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Abstract: The purpose of this article is to study the geometry of gradient almost Yamabe solitons immersed in warped
product manifolds I x ¢ M™ whose potential is given by the height function from the immersion. First, we present some
geometric rigidity on compact solitons due to a curvature condition on the warped product manifold. In the sequel, we
investigate conditions for the existence of totally geodesic, totally umbilical, and minimal solitons. Furthermore, in the
scope of constant angle immersions, a classification of rotational gradient almost Yamabe solitons immersed in R x ; R™

is also made.

Key words: Yamabe solitons, almost Yamabe solitons, totally geodesic hypersurface, warped product, totally umbilical

hypersurface, rotational gradient Yamabe solitons

1. Introduction

The concept of almost Yamabe soliton, introduced in the celebrated work [3], corresponds to a natural gener-
alization of Yamabe solitons™ [17] and Yamabe metrics [25]. We recall that a Riemannian manifold (¥",g) is
an almost Yamabe soliton if it admits a vector field X € X(X) and a smooth function A : ¥ — R satisfying the
equation

1
§£Xg = (scaly — N)g, (1.1)

where £x¢ and scal, stand, respectively, for the Lie derivative of g in the direction of X and the scalar
curvature of g. The quadruple (X", g, X, \) is classified into three types according to the sign of A: expanding
if A <0, steady if A =0, and shrinking if A > 0. If A occurs as a constant, the soliton is usually referred to as
a Yamabe soliton. It may happen that X = VA is the gradient vector field of a smooth function h : M — R,
called potential, in which case the soliton (X", g,h, ) is referred to as a gradient almost Yamabe soliton.

Equation (1.1) then becomes
V2h = (scaly, — \)g, (1.2)
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where V2h is the Hessian of h. We pointed out that almost Yamabe solitons, gradient or not, are regarded as
trivial if their defining equation vanishes identically.

The geometry of almost Yamabe solitons isometrically immersed in space forms has recently received
much attention [2, 7, 16, 20, 21]. Chen and Deshmukh [7] study Yamabe solitons whose soliton vector field is
the tangent component of the position vector on Euclidean space, and as a result, they established some rigidity
results. Under a concurrent vector field assumption on the soliton vector field, Seko and Maeta [21] showed that
any almost Yamabe soliton has a gradient almost Yamabe soliton structure. Furthermore, for almost Yamabe
solitons on ambient spaces furnished with a concurrent vector field, the authors give a classification of such
solitons. On the other hand, Aquino et al. [2] present the study of gradient almost Ricci solitons immersed
in the space of constant sectional curvature M"*+1 c R"*2 with potential given by the height function of the
soliton associated to a fixed direction on R"*2.

The above works bring to light that important geometric results can be obtained by choosing an appro-
priate soliton vector field. In this sense, a vector field that has already proven to be a rich source for producing
examples of soliton fields is the one generated by the gradient of the height function from immersion. Examples
of solitons in which the height function is taken as the potential function are given in [2-5, 10, 22].

From the previous works, gradient almost Yamabe solitons, in which the height function is chosen as the
potential, might be interesting for further investigation. Moreover, to extend the above works to a larger class
of ambient spaces, it appears convenient to consider the immersions in a sufficiently large family of manifolds,
including the spaces of constant sectional curvature. A natural metric, which includes the spaces of constant
sectional curvature in its range, is described by warped product metrics [19]. Warped product manifolds have
already proven themselves to be a profitable ambient space to obtain a wide range of distinct geometrical
proprieties for immersions (cf. [1, 6, 8, 12, 13]). In this context, as in [1], we can extend the concept of height
function using the projection onto the base of the warped product (see Section 2).

The purpose of this manuscript is to study the geometry of gradient almost Yamabe solitons (X", g, h, A)
immersed in warped product manifold I x; M"™ whose potential h is given by the height function from the
immersion. In this setting, we derive a necessary and sufficient condition for the immersion to be a gradient
almost Yamabe soliton. We use this result to investigate conditions for the existence of totally geodesic, totally
umbilical, minimal, and trivial solitons. Furthermore, when the ambient space is taken as R x y R™, we provide
the classification of rotational gradient almost Yamabe solitons with a constant angle.

