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Abstract: In the present paper, we study timelike surfaces with parallel normalized mean curvature vector field in
the four-dimensional Minkowski space. We introduce special isotropic parameters on each such surface, which we call
canonical parameters, and prove a fundamental existence and uniqueness theorem stating that each timelike surface with
parallel normalized mean curvature vector field is determined up to a rigid motion in the Minkowski space by three
geometric functions satisfying a system of three partial differential equations. In this way, we minimize the number of
functions and the number of partial differential equations determining the surface, thus solving the Lund-Regge problem

for this class of surfaces.

Key words: Parallel normalized mean curvature vector field, canonical parameters, fundamental theorem

1. Introduction

In the local theory of surfaces, both in Euclidean and pseudo-Euclidean spaces, one of the basic problems
is to find a minimal number of invariant functions, satisfying some natural conditions, that determine the
surface up to a motion. This problem is known as the Lund-Regge problem [19]. It is solved for minimal
(or maximal) surfaces of codimension two in the Euclidean 4-space R*, the Minkoswki space R}, and the
pseudo-Euclidean space R3. The surfaces with zero mean curvature in these spaces admit locally geometrically
determined special isothermal parameters, called canonical, such that the two main invariants (the Gaussian
curvature and the normal curvature) of the surface satisfy a system of two partial differential equations called
a system of natural PDFEs. The number of the invariant functions determining the surfaces and the number of
the differential equations are reduced to two. Moreover, the geometry of the corresponding zero mean curvature
surface (minimal or maximal) is determined by the solutions of this system of natural PDEs.

Special geometric parameters on minimal surfaces in R* were introduced by T. Itoh in [14], and further,
these parameters were used to prove that a minimal surface in R* is determined up to a motion by two invariant
functions satisfying a system of two PDEs [23]. Based on the canonical parameters, the system of natural PDEs
was solved explicitly in terms of two holomorphic functions [9]. The same problem was solved for maximal
spacelike surfaces and minimal timelike surfaces in the Minkowksi space R}. Special isothermal parameters
on maximal spacelike surfaces in R} were introduced in [2] and it was proved that the local geometry of

these surfaces is determined by two invariant functions satisfying two PDEs. On the base of these canonical
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parameters the system of natural PDEs of maximal spacelike surfaces was solved explicitly in [10]. Minimal
timelike surfaces in R} were studied by G. Ganchev and the second author in [12] and it was proved that they
admit locally canonical parameters and their geometry is determined by two invariant functions, satisfying the

following system of natural PDEs:

VK2 452 Alln /K2 +:2 = 2K,
VK2? + 52 Aharctan% = 2

where K is the Gaussian curvature, s is the curvature of the normal connection (the normal curvature), and

K? + 5% #0,

A" is the hyperbolic Laplace operator.
Similar results were obtained for minimal Lorentz surfaces in the pseudo-Euclidean space with neutral
metric R} in [1], [11], and [15].

Thus, the following natural question arises: How to introduce canonical parameters and obtain natural
equations for other classes of surfaces in 4-dimensional spaces?

This problem can be solved for the surfaces with parallel normalized mean curvature vector field—
another important class of surfaces both in Riemannian and pseudo-Riemannian geometry, since being a natural
extension of the surfaces with parallel mean curvature vector field, they play an important role in differential
geometry and physics.

Surfaces with parallel normalized mean curvature vector field in the Euclidean 4-space R* and spacelike
surfaces with parallel normalized mean curvature vector field in the Minkowski 4-space R} were studied by G.
Ganchev and the second author in [13]. These classes of surfaces are described in terms of the so-called canonical
parameters. Each surface with parallel normalized mean curvature vector field in R* is determined up to a
motion by three functions A(u,v), p(u,v) and v(u,v) satisfying the following system of partial differential
equations

vu = Ay — A(ln [p])v;

Vo = Au — A1 |p1]) s

v — (N +p?) = 5lulAln ]yl
where A denotes the Laplace operator.

The class of spacelike surfaces with parallel normalized mean curvature vector field in the Minkowski

space R} is described by three functions A(u,v), u(u,v), and v(u,v), satisfying the following system of PDEs

Uy = Ap — A0 1)) ;
vy = Ay — A |])u;
e(W? = N2+ %) = 3lulAln ],

where € = 1 corresponds to the case where the mean curvature vector field is spacelike, and € = —1 corresponds

to the case where the mean curvature vector field is timelike.

In the present paper, we focus our attention on the class of timelike surfaces with parallel normalized

mean curvature vector field in the Minkowski 4-space R}. On each such surface, we introduce special isotropic
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parameters (u,v), which we call canonical, that allow us to prove the fundamental existence and uniqueness
theorem in terms of three geometrically determined functions. With respect to these parameters, the metric

function and all invariants of the surface are expressed by these geometric functions. The timelike surfaces with

parallel normalized mean curvature vector field in R} can be divided into three subclasses:
o surfaces satisfying K — H? > 0;
« surfaces satisfying K — H? < 0;
o surfaces satisfying K — H2 =0,

where K is the Gauss curvature and H is the mean curvature vector field.
The timelike surfaces with parallel normalized mean curvature vector field in R} for which K—H? > 0 are
determined up to a rigid motion in R} by three functions A(u,v), u(u,v), and v(u,v) satisfying the following

system of partial differential equations:

Vy + Ao = A |p])o;
)\u — Uy = )\(111 |MDU’ (1)
(I ) uw = =12 = (N + p?).

