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Abstract: A different solution from the one already known for sequential fractional differential equations with recur-
rence relation is proposed. This solution involves a Mittag-Leffler type function, which satisfies a recurrence property

compatible with the behavior of sequential fractional differential equations with recurrence relation.
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1. Introduction

The role of the exponential function in the solution of linear differential equations with constant coefficients
has an analogy with the role of the Mittag-Leffler function and its generalizations in the solution of noninteger
order differential equations. The exponential function has the important property of being invariant, except for
constant, by the operations of differentiation and integration. In fractional calculus, the function that has this
property is called a-exponential and it is defined in terms of the two-parameter Mittag-Leffler function. It is
not possible to generalize the a-exponential function through generalizations of the Mittag-Lefller function with
three or more parameters and to preserve its invariance under the operations of differentiation and fractional
integration, for example, see [2, 3, 14]. This prompted us to introduce a Mittag-Leffler type function, the v-a-
n-exponential function, which has a similar property to the a—exponential function but it involves recurrence
relations when applying Miller-Ross sequential differentiation operators (see [9, 11]). The particular behavior of
sequential derivatives makes a sequential differential equation an intuitive generalization of ordinary differential
equations. In [10, 12] we introduced the bases for a new theory of fractional differential equations with a
recurrence relation. In this article, we give an alternative solution to the linear differential equations with
recurrence relationship homogeneous using both the v-«-n-exponential function and the generalized fractional

trigonometric functions defined in [9].

2. Preliminaries

The Mittag-Leffler function E, g(z) is defined by the following series:

E,p(z) = Z I‘(%:‘B) (x,a, B € C;Re(ar) > 0), (2.1)

Jj=0
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where I'(z) is the classical Gamma function; and F;; = e (A € C) (cf.[4]). Based on E,g(z), the a-

Exponential Function is defined as follows:

eN” = 2 By o (A2%), (2.2)

(o3

with z € C\ {0}, Re(or) > 0, A € C. The «a-exponential function is a generalization of the exponential

function, and e?* = €. If ¥ > a and A = b+ ic (b,c € R), then the real and imaginary parts of e)\* are

defined as the a-trigonometrics functions:
cosa( Mz — a)) = e [ iA(a— a>] and  sina(AMz —a)) = Jm [egj(z*ﬂ . (2.3)

Prabhakar introduces in [13] the Mittag-Leffler type function
(1)
Epp(2) =) g (2.4)

with a, 8, v € C; Re(a) > 0, and z € C; where (); is the Pochhammer symbol (cf.[4]), with € C. And it
verified E, 3 = Eu .

The Riemann-Liouville fractional derivatives of order a € C of a integrable function f(x) defined in
[a,b] is defined by (see [4])

(D%, f)(x) = ﬁ (jx) / w?mdt, n = [R(a)] + 1. (2.5)
In [4], it is proved that if o, 8 € C and Re(a),Re(8) > 0, then
(D= @) (0) = 5 s o= ) (Bhe() 2 0), (2.

From (2.5) and (2.6), the following relationship is obtained:
(Depext=) () = Ae)e, (2.7)

when Re(a) > 0, and A € C (see [2]). In [9], the L-Mittag-Leffler function is introduced:

e J
LI Zpa *’“” , (z€C), (2.8)
J=

where a, 8,7 € C; Re(a) > 0, Re(B) > 0, Re(y) > 0, n € Nyg. The particular case LZ%(!L‘) = E] 5(z) is

verified. Then the v-«a-n-Exponential is defined as follows:

A@) = (z —a)* LY Nz —a)®) (¢ > a), (2.9)

o,,n

éff;a) = eal®" are verified. The function (2.9) also

with A, v € C, a € R and a € RT. The special cases ¢
exhibits the following properties:
lim F('y)egfﬁ;f) = eN@—a), (2.10)

n— oo
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When z € A C (a,00), where A is a compact set; and

_ AMzxz—a
(D;ergfg,n@) () = AVero o (2.11)

where A€ C, N €N, 0 <a <1, and y** = (DEYy(z)) (z) (k=1,2,...,N) represent a sequential fractional
derivative, introduced by Miller and Ross in [11]:

Dy, = Dj, (0<a<l)
k _ (k-1
,Dai - D3+Da+ ’ (2'12>

where Dg, is the Riemann-Liouville fractional derivative: D§, = Dg, .

