(2)()]
< JA(@)(®)B(x)(t) — Ax)()B(z)(t)]
+HA(@) () B(x)(t) — A(x)(t)B(x)(t)] +|C(x)(t) = C(x)(t)]
<A@ G v (L) + llg( 0, 00| [t = #]

1

1B ()] <Cf + la()ll ZMZ) + (Ch + Ol ZMﬂ |t —¢'].

1

+

By Lemma 3.5, we deduce that

n

Q) () — (Qz)(t)] < ka [Iln(-)lzwi (L) + llg(-,0, ..., 0)]|

1

£ —'|

+

KB <Cf + [l ZM1> + (Ch + 7Ol ZMlﬂ It —t|.

1 1
So, the use of assumption (3.8) leads to
Q(@)(t) — (Qz)(t)] < Mt —1'].
Now, using Lemma 3.5 together with assumption (3.9), we get
1Q@)|| < [[A@)[I[| B(z)|| + [|C (@) < karp + Ko < L.

Therefore, @ maps C(L, M) into itself.
Step2. A- B + C defines a nonlinear contraction.
Let z,y € C(L, M), since A, B and C are D-Lipschitzian it follows that

IN

[A(z) - (B(z) = B(y))ll + [[(A(z) — A(y)) - By)|| + [[C(z) - Cy)
[A@) | ¥ (llz = yl) + 1B 2z - yll) + =E((lz = yl)-

1Q(z) = Q(y)l

A

Consequently, from Lemma 3.5, we obtain

1Q(z) = Q)| < ra¥(llz —yl) + rp2(llz — yl)) + Z(ll= - ylI)-

Hence, by virtue of assumption (3.7) we deduce that A - B + C defines a nonlinear contraction on C(L, M)

with D-function
O(r) = kaU(r) + kp®(r) + Z(r),r > 0.

As an application of Theorem 2.3, we conclude that A - B + C' has a unique unique fixed point z € C(L, M),

which is the solution of the functional iterative problem (1.5). O
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Remark 3.7 Theorem 3.6 extends and generalizes several results in the literature of iterative differential

equations. For example

(i) If f=1, h=0 and g(t,z1,...,T2,Tpn) = MT1 + Aaxa + ... + Ay, + f(t), then Theorem 3.6 reduces
to the existence results for the iterative differential problem (1.3), which has been studied in [21] via the
principle of contraction mappings. Moreover, we get an extension of H.'Y Zhao and J. Liu results [21] to

the class of monlinear contraction mappings.

(ii) In the special case when g (t,x1,...,2,) = —a(t)x1 + f (t,21,...,2,), then Theorem 3.6 reduces to the
existence results for the iterative differential problem (1.4), which has been studied by A. Bouakkaz, A.
Ardjouni, and A. Djoudi in [5] under Lipschitz conditions on the functions g and h, i.e., g and h satisfy

the following conditions: There exist some Kk;,c; >0, i =1,...,n, such that:
n
|g(t,.’1717 ceey I‘n) - g(t7y1a oo 7yn)| < Z K/i|l'i - y’b| (310>
i=1
and
n
|h(t, 21, xn) — h(E Y1, yn)| < Zci |z; — vl (3.11)
i=1

Theorem 3.6 generalizes and extends the results in [5], and shows that the conditions (3.10) and (3.11)
can be relazed by assuming that g and h satisfy, respectively, (Hz)-(ii) and (Hs)-(ii).

(iii) In [20], P. Zhang and X. Gong established existence results for the iterative differential problem (1.2) via
Schauder’s fized point theorem.
If we take f =1 and h = 0 in the iterative differential problem (1.5), it reduces to problem (1.2).
Therefore, as a special case Theorem 3.6 ensures the existence and the uniqueness of a continuous solution
for the iterative differential problem (1.2).

Now, we illustrate the applicability of our Theorem 3.6 by considering the following examples of iterative

differential equations.

Example 3.8 Consider the following iterative differential equation

d x(t) — ¢zl (t) g
dt (f(t,mm(t),xm(t))) = ae Doted,

2(0) = 0.1,

(3.12)

0.5
1+ ae=05¢
Let us define the functions g,h:J x R2 = R by

where a,c >0, f(t,z1,z2) =

g(t,z1,22) = ae™ ™2 for allt € J and x1, x5 € R?
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and
h(t,x1,29) = cxy for allt € J and x1, 25 € R
By an elementary calculus we can show that the function f satisfies the condition (Hy), with Cy; =
1+ ae 05 . . .. . L
—o5 0 =2, a(t) = ¢1(t) = p2(t) = 0, the function g satisfies the condition (Hy), with n(t) = ae”,
P1(t) = 0 and Po(t) = (1 —e™t), and h satisfies the condition (Hs), with Cy =0, v(t) =1, 61(t) = 0 and
92 (t) =ct.

Applying Theorem 3.6, we obtain that (3.12) has a unique solution in C(L,M) with L = M =1, when a and

c are small enough.

Example 3.9 Consider the following iterative differential equation

d
— (z(t) — et sin(zP (1)) = atzP(t) + at log(1 + |z@)]), t€J,
= (a0 (=) (1) +at log(1+ (b)), te o1

where a,c > 0.
Notice that the problem (3.13) can be reformulated into (1.5) with xg = 0, f = 1, and the functions
g, h:JxR2 = R are defined by

g(t, 1, 22) = atlog(l + |x1|) +atzy fort € J and x1, 15 € R?

and
h(t,z1, 1) = ct sin(xs) fort € J and x1, 79 € R%.

By an elementary calculus we can show that the function f =1 satisfies the condition (H,), with Cy = 0,
0 =1, a(t) = p1(t) = va(t) = 0, the function g satisfies the condition (Hs), with n(t) = at, ¥ (t) = log(l+1t)
and Po(t) =t, and h satisfies the condition (Hs), with Cp, =0, v(t) =t, 01(t) =0 and 02(t) = ct.
Applying Theorem 3.6, we obtain that (3.12) has a unique solution in C(L, M) with L = M =1, when a and

¢ are small enough.
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