The surfaces from the second subclass (characterized by the inequality K — H? < 0) are determined up

to a rigid motion in R} by three functions A(u,v), p(u,v), and v(u,v) satisfying the system of PDEs:

Uy + Ao = A | pt])w;
Au + vy = AIn | ) u; (2)
(00 il = —2 + (2 + 122)

The surfaces from the third subclass (characterized by K — H? = () are determined up to a rigid motion

by three functions A(w,v), pu(u,v), and v(u) satisfying:

Uy + Ay = Al | p])o;

el el = —2 ®)

The above systems (1), (2), and (3) are the background systems of natural partial differential equations
describing the three subclasses of timelike surfaces with parallel normalized mean curvature vector field in R}.

In this way, we solve the Lund-Regge problem for this class of surfaces in R}.

2. Preliminaries
Let R{ be the four-dimensional Minkowski space endowed with the metric (.,.) of signature (3,1). The standard
flat metric is given in local coordinates by dz? + dx3 + dz3 — dx3.

Let M = (D, z) be a surface in R}, where D C R? and z : D — R} is an immersion, i.e. M is locally
parametrized by M : z = z(u,v), (u,v) € D. The surface M is said to be spacelike (resp. timelike), if {.,.)

induces a Riemannian (resp. Lorentzian) metric g on M.
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We use the notations V and V for the Levi Civita connections on R} and M, respectively. Thus, if x
and y are vector fields tangent to M and £ is a normal vector field, then we have the following formulas of
Gauss and Weingarten:

Vﬁy = wa + O'(l‘, y);
Vi€ = —Agx + D,E,

which define the second fundamental tensor o, the normal connection D, and the shape operator A with

respect to £. In general, A¢ is not diagonalizable.

The mean curvature vector field H of M is defined as

A surface M is called totally geodesic if its second fundamental form vanishes identically. The surface is called
minimal if its mean curvature vector vanishes identically, i.e. H = 0.

A normal vector field £ on a surface M is called parallel in the normal bundle (or simply parallel) if
D¢ =0 [7]. The surface M is said to have parallel mean curvature vector field if its mean curvature vector H is
parallel, i.e. DH = 0. In the early 1970s, the surfaces with parallel mean curvature vector field in Riemannian
space forms were classified by Chen [3] and Yau [24]. In 2009, Chen classified spacelike surfaces with parallel
mean curvature vector field in pseudo-Euclidean spaces with arbitrary codimension and later, Lorentz surfaces
with parallel mean curvature vector field in arbitrary pseudo-Euclidean space R™ were studied in [5] and [8].
Some classical and recent results on submanifolds with parallel mean curvature vector in Riemannian manifolds
as well as in pseudo-Riemannian manifolds are presented in the survey [6].

The class of surfaces with parallel mean curvature vector field is naturally extended to the class of surfaces
with parallel normalized mean curvature vector field as follows: a surface is said to have parallel normalized
mean curvature vector field if H is nonzero and there exists a unit vector field in the direction of H which
is parallel in the normal bundle [4]. It is proved that every analytic surface with parallel normalized mean
curvature vector in the Euclidean m-space R™ must either lie in a 4-dimensional space R* or in a hypersphere
of R™ as a minimal surface [4].

Complete classification of biconservative surfaces with parallel normalized mean curvature vector field in
R* is given in [21] and biconservative m-dimensional submanifolds with parallel normalized mean curvature
vector field in R"*2 are studied in [20]. Recently, 3-dimensional biconservative and biharmonic submanifolds

with parallel normalized mean curvature vector field in the Euclidean 5-space R® have been studied in [22].

Let M : z = z(u,v), (u,v) € D (D C R?) be a local parametrization on a timelike surface in Rf. The
tangent space T,M at an arbitrary point p = z(u,v) of M is spanned by z, and z,. We use the standard
denotations E(u,v) = (zy, zu), F(u,v) = (24, 2v), G(u,v) = (zy, 2,) for the coefficients of the first fundamental
form and denote W = \/m . Without loss of generality, we assume that £ < 0 and G > 0. Choosing

an orthonormal frame field {ni,n2} of the normal bundle, i.e. (n1,n1) =1, (ng,n2) =1, (n1,n2) =0, we can
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write the following derivative formulas:

1 2 1 2 .
vzuzu = Zuu = _F11 Zy + Fll Zy + ¢ N1+ ¢ ne;
% _ - 1! i +¢l 42 .
zu®v = Zup = Tz 2w T L1 20 T Cia M1 T Crp N2; (4)
V.. 2y =2 = —T1, 2z, + T2, z, + o ny + 2o na;
2y RV T Rvv T 22 “u 22 ~v 22 101 22 142,

where Ffj are the Christoffel’s symbols and the functions ci—“j, 1,75,k = 1,2 are defined by

C%l = <Zuuan1>; 6%2 = <Zuv7n1>; C%Q = <Zvvan1>;

C%l = <Zuuan2>; C%Q = <Zuv>n2>; 032 = <Zvvan2>~

It is obvious that the surface M lies in a two-dimensional plane if and only if it is totally geodesic, i.e.

k.

i; 1s not zero.

cfj =0 for all 7,7,k =1,2. Thus, further we assume that at least one of the coefficients ¢

Let us consider the following determinants:

1

1 1 1 1 1
€11 Ci12 €11 Ca2 Cl2  Ca2
A1 = ) AQ = ) 3 =

2 2 2 2
€11 Ca2 Cl2  C22

0%1 C%z
At a given point p € M, the first normal space of M in R‘ll, denoted by Im oy, is the subspace given by
Imo, = span{o(z,y) : z,y € T,M}.