The above generalized exponential function can be used to extend the ordinary trigonometric functions

to the called vy-a-n-Cosine and -a-n-Sine functions, denoted as

cospV(A(x — a)) = Re [e”‘(r_a)} and  siny7(A(z —a)) = TJm [eu(r_“)} (x > a), (2.13)

a@,y,n a@,y,n

ix(z—a) _ efx)\(w—a)

aln is verified, we obtain:

respectively, where A € C. In addition, since the relationship e

cos®t(ANz —a)) = cosa(\x —a)), (2.14)
sin®'(\(z —a)) = sing(\z —a)), (2.15)

where sin, and cos, are given in (2.3), respectively. They also have the following properties:

MV cosyly(Ma —a)) if =0,

—MVsin® (Mz —a)) if 1=1

Na o,y _ _ n+N ’
(DY cost [Nz — a)]) () = AN cost N (A —a)) if r=2, (2.16)

MV sin !y (Mz —a))  if =3,

and

)\IJ\\[’ sinzigNE)\Ex — a;; if r=0,

AV cos 'y (Mx —a)) if r=1

Na ;. o,y o o n+N )
(Daf* singy "Mz — a)]) (2) = —AVsing v (A(x —a)) if r=2, (2.17)

=\ cosy My (A(x — a)) if r=3,

where N =4q+r, with g e Ngand 0 <r <4 .
In [8] the basic general theory for the Linear Sequential Fractional Differential Equation which includes

a recurrence relationship is introduced.

Definition 2.1 Let N € N and 0 < o < 1. It is called Linear Sequential Fractional Differential Equations
with Recurrence Relationship (LFDERR) of order Na to an equation of the type:

[Bva(un (0)30] (2) = (D29) (@) + Y an—y(a) (D0 ) (@) = (), (2.18)

(n € No , x> a) where DY is defined by (2.12), {aj(x)};y:_ol are real functions defined in (a,b] CR, ag #0,

and fn(z) € C((a,b]), for each n € Ng. When f, =0, the equation (2.18) is called homogeneous LFDERR
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(LFDERRH) associated with (2.18). If ag,a1,...,an—1 are constants, the equation (2.18) will be called an

equation with constant coefficients
N
o N—j)a
(DXen) @)+ 3 oy (D yars) (@) = ful); (2.19)
j=1
and its corresponding homogeneous equation will be:
N
o N—j)a
(DXeyn) @)+ an—s (D ;) (@) = 0. (2.20)
j=1

In [8], the set AN%(a,b) is defined as the set of functions that have sequential derivatives DX, with

1 < K < N, in (a,b); where it can be N = oo, meaning that A°%(a,b) is the set of functions that have
sequential derivatives of all orders. The set [AN *(a, b)]N is defined as the set of sequences of functions, such

that each term belongs AN(a,b): That is:

(Un(2))2% € [AN(a,1)]" & ¥n €Ny : yn(z) € AN(a,b). (2.21)

Furthemore, in [8], it is proved that the set H = E%;(a,b) N [A®*(a, b)]" is a vector space of N dimensions,

which denotes E% (a,b) the set of solutions to equation (2.20), with z € (a,b) and the operations + and -,

defined as follows:
(Wn(@)nzo + (1 (2)nzo = ((¥h + 42) (@) o (2.22)

d(yn (2))nZ0 = ((dyn)(2))nZo; (2.23)

whenever (yt, (1)), (12,(2))5%, € EX(a,b), and d is a scalar.