This manuscript is organized in the following way: In Section 2, we recall some basic facts and notations
that will appear throughout the paper. Afterward, in Section 3, we exhibit some examples of immersions
satisfying the gradient almost Yamabe soliton equation (1.2), and we establish our first main results concerning
the geometry of these geometric objects. Finally, in Section 4, we provide the classification of rotationally

symmetric gradient almost Yamabe solitons.

2. Preliminaries

Let (M™, gar) be a connected, n-dimensional oriented Riemannian manifold, 7 C R an interval and f : I —

(0,00) a positive smooth function. In the product differentiable manifold M =TIxM ™, consider the

projections 7; and 7y, onto the spaces I and M™, respectively. A particular class of Riemannian manifold is

the one obtained by furnishing M with the metric

(. ) =m7(dt*) + fA(mr)mhy (gn),
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such a space is called a warped product manifold with base I, fiber M™ and warping function f. In this
setting, for a fixed to € R, we say that X} := {to} x M™ is a slice of m

Let V and V the Levi-Civita connection in I x y M™ and ", respectively. Then, the Gauss-Weingarten

formulas for an isometric immersion v : X" — I x s M"™ are given by
VxY =VxY + (AX,Y)N, AX = -VxN, (2.1)

for any X € X(X"), where A : TE™ — T5" denotes the Weingarten operator of " with respect to its
Gauss map N. We consider two particular functions naturally attached to 3", namely, the height function
h:= (7r)|s and the angle function 6 = (N, d;), where 0; is the standard unit vector field tangent to I. By a

straightforward computation, we obtain that the gradient of 7; on I x¢ M™ is given by
V= <vﬂl,3t>at = 0,

so that the gradient of A on X" is
Vh=(Vr;)" =98] =0, — 6N, (2.2)

where (-)T denotes the tangential component of a vector field in X(M) along ¥". In particular, we get
|Vh|? =1 — 62,

where | - | denotes the norm of a vector field on ¥™.

Let R and R be the curvature tensors of I x § M™ and X", respectively. Therefore, for any X, Y,
7Z € X(X"), we have the following Gauss equation:

R(X,Y)Z = (R(X,Y)Z)" + (AX,Z)AY — (AY, Z)AX. (2.3)

Denote by Ric the Ricci tensor of ¥ and consider a local orthonormal frame {E;}? ; of X(X"), as well
as X € X(X"). Then, it follows from the Gauss equation (2.3) that

Ric(X, X) = i@(x, E)X,E;) +nH(AX, X) — (AX, AX). (2.4)
i=1

where H is the mean curvature of X".
Taking into account the properties of the Riemannian tensor R of a warped product (see, for instance,

Proposition 7.42 in [19]), we deduce

R(X,Y)Z = RM(X",Y")2" — [(log f)'(h)] [(X, Z)Y — (Y, Z)X]
+ (log f)"(h)(Z,0) [(Y,00) X — (X, 0:)Y]
— (log f)/’(h) (Y, 00(X, Z) — (X, 0)(Y, Z)] Oy,

where RM is the curvature tensor of the fiber and X* = X — (X, 0,)0;, Ef = E; — (E;,,)0, are, respectively,
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the projections of the tangent vector fields X and FE; onto M™. Then we arrive at

Y (R(X,E)X, Ej) =f(h)"* Y KM(X* B ||X[* = (X, VR)® = | X[*(Vh, E;)?

i=1 i=1

— (X, E)? +2(X, VR)(X, E;)(Vh, E»} + [(log £)' (R))? (|Vh|2 (2:5)

— (= D)X — (n = 2) g )" ()X V02 - Lo

where KM is the sectional curvature of M™. Combining equations (2.4) and (2.5), we deduce the following

expression for the scalar curvature of X":

scaly = f(h)2 Y KM(E],E}) [1 — (B;,Vh)? — (Vh,E)? — (B, E;)?

