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Abstract: This paper is concerned with the oscillation and asymptotic behavior of solutions of third-order nonlinear
neutral differential equations with a middle term and mixed nonlinear neutral terms in the case of the canonical operator.
We establish several oscillation criteria that guarantee that all solutions are oscillatory or converge to zero. The given
results are obtained by applying the comparison method, the Riccati transformation and the integral averaging technique.

The results improve significantly and extend existing ones in the literature. Finally, illustrative examples are given.

Key words: Oscillation, third order differential equation, nonlinear neutral term, mixed neutral term, nonoscillation,

canonical operator

1. Introduction
In the recent years, there has been increasing attention by scholars in studying the oscillatory behavior of
solutions of third order differential and dynamic equations (see for example [3-5, 8-11, 13, 14, 17-19, 21, 22, 25—
27]) due to its importance in real life, steam turbine regulation, neutral networks, and in the governing equations
which describe the variation of hormones with time. Also, there are many advanced equations which used as
an application or a direct representation of some problems that depend on the rate of change not only at the
present but also in the future. The presence of an advanced argument describes the influence of potential future
actions and usually appear in some phenomena like population dynamics and economical problems; see [7, 16].
Therefore, we study a third order differential equation which ensure the presence of an advanced term.

In this paper, we discuss the oscillatory and the asymptotic behavior of third-order nonlinear neutral

differential equations with a middle term and mixed nonlinear neutral terms of the type,
(a(®) (")) +b(t) (2" (#)" + a()2” (e () +r(B)x’(C(t) =0, t>to >0, (1.1)

where z(t) = 2" (t) + p1(t)x* (11 (t)) + 0pa2(t)2¥ (12(t)) and § = £1. Throughout this article, we assume that the
following hypotheses hold

(Hy1) a,n,A\, v,y and 8 are ratios of odd positive integers;

*Correspondence: shaimaasalem@science.menofia.edu.eg
2020 AMS Mathematics Subject Classification: Primary 34C10, 34K11, 34K40

221


https://orcid.org/0000-0001-5175-6578
https://orcid.org/0000-0002-4233-3415
https://orcid.org/0000-0003-4166-9985

SALEM et al./Turk J Math

(Hz) a,p1,p2,q and r € C ([ty, 00), (0,00)), b € C ([ty,0),[0,00)) and (1.1) is in canonical form, i.e.

= 00; (1.2)

/oo exp (% j:; Z((:% ds) w
t

0 a® (1)

(H3) 71,72,0,( € C([tg, ), R) such that 71,72 are strictly increasing, o(t) < ¢ and ((¢) > ¢ with tlim 1(t) =
— 00

tlggo m(t) = tllgloa(t) -0

By a solution of Eq. (1.1), we mean a nontrivial function z(t) € C ([T, 00)), Ty > to, which has the
properties z(t) € C? ([Ty,2)), a(t)(z"(t))* € C'([T,,0)) and satisfies (1.1) on [T,,00). Our attention is
restricted to those solutions z(t) of (1.1) satisfying sup {|z(¢)| : ¢ > T} > 0, for all T' > T,. We assume that
(1.1) possesses such a solution. A solution of (1.1) is called oscillatory if it has arbitrarily large zeros on [T}, 00);
otherwise, it is termed nonoscillatory. Equation (1.1) is said to be oscillatory if all its solutions are oscillatory.

In 2019, Tung et al. [23] established new sufficient conditions that guarantee the oscillation of solutions

of the second-order half-linear differential equation

(a(t)(=1(6))*) + q(t)x® ((t)) = 0,

where z1(t) = 2(t) + p1(t)x(91(t) + p2(t)z(g2(t)), 91(t) < ¢, g2(t) > t, pi(t) = 0 and po(t) > 1,pa(t) # 1
for large ¢. In 2020, Tung et al. [24] obtained new oscillation criteria by using Riccati transformations for the

second-order damped neutral differential equation

y" (1) + d(t)y'(t) + a(t)a" (o () = 0,

where y(t) = x(t) + p(t)z* (7(t)), a1 > 1, p(t) > 1,p(t) # 1 for large ¢t and o(t) < 7(¢) < ¢. In 2021, Bohner
et al. [6] used Riccati transformations and comparison method to study a generalized case of the previous