3. Main results
In this section, we will use the a-v-n-exponential function to find a fundamental set of solutions for equation

(2.20). The following result will be required:

Lemma 3.1 Let k€ R and t € N be, there exist By, By, ..., By € R such that we can write:
t q
K => B, [[x-p. (3.1)
q=0 p=0

Proof It will be done by induction. ¢ =1 is taken in (3.1):

1 q

k=Y By [[(k—p)=(By— Bk + Bik?, (3.2)

it is enough to take By = 1 and B; = 0. For the remainder of the proof, it will be assumed that there exist
By, Bs,...,B; € R such that (3.1) holds; and it will be proved that we can always find B, Bj,...,B;, B;,; € R

such that
t+1 q

=B ] (k- p). (3.3)
q=0

p=0
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The expression H;;B(k — p) represents a polynomial of degree ¢t + 1 in k, which vanishes when k €
{0,1,2,...,t,t + 1}. Then, there exist ag, a1, ..., a; € R, such that

t+1 t+1

Za K =Tk - p), (3.4)
p=0

The following decomposition can be considered:

t4+1 q ¢ q t+1
BqH(k_p) = ZBqH (k—p) +Bt+1H (k—p). (3.5)
q=0  p=0 q=0  p=0 p=0
If we assume that k € {0,1,2,...,¢,t + 1}, then we can deduce that (3.5) has the shape
t+1 q L q
2 B L]0 > B 1k =)+ (B 0). (3.6)
q=0 p=0 q=0 p=0

Therefore, B;11 can be any real number. Furthermore, assuming (3.1) holds, (3.6) can be rewritten as:

t+1 q
> B [[(k-p) = K. (3.7)
q=0 p=0

Then, multiplying both sides of (3.7) by k we obtain:

t+1

ZkB H p) = k', (3.8)

p=0
i.e. there exist By = kB, B} = kB, ..., B; = kB, Bj,,; = kBy11 € R, such that

t+1 q
ZB’ [[k=p) =K', since ke{0,1,2,....t,t +1}. (3.9)
p=0

On the other hand, if k£ ¢ {0,1,2,...,¢t,¢t + 1} is taken by (3.4), we can rewrite (3.5) in the following form

t+1 q t q t+1 .
S B [[tk=p) =Y By [[(k—p)+Bixa »_ak’t. (3.10)
q=0 p=0 q=0 p=0 j=0

In addition, as (3.1) is supposed to hold, (3.10) can be rewritten as follows:

t+1 q t+1 ] t+1 ]
> B [[tk=p) =k + B Y a;k T =k | 14 By > aki T (3.11)
g=0  p=0 j=0 7=0

Therefore, in order for (3.3) to be verified, it will suffice to write that:
t+1

14 Bip1 » a;k/ Tt =k, (3.12)
=0
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i.e.
k=1 (k=DE (k- 1)k
Bt+1 - Z;.{_})a kj+1 ¢ - Zt-{-l k‘j+1 - Ht+1 (k’ p) (313)

Then there exist

B, =By, B, =B B! = B, B’I—MGR (3.14)
= s = 5 eee g t = 5 t+1 — ) :
IT,Z0(k —p)
such that
t+1
ZB’ H = k' since k¢ {0,1,2,...,t,t+1}. (3.15)
p=0
By (3.9) and (3.15), (3.3) it is proved; which concludes the proof. O

Example 3.2 If k € R; by Lemma 3.1, with t = 3, we can always find By, B, Ba, Bz € R such that the

following decomposition holds:

3 q

o= > B ][(k-p) BOHk p+31Hk p+B2Hk p+Bng p)  (3.16)
q=0 p=0

= Bok + Bik(k — 1) 4+ Bok(k — 1)(k — 2) 4+ Bsk(k — 1)(k — 2)(k — 3) (3.17)

= k(By— By + 2By +6Bs3) + k*(By, — 3By — TB3) + k(B — 6B3) + k* Bs. (3.18)

Taking Bz =0 in (3.18), we have
k* = k(Bo — By + 2By) + K*(By — 3By) + k*Bs. (3.19)

Letting be By =1 in (3.18):
0="k(By — B +2) + k*(By — 3). (3.20)

Then, if By =3 in (3.20) it must be Bo = 1. Therefore, a decomposition is

k> =k +3k(k — 1)+ k(k — 1)(k — 2). (3.21)
If, for example, k =5 is taken in (3.21):

53 =5+ (3)(5)(4) + (5)(4)(3) = 125. (3.22)

From now on, we will study a fundamental set of solutions of (2.20); this set is an alternative to the

one found in [8]. The set of solutions will be directly related to the «y-a-exponential function introduce in [9)].