7,j=1

+ 2(E;, Vh)(E;, i) (Vh, Ey) | + nl(log £)/ ()] [|VA[* = (n = 1)] (26)
— (0= D(log 1)/ (VP —n Lo VAP 22 - AP

—n+1
From [19], we know that M "™ has constant sectional curvature ¢ if, and only if, M"™ has constant

sectional curvature k and the warping function f satisfy the following ODE:

UP-k_ "

7 ; (2.7)

The next example provides warped product manifolds with constant sectional curvature, i.e., satisfying
(2.7).

Example 2.1 We remark that a Riemannian manifold of constant sectional curvature ¢ € {—1,0,1} can be

expressed as a warped product manifold I x ¢ M™, namely
a) R\ {0} = (0,+00) x ¢ S™ with f(t)=t,
b) R"™ =R x;R" with f(t)=1,
c) S"TI\ {£p} = (0,7) x s S™ with f(t) =sint,
d) H*™!' =R x ¢ R™ with f(t) =€,
e) H" ™1\ {p} = (0,+00) x;S™ with f(t)=sinht,
Proceeding, in order to establish our main results, we will need the following key lemma, which provides

a necessary and sufficient condition for a hypersurface to be a gradient almost Yamabe soliton with a height

function as the potential.
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Lemma 2.2 Let ¢ : X" — I xy M™ be an isometric immersion. Then (X7,9) is a gradient almost Yamabe

soliton with potential h = (mr)|x if, and only if,
(scaly — N)g(X,Y) = (log f)'(h) [9(X,Y) — dh ® dh(X,Y)] + 0g(AX,Y) (2.8)
forall X, Y € X(X").

Proof Taking into account the properties of the Levi-Civita connection of a warped product (see, for instance,
Proposition 7.35 in [19]), it easily follows that

/

Vxdh = L (X~ (X,000), VX € X(E").

f
Thus, from equations (2.1) and (2.2), we deduce the following expression for the Hessian of h
2 _ _f'(h)
V°h(X)=VxVh = ) (X —(X,VR)Vh) + (N,0,)AX.
Therefore,
li
h
V2h(X,Y) = g(VxVhY) = *? ((h)> [9(X,Y) — dh @ dh(X,Y)] + Og(AX,Y). (2.9)
The result follows by the fundamental equation (1.2). O

We finalize this section by quoting the generalized Hopf’s maximum principle due to S.T. Yau. In the

following, L'(X™) stands for the space of the Lebesgue integrable functions on X™.

Lemma 2.3 ([24]) Let (X¥™,g) be a complete, noncompact Riemannian manifold. If h : ¥™ — R is a smooth

subharmonic function such that |Vh| € L'(X"), then h must be actually harmonic.

3. Examples and main results

Before presenting the main results, we will exhibit some examples of immersions satisfying the gradient almost

Yamabe soliton equation (1.2).

Example 3.1 Let (S",g1) denote the standard sphere immersed in Euclidean space (R"*1 go). According to
[3], if we take the height function from the sphere given by

h:S" =R, zw gi(x,m),

where 71 = (1,0,...,0) € R*™ and x = (x1,...,2,41) € S is the position vector, then (S™,g1) is a
gradient almost Yamabe soliton with the height function as the potential and the soliton function given by
A= L1(Ah - scaly,).

Example 3.2 Let P := {(21,22,23,...,%c,...,Tnsr1) € R |z, = 0} be the hyperplane isometrically

immersed in Euclidean space (R"*Y go). Hence, taking the height function from the hyperplane given by
h:PS%R) 33'—>90<33a771)7

where m; = (1,0,...,0) € R"™ and x € P*, we deduce that (P, go) is a steady gradient almost Yamabe soliton

with the height function as the potential function.
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Examples 3.1 and 3.2 are totally umbilical hypersurfaces and provide particular instances of the classifi-

cation of Corollary 3.9.

Example 3.3 Consider the hyperbolic space R Xt R™ furnished with the warped product structure. It is well
known that the horospheres of the hyperbolic space are totally umbilical hypersurfaces isometric to R™ and
correspond to slices {to} x R™, tg € R. Hence, taking the inclusion i : {to} x R™ = R x R™, we deduce that
the height function satisfies h(x) = to, and then the standard FEuclidean space {to} x R™ is a trivial gradient

almost Yamabe soliton with potential h(x) =t .