equation of the form
(ay")' (1) + d(t)y'(t) + q(t)z"(a(t)) = 0

under the assumptions p(t) < 1, o(t) < t and 7(¢t) > t. In [9, 25], Chatzarakis et al. and Tung et al.,
respectively investigated the special case of (1.1) with a(t) =1, p2(t) =0, n =1, A=1, b(t) =0, r(t) =0,
p1(t) > 1, and py(t) £ 1 for large ¢. In [14, 19], Grace et al. and Liu et al., respectively studied the oscillatory
behavior of (1.1) when n = 1, p2(t) = 0, A > 1, b(t) =0, r(t) = 0, p1(t) > 1L,pi(t) # 1 for large t. In
[22], Thandapani et al. established some sufficient conditions which ensure that all solutions of (1.1) are almost
oscillatory in case when 7 (t) =t — 711, (t) =t+m, n=A=v=50=1, p1(t) <p1, p2(t) < p2, p1 +p2 <1,
o(t)y=t—o0y and ((t) =t + os.

Recently, Wang et al. [26] investigated the third order differential equation (1.1) in the case n = 1,
p1(t) = p2(t) = 0 and r(t) = 0 and obtained new oscillation criteria by using generalized Riccati technique.
On the other hand, number of authors focused on studying the oscillatory behavior of second and third-order
damped differential and dynamic equations such as in [5, 6, 13, 24].

Very recently, Alzabut et al. [3] obtained new oscillation comparison theorems and new integral conditions
for Eq. (1.1) when n =1, 6 = =1, b(t) =0, « > 1 and a/(t) > 0. To the best of our knowledge, there are no
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results regarding the oscillation of solutions of third-order differential equations with a middle term and mixed
neutral terms of the form (1.1) under the assumption a # § # ~.
The purpose of this paper is to establish new oscillation criteria for the more general equation (1.1) in

the case when either § = —1 or 6 = +1 holds, 7 differs from 1 and the condition a’(¢) > 0 is neglected.

2. Preliminaries
In talking about oscillation results for Eq. (1.1), we assume that any functional inequality holds for all large
t. We first outline some lemmas which will be needed for our main results. For simplicity, we shall use the

following notations:

] , , vexp (2 f; Kdu) :
= —Z(t), 77+(t) = maX{O’U (t)}a Bl (t7t1) = / al(s) dS, BQ (t7t27t1) = / Bl (Satl)d57
t1 « ta

w) = S0 v —ep ([ 2X0as) e = LB py = A 01 0,
a) = (n(r'®), e®O=m"("0), et=r"(n("0)),

) =75" ('), ost) =7 (1)),

Gy - — DB tat) | QOB @OL ) 128 (1= 8wl 0)
By (7 M (t), ta,t1) 01 (02(1) B (7 (1), t2,t1) i (01(8)) i (0a(8)) cpX (01(8)
Ga(t) = ﬁ(g) + (%)?1(751@)) + ﬂfg + (1- %)API(T§1(t))
ps (ea(t)) Py (03(1)) cxp3 (04(t)) cpy (03())
and
ooy = o) Qe OB (@@ tt) | 1-F (= F) el (1)
p3(os(t))  Ba(ri'(t),tat1) pi (e1(t))  cupd (05(1) cupt (01(1))

where ty > t; >t is sufficiently large, ¢, is any positive constant and 77 *(t), 75 '(t) are the inverse functions

of 71 (t), 72(t), respectively.

Lemma 2.1 Let q; : [to,00) — (0,00), ¢1 : [to,00) = R and f : R — R are continuous functions, f is
nondecreasing with xf(x) >0 for x #0 and g1(t) = o0 as t = oco. If

(i) the first-order delay differential inequality (i.e. g1(t) <t)
i) + a1 () f(y1(92(2))) <0
has an eventually positive solution, then so does the corresponding delay differential equation.
(ii) the first-order advanced differential inequality (i.e. g1(t) >t)
vi(t) — () f(y1(92(8))) = 0

has an eventually positive solution, then so does the corresponding advanced differential equation.
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Proof The proof extends those of Lemma 2.3 of [4] and Corollary 1 of [20] and so it is omitted. O

Lemma 2.2 [15]If X,Y >0, then
X p(E-1YS —¢XYs >0, foré>1 (2.1)

and
XS —(1-8YS—eXys <0, for0<é<1, (2.2)

where equalities hold if and only if X =Y .
Lemma 2.3 [15/Let B, L be nonnegative numbers and m,n > 1 are real numbers such that % + % =1, then
1 1
BL< —-B"+ —L™. (2.3)
n m
The equality holds if and only if B™ = L™.