It is obvious that the condition A; = Ay = A3z = 0 characterizes points at which the first normal space
Im o, is one-dimensional. Such points are called flat or inflection points of the surface [16, 18]. Lane proved in
[16] that every point of a surface in a 4-dimensional affine space is an inflection point if and only if the surface
is developable or lies in a 3-dimensional space. Thus, further we consider timelike surfaces in R} that are free

of inflection points, i.e. we assume that (A1, A, A3) # (0,0,0).

3. Canonical parameters on timelike surfaces with parallel normalized mean curvature vector
field
For a timelike surface M in R}, locally there exists a coordinate system (u,v) such that the metric tensor g
of M has the form [17]:
g=—f*(u,v)(du ® dv + dv ® du)
for some positive function f(u,v). Let z = z(u,v), (u,v) € D (D C R?) be such a local parametrization on M.

Then, the coefficients of the first fundamental form are

E= <Zu72u> =0; F= <Zuazv> = 7f2(uvv)§ G= <Zv,ZU> =0.

We consider the pseudoorthonormal tangent frame field given by = = 27u7 y = % Obviously, (z,z) = 0,
(x,y) = =1, (y,y) = 0. Then, the mean curvature vector field H of M is given by

H= 70(1.7:[/)'
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In the case H # 0 (nonminimal surface), we can choose a unit normal vector field n; which is collinear
with the mean curvature vector field H,i.e. H =wvn; for a smooth function v = ||H||. Then, o(x,y) = —vn;.
We choose a unit normal vector field ny such that {n;,ns} is an orthonormal frame field of the normal bundle

(ng is determined up to orientation). Then we have the following formulas:

o(x,z) = Ainy + ping;
U($>y) = —Vni;
o(y,y) = Aani + pana,

where v #£ 0, A1, p1, Ag, o are smooth functions determined by:

AL = <€5L’x7n1>; H1 = <%x$7n2>;

A2 = (Vyy,n1); w2 = (Vyy,na).

Using that (z,,24) = 0, (2u,2,) = —f2(u,v), (24,2,) = 0, after differentiation we calculate the coefficients
TF, i k=1,2:
I = %% I =0
Iy =0; I, =0; (5)
[y = 0; I3, = 2}]:1;'

z z
Having in mind that 2 = =, y = 7”, from (4) and (5), after calculations, we obtain:

Vexr = %x
fu
V.y = *F Y
fo (6)
Vyr = Nz T
[
Vyy = jTZ Y
We denote v = f—g =z(lnf), 72 = % =y(In f). Thus, using equalities (4) and (6), we obtain the
following derivative formulas:
6#8 =mnx + Aing + ping
6?59 = —-Nny —rvn
Vo = (7)
y.CC = —72X — VN
6yy = Y2y + Agna + pong
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Remark: The pseudoorthonormal frame field {z,y,ni,n2} is geometrically determined: x,y are the two
lightlike directions in the tangent space; n; is the unit normal vector field collinear with the mean curvature
vector field H; ng is determined by the condition that {ni,ns} is an orthonormal frame field of the normal
bundle (n2 is determined up to a sign). We call this pseudoorthonormal frame field {x,y,n1,n2} a geometric
frame field of the surface.

Using (7), we can easily derive the following derivative formulas for the normal frame field {nj,no}:

Vaeni = —vx + Ay + Bing

%ynl = Aoz — 1Yy + Bong

- 8
Vang = +u1y — By ®)
6yn2 = M2 - 52711

where 31 = <§xn1,n2> and By = <§yn1,n2>. Formulas (7) and (8) are the derivative formulas of the surface
with respect to the pseudoorthonormal frame field {x,y,ni,ns} which is geometrically determined as explained

above.
The geometric meaning of the functions f; and s is revealed by the next two propositions.

Proposition 1 Let M be a timelike surface in the Minkowski space RY. Then, M has parallel mean curvature
vector field if and only if 1 = B2 =0 and v = const.

Proof Let M be a timelike surface in R} with geometric pseudoorthonormal frame field {x,y,n1,n2}. It

follows from (8) that for the normal mean curvature vector field H = vny, we have the formulas:

D.H = z(v)ny + vfBing;
DyH = y(v)n1 + vfana,

which imply that H is parallel in the normal bundle if and only if 81 = 82 =0 and v = const.

Proposition 2 Let M be a timelike surface in the Minkowski space R}. Then, M has parallel normalized

mean curvature vector field if and only if B, = B2 =0 and v # const .