The above example allows us to conclude, in a broad sense, that for each fixed number t, € I, the
inclusion i : {to} x M™ — I x M™ produces a constant height function h(z) = to. Hence, {to} x M™ is a trivial
gradient almost Yamabe soliton with potential h(x) = tg. This observation allows us to produce infinitely many

examples of gradient almost Yamabe solitons. More precisely, we have the following example.

Example 3.4 Every manifold ¥" C M" isometrically included in the warped product manifold I x¢ M™ is a

trivial gradient almost Yamabe soliton with potential h = (wr)|s; = const. and scalar curvature scaly = .

The next example deals with a rotationally symmetric gradient almost Yamabe soliton with a constant

angle (see Figure 1).

Example 3.5 Let 1 : 3?2 = (0,00) x (0,27) — R x .« R? be an isometric immersion given by:

Y(u,v) = (u/1— 62, \/10792@1“ 1=0% cos v, 7%92671“ 1=sinv), 6e(0,1),

then, %2 is a gradient almost Yamabe soliton with potential h(u,v) = u\/1 — 02 and soliton function \ = scalg
(see Section /).

Figure 1. Rotational soliton immersed in hyperbolic space with 6 = g

Initially, we focus our attention on compact gradient almost Yamabe soliton immersions @ : X" —

IxyM™. It has been known that every compact gradient Yamabe soliton is of constant scalar curvature, hence
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trivial since h is harmonic (cf. [11, 18, 23]). For gradient almost Yamabe solitons, the previous result was
generalized by Barbosa and Ribeiro [3], where the authors proved that any compact gradient almost Yamabe
soliton (M™, g, h, \) satisfying

/ g(VA, Vh)dv, >0, (3.1)
M

is trivial. Our first result drops the condition (3.1) in favor of a hypothesis about the geometry of I x ; M™ and

produces the following result.

Theorem 3.6 Let (X", 9,h = (77)|s, ) be a compact gradient almost Yamabe soliton immersed in I xy M™.
If the mean curvature of X" satisfies |H| < (log f)'(h), then X™ is trivial.

Proof Taking the trace in (2.9), we deduce

(n —|Vh|*) + noH.

Hence,

Ah+ (Vg f(h),Vh) =n (J;/((Z)) + 9H> >n (J;I((:)) - |9|H|) >n (J;/((:)) - |H> > 0. (3.2)

It follows from the maximum principle (see page 35 of [15]) that h is constant. Therefore, X" is a trivial

gradient almost Yamabe soliton. O

We pointed out that each leaf ¥; = {t} x M™ of the foliation ¢t — ¥; of M s a totally umbilical

hypersurface with constant mean curvature

H = (log f)'(h),

with respect to —0t. From Example 3.4, each ¥; is a trivial almost Yamabe soliton. This implies that the

inequality in Theorem 3.6 is optimal.

In the particular case in which the ambient space is a space form, we obtain the following corollary.

Corollary 3.7 Let (£",9,h = (71)|s,A) be a compact gradient almost Yamabe soliton immersed in I xy M™.

Then, the following statements hold:
(a) If I xy M™ is the Euclidean sphere (0,7) Xgint S™ and the mean curvature of £ satisfies:
|H| < cot (h),

then Y™ is trivial.

(b) If I xy M™ is the hyperbolic space (0,400) Xsinht S™ and the mean curvature of X" satisfies:
|H| < coth (h),

then X™ 1is trivial.
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(¢) IfIxyM™ is the Euclidean space (0,400) X, S™ and the mean curvature of X" satisfies:
[H| <h™,

then X™ 1is trivial.

Recently, Chen and Deshmukh [7] studied Yamabe solitons immersed in the Euclidean space R™, whose
soliton vector field is the tangent component from the position vector field and proved that Yamabe soliton
hypersurfaces are totally umbilical. Seko and Maeta [21] improved on this result by showing that it may be
extended to the class of almost Yamabe solitons. In our context, we give the following result for hypersurfaces

immersed in Riemann product manifolds.