a1
aq

Lemma 2.4 [28]Let G(U) = AU — B(U — R)
positive integers. Then G attains its maximum value at U, = R+ (anA/((aqn +1)B)**) and

, where B >0, A and B are constants, o is a ratio of odd

a(l)él Aa1+1

max GWU)=G(U,) = AR+ (o F oFl B (2.4)
3. The case § = —1
In this section, we study the oscillatory behavior of solutions of Eq. (1.1) in case when 6 = —1 and 7 (¢t) =

T2(t) = 7(¢) and in which either of the two conditions A <1 and v > 1 or A < v <1 holds.

Theorem 3.1 Assume that 71 (t) = 72(t) = 7(t), A <1, v > 1, and (Hy)-(Hs) hold. Furthermore, assume
that
lim [Ml (t) + Mg(t)} =0 (31)
t—o0

and there exists a nondecreasing function u € C ([tg,00),R) such that
o(t) < pu(t) <t, 7o (t) <t 7HC1) =t and 7 (C(n(p(1)))) > t (3.2)

for t > to. If there exist numbers ki, ks € (0,1) such that the first-order differential equations

~

W' (t) + Klq(O)V (1) B3 (o(b), ta.t2) W3 (o(t)) = 0, (3.3)

o(t71(a(t))) By (/,L(T_l(O'(t))),O'(T_l(O'(t)))) } T 4
pa(771(0(t)))

(1) + kg )V (1)

and

o [ e[ L[ V) kg s _ |
sw-[f v (w“@%éwp§vwam»d} ds] [ ()] = 0 (35)

are oscillatory for sufficiently large to > t1 > to, then every solution of Eq. (1.1) is either oscillatory or
converges to zero.
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Proof Let z(t) be a nonoscillatory solution of Eq. (1.1). Then, without loss of generality, assume that z(t) is
eventually positive with tlirn x(t) # 0 for t > to. Therefore, z(t) > 0, z(7(t)) > 0, z(o(t)) > 0 and z(¢(t)) >0

for t > t; > to. The proof when z(t) is eventually negative is similar, so it is omitted. Now from (1.1), it
follows that

(a(t) (" (£)%) + b(t) (" (£)™ = —q(t)2" (o (t)) — r(t)z” (¢ (1)) < 0.
Consequently, we have

[V(t)a(t) (z"()*] <0 fort > 1,

which means that V(t)a(t) (2 (t))" is strictly decreasing and is of one sign. Then, there exists to > ¢; such

that 2" (¢) is either positive or negative for ¢t > t5. We shall study in details the four possible cases:

case (1) : z(t) >0, 2"(t) <0,
case (2) : z(t) >0, 2’(t) > 0,
case (3) : z(t) <0, 2”(t) >0, and
case (4) : z(t) <0, 2'(t) <O0.

Firstly, suppose that case (1) holds. Depending on the fact that z”(t) < 0 and [V (¢)a(t) (z”(t))a]l <0,
we observe that this case is impossible. Secondly, suppose that case (2) holds. In this case, we have the two
subcases when z'(t) < 0 and z/(¢) > 0. In the first, we can easily make sure that the subcase 2/(t) < 0 is
excluded due to the fact that tlirgo x(t) # 0. Now, assume that the second subcase z'(t) > 0 holds for t > 5.

From the definition of z(t), we have

2(t) = (2"(t) — p2(t)a” (7(1))) + pr () (7(t)). (3.6)

Applying Lemma 2.4 to (27(t) — p2(t)z¥(7(t))) with U = 27(t), A=1, B = ps(t), R = 2"(t) — z(7(t)) and

a; = -1 it follows that
v—1

2(t) > 2(t) + 2(7(t)) — pr ()2 (7 (1)) ~ I(H) —— (3.7)
P50 (54)
Now, using the inequality (2.2) to [pi(t)z*(7(t)) — z(7(t))] with € =X, X =z(r(t)) and ¥ = m, we
have
A 0]

A

pr(t)a? (7(1)) = (7 (t) = pr(t) {;@(T(t)) - o

8
—
\]
—~
=
it
IN
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It follows from (3.7) that

1
1

() oo 12 (000 ()

2(t) 2 2(t) - s
() AT

Since z(t) is positive and increasing, then there exists a constant ¢ > 0 such that z(¢) > ¢ for ¢ > t3 and

consequently we have
(M (t) + My(t))
c

2(t) > [1 - 2(t).