Taking y,(z) = 635% ) on the left side of (2.20), and applying (2.11) yields that

N
oo .
{RNQ (ea\ffyfn“)) 70] (z) = AN ;\é(: n(ng+ E an—_ ;AN je;\é(f;Li)N =\ + E an—_ ;AN ei(,f:i)N (3.23)

Then, the expression (3.23) suggests the following definition.
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Definition 3.3 The expression between parentheses in (3.23) will be called the characteristic polynomial

associated with the equation (2.20), and will be denoted by

N
N =AY+ ay AN (3.24)

3.1. Alternative solution of the homogeneous LFDERR using the a-v-n-exponential function

In [9], Corollary 2.5, a recurrence relation was established between two consecutive terms of the sequence of
functions (y,(x))h—,, with
Yn(2) = (2 —a)* ' LYT Mz —a)”), (3.25)

n € Ny, i.e. for all > a: y,(z) is the solution of the recurrence equation:
(DS yn) (@)~ My (@) = 0. (3.26)
Theorem 3.4 Let A\ be a root of (3.2/). Then, the sequence of the general term
yn(z) = )20 (3.27)

is a solution of (2.20).

Proof It is evident from what has been stated in (3.23). O

Theorem 3.5 Let A be a root of (3.24) with the multiplicity ¢. Then, for 0 < m < ¢ — 1, the sequence of

general term
yn(@) = (n — N)"eda (3.28)

is a solution of (2.20).

Proof Since A has the multiplicity ¢, it follows that:

dPn(N) d*~ 1Py (N d*Pn(N)
Py()) = =.=———>=0 and ———= #0. 3.29
v =4 AN and N 7 (3.29)
Whereas, proceeding as in (3.23), we derive that
[Rva (0= N)medto0) "~ [ =Sy [ o= M)A 3 an—s(n+j = M)A | (3.30)
j=1
If ayy =1 is defined, we can write (3.30) as follows
m )\~ Az—a)

{RNQ ((n —N) 63%7” )>n:0} SA{ LN Z Maj(n—5)™|. (3.31)
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Now we will consider the expression between parentheses in (3.31). For this, we expand the binomial (n — j)™

and apply Lemma 3.1 to j:

Zwajn J)m = ZAJ% li—)(’?

t=0

m t N
=Z<—1>t(T)“’"‘t{ZBq > Vo [[G-m| ¢ 332
j=0

Now we will evaluate the sum between brackets in (3.32):

q N q N

o ) dqr]j
Zn o [[G-n| =0 > 0 e [[G-»| =" q i =
p=0 n=XA 7=0 - 4 =X =0 n=A
_ | e+ 9 i ain’ _ |1 @ Pn(n) (3.33)
= |7 e . 37 =1{n e - . .
n=A

Then, substituting (3.33) and (3.32) into (3.31) we obtain:

m t
m T—a T—a m m— d?Pn (A
Rive [(n— N)™e)G50] = 202 [2 o (7 ) t{E:Bq ) H —0, (33)

t=0 q=0

forall 0<m</¢—-1. O
Theorem 3.6 Let Ay, Ao € C\{0}, \; # Ao, then (eéfﬁ a)) » and (eﬁffn a)> , are linearly independent.

Proof Let n €N, ¢, co € R. Let the linear combination be:

]Jrn <61>\ + CQ>\J>

— g)eUt+)-1
CGE )G ) (x —a) . (3.35)

oo
by A
0—clealff “)+ce 2("’” a) Z o
j=
In order for (3.35) to vanish, for every n € Ny, it implies that cl)\{ —I—Cg)\g = 0 for every j € Ny . Since \; # A2,
there exists d € C such that dA\;y = Ao, hence: 0 = ¢ )\{ + 02)\% = )\{ (01 + ngj> for every j € Ny. Therefore
¢, = —d’cy for each j € Ny, i.e. ¢; = ¢ = 0; namely, the only possible linear combination is a trivial one.

Hence there must be (eél% a)) and (632% a)) linearly independent. O
n=0 n=0

Theorem 3.7 If A € C\ {0}, 0 < my < mq, then ((n - N)mle/\(»g; na)>oo

n=0

and ((n — N)™2 e?!fi;f)) are
n=0
linearly independent.