Theorem 3.8 Let (X7,9,h = (n1)|s,A) be a gradient almost Yamabe soliton immersed into a Riemannian
product manifold I x M™. If the angle function 6 does not change sign, then %™ is a totally umbilical

hypersurface.

Proof First, let us consider a local orthonormal frame {E;}? , of X(X") associated with the Weingarten
operator, i.e., A(E;) = \;E;, where {\;}!_; are the principal curvatures of ¥™. Since the warping function f

is constant, we deduce from Lemma 2.2 that
g(AE;, E;) = Nig(E;, E;j) = 0~ (scal, — \)g(E;, E;), ij=1,...,n,

which implies that
i = 0" (scal, — N), i=1,...,n.
Therefore, X" is totally umbilical with mean curvature H = 6~ (scal, — \). O

In the particular case in which I x M™ = R x R = R"*! | we obtain the following classification.

Corollary 3.9 Let (X", g,h = (71)|s,A) be a gradient almost Yamabe soliton immersed in the Euclidean space

R™L. If @ does not change sign, then ™ is contained in a hypersphere or a hyperplane.

In order to investigate minimal gradient almost Yamabe solitons, we prove the following.

Theorem 3.10 Let (X", g,h = (77)|x, ) be a minimal gradient almost Yamabe soliton immersed in I xy M™
with f'(h) >0, then the scalar curvature of ™ satisfies scaly > \. Moreover, if h reaches the mazimum, then
scalg = A, f'(h) =0 and X" is a slice of T x M™.

Proof Since (X", g,h,\) is a minimal gradient almost Yamabe soliton, we deduce from the trace of (2.8) in
Lemma 2.2 that

(scaly — \)n = (n—|Vh|?).

From |Vh|? =1 — 602 and by the hypothesis f/(h) > 0, we derive

TP ()
(n—|Vh]?) 7

(scaly — AN)n =
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which proves that scal, > A. On the other hand, it follows from equation (1.2) that
Ah = n(scaly — ) > 0. (3.4)
Now, assume that h attains its maximum hg in the point xg € ¥ and define
Qo:={zeX” ; h(z)=ho}

since g € €p, it must be closed and nonempty. Let now y € Qg, then applying the maximum principle (see
[15] p. 35 ) to (3.4) we obtain that, h(z) = hg in a neighborhood of y so that € is open. The connectedness
of ¥" yields Qy = X. Hence h is constant, which implies that ™ is a slice, scaly = A and f'(h) =0. O

As a consequence of Theorem 3.10, we derive a condition for the nonexistence of minimal immersion of
gradient almost Yamabe solitons in the hyperbolic space R X+ R” or the Euclidean space (0,00) x; S™. More

precisely, we derive the following corollary.

Corollary 3.11 Let (X", g,h = (n1)|x, ) be a gradient almost Yamabe soliton immersed in I x; M™. Then
the following statements hold.

(@) IfIxpM"=RxXR" and A\ > —n(n—1) —|AJ?, then ¢ cannot be minimal.

(b) If I xy M™=(0,00) x;S™ and X\ > —|A|?, then 1 cannot be minimal.

As another application of Theorem 3.10, we also get

Corollary 3.12 Let (X",9,h = (71)|n,\) be a minimal gradient almost Yamabe soliton immersed in the

Riemannian product manifold I x M™. If h reaches its maximum, then (X", g) is isometric to M™.

Remark 3.13 Corollary 3.12 reveals that there does mot exist a compact minimal gradient almost Yamabe

soliton X" immersed in the Riemannian product manifold I x M™ with noncompact M™ .

The next result extends the one proven by Barros et al. [4] for gradient almost Yamabe solitons (see
Theorem 1.5).

Theorem 3.14 Let (£7,g,h, ) be a gradient almost Yamabe soliton immersed in I xy M™ whose fiber M™

has sectional curvature kyr <inf;(f% — ff").