Proof Recall that M is a surface with parallel normalized mean curvature vector field if H is nonzero (and
nonparallel) and there exists a unit vector field in the direction of H which is parallel in the normal bundle.
Since np is collinear with H and

Dyny = Bing;
Dynl = ﬁQTLQ,

we conclude that M is a surface with parallel normalized mean curvature vector field if and only if 8 = 82 =0

and v # const.

Further, we consider timelike surfaces with parallel normalized mean curvature vector field, i.e. we
assume that g1 = P2 = 0 and v # const. For this class of surfaces we will introduce special, so-called canonical

parameters, which we will prove to exist locally on each such surface.
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Using that §; = B2 = 0, from (7) and (8), we derive the following derivative formulas for the class of

surfaces with parallel normalized mean curvature vector field:

Vor = + A1ng + ping; Vaoni = —vz + A\y;

ﬁwy = —MNYy —vni; %ynl = dhox — 1y;

6yx = =72 —ni; %wng = +L1y; (9)
§yy = Yoy + Aamy + pans; %ynQ = [ox.

Further, we calculate the integrability conditions for this class of surfaces. Since the Levi Civita connection

V of R} is flat, we have

E(m,y, x) = 0; ﬁ(x7yay) = Ov E(xvyanl) = Oa R(xaya n?) = 0> (10)

where
E(a:, Y, 2) = §x§yz - ﬁyﬁxz — ﬁ[ny]z

for arbitrary vector fields x,y, z. It follows from (9) that the commutator [z,y] is expressed as follows
2,9 = Voy = Vyz = 70w — m1y.

Then, by use of formulas (9), we calculate:

R(z,y,x) = (—z(y2) —y(n) = 27172 +v° = Mda — papa) 2—
— (V) + y(A\1) + 272A1) n1 — (y(p1) + 2v2p1) n2;
R(z,y,y) = (z(72) + y(m) + 2172 — v2 + AMda + ppe) y+
+ (z(A2) + y(v) + 271 A2) n1 + (2(p2) + 27142) n2;
~ 11
RBwgm) = (20%) + ) + 270a) @ — (o) + y(\) + 212\0) v+ )
+ (1 A2 — Arpz) no;
R(z,y,n2) = (z(p2) + 2v1p2) © — (y(p1) + 2y2p1) y+
+ (A p2 — p1de) ny.
Now, taking into consideration (10) and (11), we obtain the following integrability conditions:
z(A2) + y(v) + 271 A2 = 0;
(V) + y(A1) + 27271 = 0;
z(p2) + 27102 = 0;
12
y(p1) + 27211 = 0; (12)
2)

z(y2) + y(11) + 2my2 — V2 + Mo + pape = 0;
H1A2 — Aypg = 0.

Remark: If we assume that both u; and ps are zero functions, i.e. pi(u,v) = 0 and pa(u,v) = 0 for all

(u,v) € D, then from (9) we obtain that A; = Ay = Az = 0, which means that the surface consists of inflection
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points. Moreover, from 616712 =0 and eyng = 0, we get that the normal vector field ny is constant, which
implies that the surface M lies in the three-dimensional Minkowski space R$ = span{z,y,n1}.

Thus, further we assume that p? + p2 # 0 at least in a subdomain Dy of D. Without loss of generality,
we may assume that uy # 0. Then, from the last equality of (12) we obtain that u;Ae = Ajpus, which implies

A = P20,
H1

The Gauss curvature of the surface is defined by the following formula:

_ (R@.y.y).2)
<$,$><y,y> - (az,y>2'

Now, using that R(x,y,y) = V.Vyy — V,V.y — Vi, v, from formulas (9), we obtain

R(z,y,y) = (x(72) + y(1) + 27172) v,
and hence, the Gauss curvature K is given by
K =z(y2) +y(n) + 2717

Having in mind the fifth equality of (9), we obtain that the Gauss curvature of the surface M is expressed in

terms of the functions v, A1, Ao, pu1, e as follows:
K =0v"— XX — puypo.

The last equality together with v? = H? (for simplicity we denote H? = (H, H)) implies that K — H? =

—(AA2 + pipe). Using that A = @/\1, we get
1
1

K- H?= f%(ﬁ + ).

Hence, the surfaces with parallel normalized mean curvature vector field can be divided into two main classes:
o K — H?# 0 (which is equivalent to u1pus # 0) in a subdomain;

« K—H?=0 (which is equivalent to pius = 0) in a subdomain.

3.1. Surfaces satisfying K — H?> # 0

First, we shall consider the case K — H? # 0, i.e. s # 0. In this case, from the third and forth equalities
of (12), we get:

z(In |pa]) = =271

y(Infp|) = =27,.

On the other hand, the functions v, and ~2 are expressed by the metric function f as follows: 71 = z(In f),

v = y(In f). Hence, we obtain:

a(In f?|pa]) = 0;
- 0. (13)

y(In f2|pal)

335



BENCHEVA and MILOUSHEVA /Turk J Math

FPluz| = ¥(v).