534



LUQUE and DORREGO/Turk J Math

Proof Let ne€ N and ¢, c2 € R. If we propose the following null linear combination, then

0=ci(n— N)mleggfna) + ca(n — N)mze();f,f;f) =(n-— N)mlegf,‘f;f) [e1+ ca(n — N)™2 ™, (3.36)
Therefore, it should imply that ¢; + ca(n — N)™27™t =0, for every n € Ny; hence ¢; = ¢y =0. O
Corollary 3.8 If A\, Ao € C\ {0} , M1 # A2, and 0 < my < mg; then ((n—N)mleéff,fE{a)) » and
((n — N)™2 63%%_&))00 are linearly independent.

n=0

Proof Let ng € N, ¢1, co € R. If we propose the following null linear combination, then

cr(n — N)™elle=a) ¢y (n — N)m2el2(z-a) — ), (3.37)

a,y,n a,y,n

Therefore, it should imply that ¢;(n— N)™ M 4 co(n— N)™2 X, = 0, for each j, n € Ny. Since A\; # Ao, hence
there exists a € C such that a\; = Ay. Then

0=ci(n—N)™M +ca(n—N)"a? X, = N (n — N)™ [e1 + ca(n — N)™"™q;], (3.38)
for every j, n € Ny; hence ¢; = ¢ =0. O
Corollary 3.9 Let A € C\ {0}, m >0, then (ei}%ﬁ”)w and ((n - N)meg}%c;fl))(n are linearly indepen-
n=0 n=0
dent.
Proof This proof is similar to that of the Theorem 3.7. O

o0

Corollary 3.10 Let Ay, Ay € C\ {0} , Ay # Ao , m > 0, then (6335?,:“)) and ((an)meg?%“))w

n=0

n=0

are linearly independent.
Proof The proof of this Corollary is similar to that of the Corollary 3.8. O
Theorem 3.11 If Py(A) = (A — A1) (A — X)X = A\y)™ e, A, Ao, ..., A\ar are the different roots of

Pn (X)), of multiplicity 1, £, ..., {r, respectively; where £; > 1 (j=1,2,...,M ), and {1 +4y+ ...+l = N.

Then, an expression for the general solution of (2.20), is given by (yn(x))5%,, = € (a,b), where

M |41
yn(x) = Z Z ¢jq(n—N) e;\t‘fﬁn_“) + cqueg‘é‘jfn_a) , (3.39)
q=1 | j=1

and c; 4 ’s are arbitrary constants.

Proof For each ¢, such that 1 < ¢ < M, by the Theorems 3.4 and 3.5 we can obtain ¢, solutions of (2.20):
£y—1 A - -
U {(n=nyeddo) s (edn) (3:40)

Jj=1
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which also, by the Theorem 3.7 and Corollary 3.9 are linearly independent. If we also take into account Theorem
3.6 and Corollaries 3.8 and 3.10, hence

ly—1 ‘ o o M
A= U {((n—N)Jeg?&'f;“vnio} : (eg?gfgj@) . (3.41)
j=1 - "
q=1

is a fundamental set of solutions of (2.20). Then, by [10], Lemma 3, every solution (y,(z)),-, of the equation

(2.20), in (a,b), can be written as

M ly—1
(@) =D | D cialn = NY equiin® + cogedeft (3.42)
g=1 | j=1
where c¢; ,’s are arbitrary constants. O

Corollary 3.12 If Py(A) = (A= M)A = A2)...(A = Aw), with A1, Ao, ...,Axy € C. Then, an expression for
the general solution of (2.20), is given by (y(z))sy, x € (a,b) , with

N
yn(2) =Y cjentn (3.43)
j=1
where ¢; €C, 1=1,2,...,N.
Proof It follows as a particular case of the Theorem 3.11 taking ¢; =1 for 1 =1,2,.... M = N. O

Example 3.13 Consider the following LFDERRH of order 2« :

(D3 yn) () = Aynia(x) =0, (3.44)

with © € (0,400), and n € Ny. The characteristic polynomial associated with this equation is Py(\) =
(A=2)(A+2). By applying Theorems 3./ and 3.6 we can certify that (eff%n)zo:o and (e;%jfn)zo:o represent two
linearly independent solutions of (3.44). Therefore, according to Corollary 3.12, the general solution of (3.44)
is given by (yn ()%, with