(a) If [Vh| € LY(Z™) and the soliton function satisfies

A>—n(n— 1)J;/((h};) +n?H?,

then X" is totally geodesic, with scalar curvature scaly = —n(n — 1)f7” and kyr = f? — ff".

(b) If |[Vh| € LY(2") and the soliton function satisfies

f"(h)
AZn(nl)(HQ R ),

then X" is totally umbilical, with scalar curvature scaly, =n(n —1)(H? — fTH) and kyr = 2 — ff".
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Remark 3.15 The curvature assumption kyy < inf;(f?> — ff"”) in Theorem 3.1/ is motivated by the ODE
(2.7). As may be seen, kyr < inf;(f2 — ff”) naturally holds on ambient manifolds I x ¢y M™ with constant

sectional curvature (see Example 2.1).

Proof First, note that our hypothesis under the sectional curvature kj; jointly with (2.6) implies that

inf; (f" — ff")
2

sealy < P 0 1) (0 2198P) 4l (log Y () (192 = (n = 1)
— (n—2)(log £)"(h)|Vh|* - nf//|Vh|2 +n?H? — |A?
< —(n — 1)(log f)"'(h) (n — 2|VA[2) + n[(log ) (W) (|Vh* — (n — 1)) (3.5)
— (n—2)(log £)"(h)|Vh|* — nffH|Vh|2 +n?H? — |A]?
< —-n(n— 1)1;/((]:;) +n?H? —|A]°.
Hence, combining our assumption on the soliton function A with the inequality (3.5), we arrive at
Ah =n(scaly —X) =n <—n(n -1 J;/((hh)) +n?H?* -\ — |A|2> <0. (3.6)

Now, from Lemma 2.3, we derive that h is harmonic, and then from (3.6), X" must be totally geodesic
with scaly = A = —n(n — 1)f7” On the other hand, from scal, = A, we get that ky = f2 — ff".

For the second assertion, note that the traceless second fundamental form of X", namely, ® = A — HI,
satisfies |®|? = tr(®?) = |A|> —nH? > 0 and equality holds if and only if, ¥" is totally umbilical. So, from the
hypothesis on A and equation (3.6), we obtain

Ah =n(scal, — \) =n {n(n —1) ( J;/((hh)) + H2> -A- |<I>|2] <0. (3.7)

Hence, again from Lemma 2.3, we deduce that scal, = A = n(n—1) (H2 — fTN) and |®|? = 0, which gives that

Y™ is totally umbilical. On the other hand, from scal, = X, we get that ky = f2 — ff". O

Proceeding, it is a well-known fact that any compact gradient almost Yamabe soliton with constant scalar

curvature is isometric to the Euclidean sphere S™ (see [3]). From this fact, we derive the following rigidity result.

Theorem 3.16 Let (X", g,h,\) be a compact gradient almost Yamabe soliton immersed into a space form

Mn+1(c) of curvature c. If X >n(n — 1)c+2 |H|?, then (X",g) is isometric to the Euclidean sphere (S, g1).

Proof Since a warped product I x; M"™ of constant curvature c trivially fulfills the condition ks =

inf7(f"2 — ff"), we obtain in a similar way as in the demonstration of Theorem 3.14 that
Ah = n(scaly — A) =n (n(n— e+ n*H? — X —|A]?) <0, (3.8)

which implies that —h is subharmonic, and from the maximum principle, A must be constant. Hence, from
(3.8), we derive that |A|> =0 and scal, = n(n — 1)c, so the result follows from Theorem 1.5 of [3]. O
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A result similar to Theorem 3.16 appears in [9] (Theorem 3 (ii)); however, Theorem 3.16 shows us that

we can remove the assumption |Vh| € L'(X") to get the same conclusion.

Remark 3.17 We remark that Theorem 3.1/ and Theorem 3.16 are obtained in the general case without the
assumption h = (wr)|s. However, upon assuming this condition, we obtain from item (a) of Theorem 3.1/
jointly with Lemma 2.2 that either X" is a slice, or [ is a constant and X" is a totally geodesic hypersurface
into a product manifold of zero sectional curvature.