It follows from (13) that the function f2|u;| depends only on the parameter u, and the function f2|us| depends

only on v. Therefore, there exist smooth functions ¢(u) > 0 and (v) > 0 such that:
Pl = o(w); v

We consider the following change of the parameters:

ﬂ:/ V(u)du +Ty, Uy = const

g

E:/ V() dv 4Ty, To = const
Vo

Jew)  flml

Under this change of the parameters, we obtain:
Zu =

g =

Vo) flal

1
<Zf7 Z§> =0

which imply that
(2w, 2m) = 0; (2w, 25) = ——F——,
Ve lpz|

Therefore, (w,7) are special isotropic parameters with respect to which the metric tensor of the surface is given

g=—F (a,7)(du ® dv + dv @ du),

by
where the metric function f is expressed in terms of p; and po as follows:

F@,7) =
7 \/4 |M1HM2|.

8|
|

With respect to the isotropic directions:

<
|

Vipallpe|

we have the flowing expressions for the second fundamental tensor o:
H2
I ny + w1
|4
M2

|

V| 2] (1) = A g
|11 1
V| pe]
- ng.

o@D =

O—(f’y) = J(Iay) = —Vni;
o Imllpe| V|| pe]
0(,y) = ———0y,y) = o———n1 +
| 2] |p12] |2
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Since p; and po are smooth functions and we consider a local theory, we may assume that sign(u,) =
A €

1, €1 = £1 and sign(pue) = €2, £2 = +1 in some subdomain. Now, using that )\—2 e :M2:2, we get the
1 M1 M1l €1

formulas:

o(T,7) = /\1M 1+ e/ |l p2] no;

\N1|
_ SRYAIIIs
o(y,y) = AlgT ny + e2v/ ||| p2| ne.

Denoting A = \; ‘|'|u1|||'u2, = e1+/|pl| 2], we obtain:
H1

o(Z,T) = Ang + fing;

_ SPES Eo__
o(y,9) = i)xnl + i,ung.

Thus, we conclude that there exist two subcases:

1. w1 and po have one and the same sign in the considered subdomain, i.e. 169 = 1; hence, we have

o(z,7) = 0(7,7)-
2. p1 and po have opposite signs in the considered subdomain, i.e. €169 = —1; hence, we have o(Z,T) =
_U(gv y) .

(A + p3), we get that the first subcase corresponds to K — H? < 0, the

Having in mind that K — H? = _H
1

second subcase corresponds to K — H? > 0.

Hence, after the change of the parameters, we have the formulas:

o(Z,T) = Ang + fing
o(@,y) =-vm , if K —H?>0;
o(y,9) = —Ani —finz

or
o(Z,T) = Any + fing
o(T,y) = —vm if K — H? < 0.

)

o(¥,7) = Ani +ans

In both cases (K — H? >0 or K — H? < 0), the metric function f is expressed by:

— 1
f it
VIHl
We introduce the notion of canonical isotropic parameters on a timelike surface with parallel normalized

mean curvature vector field by the following definition.
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Definition 1 Let M be a timelike surface with parallel normalized mean curvature vector field in R} and

K — H? #0. The isotropic parameters (u,v) are said to be canonical if the metric function f is expressed by:

1

f(u,v) = ma

With the above considerations, we have proved that:

p# 0.

Proposition 3 FEach timelike surface with parallel normalized mean curvature vector field satisfying K —H?* # 0

locally admits canonical parameters.

Let M : z = z(u,v), (u,v) € D be a timelike surface with parallel normalized mean curvature vector field
satisfying K — H? # 0 and parametrized by isotropic canonical parameters (u,v). With respect to canonical
isotropic parametrization the derivative formulas of M take the form:

ﬁxa: =y + Ang + pno; Vaeng = —vx + Ay;
ﬁmy = —MNy — vni; ﬁynl = —el\r — vy;
ﬁyl“ = —72% — Uny; 617742 = +u1y;
ﬁyy = Yoy — EANY — Epnz; ﬁyng = —eux,

where € = 1 in the case K — H? >0, and € = —1 in the case K — H? < 0.

The geometric meaning of the canonical parametrization can be explained as follows: if (u,v) are

z z
canonical isotropic parameters, then the canonical directions x = == and y = 7” satisfy the relation:

f

o(z,x) = —o(y,y), in the case K — H? > 0;
o(x,z) = o(y,y), in the case K — H? < 0.

Moreover, with respect to canonical isotropic parameters (u,v), the functions v; and 7, are expressed

by:

1= y 2 = .
2/l 2/l

From integrability conditions (12), in the case A1 = A, Ay = —e, u1 = pu, ps = —ep, we get

(V) +y(A) + 272X = 0;
—ex(N) + y(v) — 271\ = 0;
z(y2) + y(n) 4 2my2 — v? — (X + p?) = 0.

Then, having in mind (14), from the equalities above, we obtain

Vy + Ao = A1 |p])o;
Ay — vy = AIn )y
lul (In]pul),, = —v* — (N + p?).
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Thus, by introducing canonical parameters on a surface with parallel normalized mean curvature vector
field, we manage to reduce the number of functions and the number of partial differential equations up to three.

In the next section, we shall prove that these three functions, A\, p, and v, determine the surface up to a
motion.