Yn(2) = Ae?™ 4+ Bel*® (3.45)

a,Y,n a,y,n?

where A and B are arbitrary constants. Furthermore, by (2.10) it is known that, if n — oo

A B
A 2z B —2x 2z —2x 4
e(%%" + e(%%n - (F('Y)) €q + F(’y) €a > (3 6)

uniformly in any compact set contained in (0,+00). Finally, by [4], Chapter 7-7.2, the function

y(z) = (1“247)) e + (%) en ", (3.47)
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is an expression of the gemeral solution of the following LEDE:

(D5Sy) (z) — 4y(z) = 0. (3.48)

In conclusion, we were able to find an expression for the general solution of (3.44) that converges uniformly to

the solution to the equation (3.48) on compact sets.

Remark 3.14 Regarding the parameter vy, it was only required that Re(vy) > 0; and in [9] it was observed that

e)\(zfa) _ eg(zfa)

aln , then the sequence of general term:

yn(r) = Ae2” + Be_**, (3.49)

with A and B arbitrary constants, is a solution of (3.44), that is: the sequence of functions whose terms are
all equal to a solution (in this case the general solution) of the equation (3.48), is a solution of the recurrence
equation (3.44).

3.2. Solution of the LFDERR using Generalized Fractional Trigonometric Functions

There are many generalizations of the trigonometric functions; some of thereferences for this section are found
in [1, 5]. Recently, fractional trigonometry has attracted great interest, for example, in [5] they are used to
model different phenomena that respond to the behavior of spirals. Generalized trigonometric functions are
also used to solve fractional differential equations, as seen, for example, in [6, 7]. In this section, we will show
that the trigonometric functions (2.13) introduced in [9] are useful for studying the solutions of the LFDERR.

Example 3.15 We look for the possible solutions of the LFDERRH of order 2a., and a = 0:
(Dgiyn) () + a1 (Dg+yn+1) () + agyni2(x) =0, (x> 0). (3.50)

Taking y,(x) = e)* . in (3.50), the following is verified:

@,Y,n

0= (Dgiegfv,n) (LL') + ai (Dg+ei\vf'y,n+1) (JJ) + aoegaﬁy,n+2 = ()‘2 + (11)\ + ao)eé%;y,n+2 = PQ()‘)egiL;y,n+2' (351)

oo

Therefore, the roots of the characteristic polynomial P2(\) in (3.51), determine the values of A which (eg‘fmn)nzo

is a solution of (3.50). There are three possible cases:

1) If M, 22 € R\ {0}, A\ # Xo: (eé}ffm)zozo and (eéfﬁy”’n)nzo are solutions to (3.50), linearly independent
(Theorem 3.6 ); then the general term of the solution to (3.50) can be written, by Corollary 3.12, as
follows:

yn(z) = cleg‘jﬂf’n + 0263?:';”,”, (3.52)
with ¢1 and co arbitrary constants.
_ _— (o)
2) When Ay and Ay € C\ {0}, that is, Ay = Aa; then (ep'7,) " and (eé}i’”)nzo are linearly independent

solutions to equation (3.50) (Theorem 3.6), which are sequences of complex functions of real variables, but
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it is possible to obtain real solutions from them. Therefore, since there exists w € C such that A\ = iw

(A2 = —iw ), solving the equation (5.50) is equivalent to finding the solution to
(D3 yn) (x) + W ynsa(z) =0, (3.53)

— oo
Furthermore, since (eg‘élffn)zo_o and (eg‘};’”n> are solutions of (3.50), it follows that
= ) n=0

1 1
oz 76)\193 :Sina”y(w’l’), (354)

1 1 +—
)\113 )\1(12 _ Y .
—e + —e =cosy VM (wzx) 57 Carrm ~ 57 Carn o

2 a,,n 2 a,Y,n

by Theorem 3.11, the sequences of functions (cos& Y (wx))2, and (singy” (wx)),, are linearly independent

solutions to equation (3.50). Then, by Corollary 3.12, it will be possible to write the solution to (3.50) as
(9 (2720 = (1 €052 (w2) + 2 51037 (w2)) 2, (3.55)
with ¢1, co arbitrary constants.