For item (b) of Theorem 5.1/, we deduce V*h = (scal, — X)g = 0, then either h is constant, which
implies that X" is trivial, or |Vh| # 0 and X" splits along the gradient of h. In the last case, from Lemma

10 g g (1)
f(h)dh®dh— (f(h) +9H>g-

Hence, from Lemma 1 of [5], we obtain log f(h)'|Vh|?> = 0, which implies that f is a constant. So, X" is a

totally umbilical hypersurface into a Riemannian product manifold of zero sectional curvature. Finally, Theorem

2.2, we get

3.16 in the particular case h = (nr)|s remains the same.

4. Classification of rotational gradient almost Yamabe solitons

In this section, we present a classification of rotational gradient almost Yamabe solitons immersed in R x ; R"
with potential h := (7)|x and constant angle 6 € (0, 1). Following Dajczer and do Carmo [14], we shall use the
terminology of rotational hypersurface in R x s R™ as a hypersurface invariant by the orthogonal group O(n)
seen as a subgroup of the isometries group of R xy R™.

Initially, consider the coordinates (¢, z1,...,x,), as well as the standard orthonormal basis {71, ..., n4+1}
of Rx ;R™. Then, up to isometry, we can assume the rotation axis to be 77; . Consider an arc length parametrized
curve in the tx, plane given by

i (to,t1) — R x4 R™ (4.1)
ur— (a(u),0,...,0,5(u)). (4.2)

Rotating this curve around the t¢-axis, we obtain a rotational hypersurface in R x  R™. Now, in order to obtain

a parametrization of a rotational hypersurface, consider the unit sphere S*~! C R™ = span{na, ..., 7,41} with

orthogonal parametrization given by
X1 =cosvy, Xo=sinwvjcosve, X3 = sinw;sinwvycosvs,

X,_1 =sinvysinvsy....sinw,_9cosv,_1, X, =sinv; sinwvy ...sinv,_ssinv,_1.

Therefore, a parametrization of a rotational hypersurface ¥" with radial axis 7; into R x R" is given by

¥ (to,t1) x (0,2m)" "1 - R x; R™
(4.3)
(u,v1, ..., 0p—1) — a(w)n + W)X (v1,...,0p-1),

where
X('Ul,. . ,’Unfl) = (O,Xl(’l)l,. . .,'Unfl), e ,Xn(’l)l, ce ,’Unfl)).

In this setting, we provide the following classification.
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Theorem 4.1 Let ¢ : X" — Rx¢R"™ be a rotational gradient almost Yamabe soliton hypersurface with constant
angle 6 € (0,1). Then, up to constants, ¥ takes the following form:
uy/1—62 ds

(e, 01, ) = /T B + (0/ 1)

e )X(> ) =¢,

where n; = (1,0,...,0) e R*"! | —oco<u < o0, 0<vy,...,v,1 <27 and X is a sphere parametrization.

Proof Since ¢ : X" — R x; R"™ is a rotational hypersurface, we deduce from (4.3) that

u = o/ (u)m + B’ (u) X,

(4.4)
Yy, = Bu) Xy, 1<i<n-—1,
and then, the first fundamental form of ™ takes the form
1 0 0
0 fla(u))?B(u)? 0
I= (4.5)
0 0 o Fa()?B(w)?

The first fundamental equation (4.5) reveals that the induced metric on ¥™ can be expressed by the warped
product metric g = du® + o(u)?dv? where o(u) = f(a(u))B(u). In this case, it follows from the Levi-Civita

connection on the warped product metric that

kud)u =0,
g
kuwvi = Vwm d)U = ?uw’u»m (46)

v’/)v,i ’(/JU]‘ = wvi’uj - UJu‘Siﬂﬁw

From the tangent components (4.4), we easily derive the following unit normal vector field for X"