3.2. Surfaces satisfying K — H> =0

Now we shall consider the case K — H? =0, i.e. piu2 =0, u3+ u3 #0. Without loss of generality, we assume
that py1 # 0 and po = 0 in a subdomain Dy. From piAs — Ajpue = 0, it follows that Ao = 0, which implies

that K = v2. In this case, the derivative formulas take the following form:

%xa: =M + Any + ping; 6;5711 = —vzx + \y;
%xy = -7y — vng; ﬁynl = —vy;
N ~ (15)
Vyxr = —yox —vng; Vaing = H1Y;
V= %y V,n2 = 0.
From integrability conditions (12), we get:
y(v) = 0;
z(v) + y(A1) + 2720 = 0;
(16)
y(p1) + 2y2p1 = 0;
z(v2) +y(n) + 27172 = V2.

Thus, the first equality of (16) implies that:
v = v(u),
and from the third one, we get:
y(n ) = —272.
Having in mind that v = y(In f), we obtain

y(In(f?|pa])) =0,

which implies that there exists a function ¢(u) > 0 such that f2|u;| = ¢(u).

Consider the following change of the parameters:

u
H:/ o(u)du + Ty, Uy = const
U

0

UV =v4+79, Vg=-const

Under this change of the parameters, we obtain

2y

Z = —
Pl

2y = 2w,
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which implies that
1

zmzm) =05 (2w 2m) = ——3 (2o, 2w) = 0.
(oms5a) = 0 {oman) =~ {am o

Hence, (@,v) are isotropic parameters with respect to which the new metric function is:

— 1
= ——.
VIl
We consider the isotropic directions
_ Zu X
T=—=——;
f VRVATTY
_ &y
y===fVlmly.
f

Then, the second fundamental tensor is expressed as follows:

= = AL H1
o(Z,T) = ny + na;
Sl f2pal
U(T7y) = —Vni;
o(y,y) =0
R A1 _ H1
Denoting A = and = , we get
Sl f2 ]
o(Z,T) = Any + fing;
U(Ea y) = —Vni;
o(y,y) =0
A A
Note that @ = %, where € = sign(p1). Obviously, = = —
BB

Thus, in the case K —H? = 0, we can also introduce canonical isotropic parameters by the next definition.

Definition 2 Let M be a timelike surface with parallel normalized mean curvature vector field in R} and

K — H? = 0. The isotropic parameters (u,v) are said to be canonical if the metric function f is expressed by:

Fluyv) = )

1
Vial

With the above considerations, we have proved that:

Proposition 4 FEach timelike surface with parallel normalized mean curvature vector field satisfying K —H? = 0

locally admits canonical parameters.
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With respect to canonical isotropic parameters, in the case K — H? = 0, we have derivative formulas

(15). From integrability conditions (12), in the case A\ = X, Ao =0, p1 = p, ps =0, we get

z(v) +y(A) + 272\ = 0;
z(y2) + y(m) + 2772 = v,

which in view of (14) imply

Vy + Ap = A1 |p1]);

Ll (I [y = -2

Hence, in the case K —H? = 0, by introducing canonical parameters on a surface with parallel normalized
mean curvature vector field, we manage to reduce the number of functions and the number of partial differential

equations determining the surface.

4. Fundamental theorems
Now we shall prove fundamental existence and uniqueness theorems for the class of timelike surfaces with

parallel normalized mean curvature vector field in terms of canonical parameters.

Theorem 1 Let A(u,v), p(u,v) and v(u,v) be smooth functions, p # 0, v # const, defined in a domain

D, D C R2, and satisfying the conditions

Vy + Ao = A |p])o;
Ay — vy = A0 |p])u; (17)
lul (In]p])y, = —v> — e\ + p?),

where ¢ = +1. If {xo, yo, (n1)o, (n2)o} s a pseudoorthonormal frame at a point py € R}, then there ewists a
subdomain Dy C D and a unique timelike surface M : z = z(u,v), (u,v) € Dy with parallel normalized mean
curvature vector field, such that M passes through po, {xo, Yo, (n1)o, (R2)o} is the geometric frame of M at
the point pg, the functions M(u,v), u(u,v), v(u,v) are the geometric functions of the surface, and K — H? > 0

in the case e = 1, resp. K —H? <0 in the case € = —1. Furthermore, (u,v) are canonical isotropic parameters

of M.

Proof Let us denote v1 = —(v/|t))u, 72 = —(1/|pt|)» and consider the following system of partial differential

equations for the unknown vector functions x = z(u,v), y = y(u,v), n1 = n1(u,v), ng = na(u,v) in R}:

1 1
Ty = — (Mmx+Ang o Ty = —— (=22 —vng
\/m(v +Ani + pno) \/m( gl )
1 1
u = " ,—\"TM1Y -V v = —F= (Y2 y —€Ang — N2
y \/W( 1Y ) Yy \/m(v y—e¢ Epm2) "
1 1
N )y = — (—va+ A Ny = —— (—eXxz — v
(n2)u = —— (uy) (n2)y = —— (—pa)
|1l |1l
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We denote
T oG 0 A -y 0 —v 0
Y 1 0 -y —-v O 1 0 Yo —EA —ep
F= ; A= —= ' ; B=——
ny Nul | —V A 0 0 /1] —A —v 0 0
N9 0 o 0 0 —pn 0 0 0