3) Finally, if M1 = Az, then (y4(x))52, = (ep?

amn)nzo is a solution to (3.50), and from this we can obtain

another linearly independent with respect to it ( Theorems 3.7 and 3.5) defining, for example:
ya(@) = (n = 2)y;, (). (3.56)
Then, by Corallary 3.12, the following general solution is obtained
(yn(2))nZo = (1631 +c2(n = 2)e3's ) (3.57)
with c1, co arbitrary constants.

Example 3.16 We analyze the following nonhomogeneous equation whose independent term is a linear combi-

nation of a-v-n-trigonometric functions:
[Raa(yn (t)nZo] (x) = Ao sing 5 [Ao(z — a)] + Bo cos, V[ ro(z — a)], (3.58)
where Ay and By are constants. To solve this equation, a solution (y%(x)),—., is proposed, with
ye () =7 sin)*[Ao(z — a)] + scos)“[Ao(x — a)]. (3.59)
Hence,

Agsin) o [Xo(x — a)] 4+ By cos) 5[ Moz — a)] =

= [Raq (rsin) *[Ao(t — a)] + scos) *[No(t — a)])rr,] (z) =

n=2

= 7 [Raq (sin“[Ao(t = a)]); 2] (7) + 5 [Raa (cosy*o(t — a)])Zo] (). (3.60)
Applying (2.16) and (2.17):
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[Raa (sin) Aot — a)])5z] (z) =

(Dia sin)*[Ao(t — a)D (z) + ay (Dg+ sin) "% [Ao(t — a)]) (z) + agsin) 5 [Ao(t — a)](z)

=g sin) 5 [Mo(z — a)] + arho cos) o [Ao(z — a)] + ag sin) 5 [Xo(z — a)]

= (a0 — AJ) sin) 5 [No(z — a)] + a1 X cos) 5 [Xo(z — a)], (3.61)

and
[Raq (cosy*[No(t — a)]);2] (2) =

= (D23 cos}*No(t — a)]) (z) + a1 (DG cos)ty Aot — a)]) (z) + ag cos) [ Ao (t — a)](z)
= A3 cosl [ o(m — a)] — a1 Ao sing 5y [No(z — a)] + ag cos) iy [No(z — a)]
= (ap — A§) cos) % [No(z — a)] — arXosin) 5 [No(z — a)]. (3.62)

Substituting (3.61) and (3.62) in (3.60), and grouping the terms accordingly, the following is obtained:

Agsin) 25 [Xo(z — a)] + Bo cos) s [Xo(x — a)] =
= [r(ao — AJ) + s(—a1)A] sin) S5 [A(z — a)] + [r(Aa1) + s(ao — A?)] cosyPh[A(z — a)].  (3.63)
Then, for yP(x) to be solution, it will suffice to take r and s such that

r(ag — A3) + s(—ai)ro = A
{ T(O)‘Oal()) + s(ag — Ag()) _ B, (3.64)

In particular, this procedure can be applied to the equation below:

(DO-',-yn) (z) +3 (Dg+yn+1) (@) + 2ynt2(x) = 17 cos, 5 (2) — 11sin) s (@), (3.65)

neNy, 0<a<l.
Equation (3.65) is a particular case of equation (3.58), where a =0, \g =1, a9p =2, a1 =8, Ay = — 11
and Bog =17. Therefore, taking into account (3.59) and (3.64), the solution to equation (3.65), will be given by

a sequence of general terms

Yn(x) = rsin) ¥ (x) + scos)(x), (3.66)
where r and s are such that
r—3s =-11
{ 3r+s =17, (3.67)
that is, r =4 and s =5. Therefore
yn(x) = 4sin)*(z) + 5cos)*(z), (n € Np). (3.68)

4. Conclusion

We studied the solution of LFDERR in a different way from what is presented in [9], and we showed that we can
solve these equations by means of the v-a-n-Exponential Function. We also established relationships between
LFDERR and LFDE through this solution, as shown in Example 3.13. This approach allows us to rethink the
already known problems, and study them using LEFDERR.
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