N = () () = o X v,
Hence, the hypersurface X" determines a constant angle hypersurface with constant angle 6 if, and only if|
0 = (0, N) = f(a(u))B (u) = constant. (4.7)
Combining the unit condition for the rotational curve v(u) = (a(u),0,...,0, 5(u)), i.e.,

o (u)® + fla(w)?B'(w)? =1,
and (4.7), we deduce o/(u) = v/1 — 62, whose general solution is given by

au)=uV1—-602+¢c¢, c1 €R (4.8)
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Then, replacing equation (4.8) into (4.7) and solving in u, we derive the following expression:

uv1—024c, ds

0
u)*/ O Ry m Tsy T 2cR (4.9)

Therefore, the rotational hypersurface takes the following form:

(“”162“””1+<w e

uV1—02+c, ds
)+CQ X(vl,...,vn_l). (410)

Now, in order to compute the Weingarten operator Ay, let us consider the following decomposition

= /1 —62¢, + ON. (4.11)

Taking the covariant derivative of (4.11) with respect to 1, and considering that the angle @ is constant, as

well as the properties of the Levi-Civita connection of R x y R™ (Proposition 7.35 in [19]), we deduce that

Vi, Yu = \/7AN¢W \/11_792J;((3((5))>) Yo, Vie{l,...,n—1}. (4.12)
Combining (4.6) and (4.12) yields
Vi—e2Ze 4, = OAN D, + J} ((j((s)))) . (4.13)

and therefore, from the expression of o, we obtain that 1,, is an eigenvector for Ay and satisfies

[ V1I=02 f'(a(u)
ANy, = ( - o) 9) Py, (4.14)

On the other hand, taking the covariant derivative of (4.11) with respect to X € X(X™) and using the Gauss-

Weingarten formulas (2.1), we deduce the following implications

ant =V 1-— 92€qu + aﬁxN

= V102V xth, + V1 — 02g(Anthy, X)N — AN X,

and, again from the properties of the Levi-Civita connection of R x ; R™ [19], it follows

J}' (‘)‘(“)))) (X = VI=02(X,9)0,) = VT= Vb, + V1= Pg(Axt, X)N — 045 X. (4.15)

—f)ezpu. (4.16)
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Therefore, from (4.14) and (4.16), we conclude that {¢, ¥y, ,..., %, , ; form an orthogonal basis of Ay and
its expression on that basis takes the form

A :
f(a(u)) 0 0 o 0
. VP flew), .
Ay = o fla(w) ™ . (4.17)
VIZ®  f(a(w)
0 0 T e Flaw)

Now, since we are assuming that (X", g, h, A) is a gradient almost Yamabe soliton, we obtain from Lemma
2.2 that

(scaly — \)g(X,Y) = MG [9(X,Y) — dh @ dh(X,Y)] + 0g(AX,Y),  VX,Y € X(X"). (4.18)

Notice that, in particular cases X =1, Y =,, and X =1, Y =1,,, i # j, the orthogonality of
X, Y and the expression for the height function

h(u,v1,...,0,) = (mR)|sn (u,v1,...,05) =u/1—024+¢;, ¢ €R, (4.19)

implies that equation (4.18) is trivially satisfied. Hence, we need to look at equation (4.18) for a pair of fields
X=Y=9¢,and X =Y =1,,.
For X =Y =1, , we obtain

(sealy = Ng(wh. ) = L (000 = dh & Al )] + Ol Ax b 1)
PO e E 0
=gy U

|
e

which implies that scaly = .

Now, for X =Y =4, with 1 <i<n—1, we get

(Scalg - )\)g(d)?)ia 7/}111) ==

vy Yo, ) — dh & dh(1s,, Wy, 0g(AN,, , 1)y,

(f/(h)(l _92) + Ov 10_ 92) g

(wvi ) ,l/}’Ui ) °

o, V102
R (1—6)+T_0, (4.20)

and then, taking into account equations (4.13) and (4.20), it easily follows
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fh), ]
OAN Y, + T o | =0, (4.21)

Ou
7wvi =
g

1
V1-—06?

which implies that o is constant. Therefore, from

M(1_02)+9\/1—02 _

0 PR

we deduce that

!
h
m = constant.

f(h)

And thus, f(t) = cze®?, c3, cqs € R. Bringing together the equations (4.10), (4.19) and the expression for f,

we obtain the desired result. O
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