Then, system (18) can be written in matrix form as follows:

Fu=AF,
F,=BF. (19)
The integrability conditions of system (19) are Fy, = Fyu, i.€.
dak  obF o~ ; )
5 "y T (a]bf —blak)=0, ik=1,...4, (20)

j=1

where, by a{ and b{ , we denote the elements of the matrices A and B. Using (17), one can check that equalities
(20) are fulfilled. Hence, there exists a subdomain D; C D and unique vector functions = = z(u,v), y =

y(u,v), n1 = n1(u,v), ne =n2(u,v), (u,v) € Dy, which satisfy system (18) and the conditions
z(uo,vo) = xo,  yY(uo,v0) =yo, n1(uo,vo) = (n1)o, n2(uo,vo) = (n2)o-

It can be proved that z(u,v), y(u,v), ni(u,v), na2(u,v) form a pseudoorthonormal frame in R} for each

(u,v) € Dy . Indeed, let us consider the following functions:

@1 = (2, 7); o5 = (z,y) + 1; ps = (y,m1);
P2 = (Y, y) P6 = (,n1); P9 = (y,n2);
3 = (n1,m1) — 1 7 = (T,n2); P10 = (n1,M2);
g = (ng,n2) — 1;

defined for (u,v) € D;. Having in mind that z(u,v), y(u,v), ni(u,v), na(u,v) satisfy (18), we obtain the
system

dpi . pj Y

o _Pi¥i

b i=1,...,10, (21)

3

o @ ¢j;
where pf7 q{7 i,7 =1,...,10 are functions of (u,v) € Dy. System (21) is a linear system of partial differential
equations for the functions ¢;(u,v), satisfying the conditions ¢;(ug,v9) = 0 for all ¢« = 1,...,10, since
{z0, Yo, (n1)o, (n2)o} is a pseudoorthonormal frame. Therefore, ¢;(u,v) =0, ¢ =1,...,10 for each (u,v) € Dy.

Hence, the vector functions x(u,v), y(u,v), n1(u,v), na(u,v) form a pseudoorthonormal frame in E} for each
(u,v) € Dy.
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Finally, we consider the following system of partial differential equations for the vector function z(u,v):

1
|

Zy = T

-4

(22)
Zy = ——1Y
Vul
It follows from equalities (17) and (18) that the integrability conditions zy, = 2y, of system (22) are fulfilled.
Hence, there exists a subdomain Dy C D; and a unique vector function z = z(u,v), defined for (u,v) € Dy
and satisfying z(ug, vo) = po -
Now, we consider the surface M : z = z(u,v), (u,v) € Dy. Obviously, M is a timelike surface in R}. It

follows from (18) that M has parallel normalized mean curvature vector field, since H = vny; D,n; =0 and

1
Dyni = 0. Moreover, (u,v) are canonical isotropic parameters of M, since (zy, z,) = fﬁ, and the metric
1

1
function is f = ——

N

Theorem 2 Let A(u,v), u(u,v), and v(u) be smooth functions, u # 0, v # const, defined in a domain
D, D C R2, and satisfying the conditions

vy + Ap = A1 |p]);

lul (In|pl),, = -2 (23)

If {z0, Y0, (n1)o, (n2)o} is a pseudoorthonormal frame at a point py € R}, then there exists a subdomain
Do C D and a unique timelike surface M : z = z(u,v), (u,v) € Dy with parallel normalized mean curvature
vector field, such that M passes through po, {xo, Yo, (n1)o, (n2)o} is the geometric frame of M at the point py,
the functions A(u,v), p(u,v), v(u) are the geometric functions of the surface, and K — H*> = 0. Furthermore,

(u,v) are canonical isotropic parameters of M.

Proof Let us consider the following system of partial differential equations for the unknown vector functions

= x(u,v), y = y(u,v), n1 = n1(u,v), ng = na(u,v) in Rf:

1 1
Ty = —(Mx+Am o Ty = —— (—y2x —vn;
i (mx+ + png) ﬁlul( ¥ )

y=i(—7y—vn) y=i(vy)
VTR ' VMRS -
(m)y = —— (v + Ay) (n1)0 = —— (—vy)

|l |

1
ne)uy = —F— nZUZO
(n2) \/m(uy) (n2)

where v1 = —(\/|pt)w and y2 = —(/|u|)». It follows from equalities (23) that the integrability conditions of
system (24) are fulfilled.
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Further, the proof follows the steps in the proof of Theorem 1; therefore, we are not going to give the

details.

Remark: We can also introduce canonical nonisotropic parameters which in the case where K — H? > 0 have

the same geometric meaning as the canonical parameters of spacelike surfaces with parallel normalized mean

curvature vector field in Rf and R*.

Acknowledgment

The authors are partially supported by the National Science Fund, Ministry of Education and Science of Bulgaria
under contract KP-06-N52/3.

344

References

Aleksieva Y, Milousheva V. Minimal Lorentz surfaces in pseudo-Euclidean 4-space with neutral metric. Journal of
Geometry and Physics 2019; 142: 240-253. https://doi.org/10.1016/j.geomphys.2019.04.008

Alias L, Palmer B. Curvature properties of zero mean curvature surfaces in four dimensional Lorenzian
space forms. Mathematical Proceedings of the Cambridge Philosophical Society 1998; 124 (2): 315-327.
https://doi.org/10.1017,/S0305004198002618

Chen BY. Geometry of Submanifolds. Marcel Dekker 1973; New York.

Chen BY. Surfaces with parallel normalized mean curvature vector. Monatshefte fiir Mathematik 1980; 90 (3):
185-194. https://doi.org/10.1007/BF01295363

Chen BY. Complete classification of Lorentz surfaces with parallel mean curvature vector in arbitrary pseudo-
Euclidean space. Kyushu Journal of Mathematics 2010; 64 (2): 261-279. doi: 10.2206/kyushujm.64.261

Chen BY. Submanifolds with parallel mean curvature vector in Riemannian and indefinite space forms. Arab Journal
of Mathematical Sciences 2010; 16 (1): 1-46. doi: 10.48550/arXiv.1307.0430

Chen BY. Pseudo-Riemannian geometry, d-invariants and applications. World Scientific Publishing 2011; Singapore.

Fu Y, Hou ZH. Classification of Lorentzian surfaces with parallel mean curvature vector in pseudo-
Euclidean spaces. Journal of Mathematical Analysis and Applications 2010; 371 (1): 25-40.
https://doi.org/10.1016/j.jmaa.2010.04.022

Ganchev G, Kanchev K. Explicit solving of the system of natural PDE’s of minimal surfaces in the four-dimensional
Euclidean space. Comptes rendus de I’Académie bulgare des Sciences 2014; 67 (5): 623-628.

Ganchev G, Kanchev K. Explicit solving of the system of natural PDE’s of minimal space-like surfaces in Minkowski
space-time. Comptes rendus de I’Académie bulgare des Sciences 2017; 70 (6): 761-768.

Ganchev G, Kanchev K. Canonical coordinates and natural equations for minimal time-like surfaces in R3. Kodai
Mathematical Journal 2020; 43 (3): 524-572. doi: 10.2996 /kmj/1605063628

Ganchev G, Milousheva V. Timelike surfaces with zero mean curvature in Minkowski 4-space. Israel Journal of
Mathematics 2013; 196: 413-433. https://doi.org/10.1007/s11856-012-0169-y

Ganchev G, Milousheva V. Surfaces with parallel normalized mean curvature vector field in Euclidean or Minkowski
4-space. Filomat 2019; 33 (4): 1135-1145. https://doi.org/10.2298 /F1L1904135G

Itoh T. Minimal surfaces in 4-dimensional Riemannian manifolds of constant curvature. Kodai Mathematical
Seminar Reports 1971; 23: 451-458. https://doi.org/10.2996 /kmj/1138846772

Kassabov O, Milousheva V. Weierstrass representations of Lorentzian minimal surfaces in R3. Mediterranean
Journal of Mathematics 2020; 17 (6, 199). https://doi.org/10.1007/s00009-020-01636-x



[16]

[18]

[19]

[20]

BENCHEVA and MILOUSHEVA /Turk J Math

Lane E. Projective differential geometry of curves and surfaces. University of Chicago Press 1932; Chicago.

Larsen JC. Complex analysis, maximal immersions and metric singularities. Monatshefte fiir Mathematik 1996; 122:
105-156. https://doi.org/10.1007/BF01297766

Little J. On singularities of submanifolds of higher dimensional Euclidean spaces. Annali di Matematica Pura ed
Applicata. Series IV 1969; 83: 261-335. https://doi.org/10.1007/BF02411172

Lund F, Regge T. Unified approach to strings and vortices with soliton solutions. Physical Review D 1976; 14 (6):
1524-1536. https://doi.org/10.1103/PhysRevD.14.1524

Sen R. Biconservative submanifolds with parallel normalized mean curvature vector field in Euclidean spaces.
Bulletin of the Iranian Mathematical Society 2022; 48: 3185-3194. https://doi.org/10.1007/s41980-022-00691-2

Sen R, Turgay NC. On biconservative surfaces in 4-dimensional Euclidean space. Journal of Mathematical Analysis
and Applications 2018; 460: 565-581. https://doi.org/10.1016/j.jmaa.2017.12.009

Sen R, Turgay NC. Biharmonic PNMCV submanifolds in Euclidean 5-space. Turkish Journal of Mathematics 2023;
47: 296-316. doi: 10.55730/1300-0098.3361

Tribuzy R, Guadalupe I. Minimal immersions of surfaces into 4-dimensional space forms. Rendiconti del Seminario
Matematico della Universita di Padova 1985; 73: 1-13.

Yau S. Submanifolds with constant mean curvature. American Journal of Mathematics 1974; 96 (2): 346-366.
https://doi.org/10.2307 /2373638

345



	Timelike surfaces with parallel normalized mean curvature vector field in the Minkowski 4-space
	Recommended Citation

	Introduction
	Preliminaries
	Canonical parameters on timelike surfaces with parallel normalized mean curvature vector field
	Surfaces satisfying K - H2 =0
	Surfaces satisfying K - H2 = 0

	Fundamental theorems