Hence, from (3.1) and (3.8), there exists a constant ¢; € (0,1) such that

-

1 1
z(t) > cl"z%(t) = 022%(t); cg=c¢f fort>ts>ts.

Now, it follows from (1.1) that

!

[V(t)a(t) (=" ()] = —a)V (D)2 (0 (1)) — r(O)V ()2” (1))
Thus, from (3.9), we have
[V()a(t) (=" (£)"]" < =e3a(O)V ()27 (0(1) — 5 r(D)V ()27 ((1)).

Since [V (t)a(t) (2”(t))"] is positive and decreasing, we have

ds > V& (£)By (t,t3) a= (£)2" (1),

, !
which means that ( Bf(gtze_)) < 0. Therefore, there exists t4 > t3 such that

' 2/(s)By (s, t3) Z'(t)
Z(t) Z »/t4 B1 (S,tg) dS Z Bl (t,tg)

This with (3.12) yields
2(t) > [V (t) a(t) (z"(t))"] g By (t,t4,t3) .

Substituting into (3.11), we get

[V (£) at) (2" (1)) < —cJa(t)V (1)z7 (o (1))

Putting W (t) = V(t)a(t) (2" (t))", we have

W' () + c3q(t)V (1) By (o(t), ta, ts) Waa (a(t)) < 0.
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From Lemma 2.1 (i), the differential equation (3.3) corresponds the inequality (3.15) also has a positive solution,

which is a contradiction. Thirdly, suppose that case (3) holds. Clearly, we see that 2/(t) < 0 for t > to. Setting

2(t) = —2(t) = —a"(t) — pr(£)2 (7(1)) + p2(t)a” (7(1)) < p2(t)2” (7 (1)),

which means that

2(t) > (2(77 () )" (3.16)
Substituting into (3.10), we get
[V(t)a(t) (Z"(1)°] = a(t)V ()2 (a(8)) + r(O)V (£)2" (((8) > a(t)V ()2 (o (1))

(3.17)

#(0(1) = B (u(t), o (1)) [~ [V(u(®)au() (" (u(1))*] 7] (3.18)
According to [1, Lemma 2.2.3], there exists a constant ¢z € (0,1) such that
2(0(t)) = csr(v)Z (0 (1)). (3.19)
Substituting into (3.18), we get
2() 2 2o () = —es0(t) By (u(t), o(1)) [V (w(®))alu(t)) (" (u(t))*]* (3.20)

It follows from (3.17) and (3.20) that

i.e.

)[U(T’l(a(t)))Bl (u(r (o (1))), 0 (" (0(1))))
p2(=1(o(1)))

where ®(t) = =V (t)a(t) (z”(t))* > 0. Applying Lemma 2.1 (i), we deduce that equation (3.4) corresponds the
inequality (3.21) also has a positive solution, which is a contradiction. Finally, suppose that case (4) holds.
Clearly, 2'(t) < 0 for t > to. As in the proof of case (3), we have (3.16). It follows from (3.10) that

' (t) + csgq(t)V(t

|"eF e <0, @32y

/

[V(t)a(t) (2" ()] = V(t)r(t) <5(T(C(t)))) v

p2(771(C(1)))
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Integrating from p(¢) to t and using the fact that z/(t) > 0, we get

V(alt) ()" = [~ )] / g,

w(t) pg (r=1(¢(5)))

i.e.

-

£ B o [ v [b [ ﬁz(”fé?))))du] as.
w(t n(s p2u 1 u

i.e.

B

)))du] ds| [z (Culue))]™ 20, (3.22)

o |Lrrol L

which has a positive solution Zz(t). It follows from Lemma 2.1 (ii) that equation (3.5) corresponds to the

P

inequality (3.22) also has a positive solution. This completes the proof. O
Corollary 3.2 Assume that 71(t) = 7(t) = 7(t), A <1, v > 1, and (H1)-(Hs) hold. Furthermore, assume

that (3.1) holds and there exists a nondecreasing function p € C ([tg,00),R) satisfies (3.2). If

t ol

lim q(8)V(s)By (0(s),ta,t1)ds = 00, fory < amn, (3.23)

t—o0 to

lim q(s)V (s

ds =00, forvy<av, (3.24)

' ){0(7‘1(0(8)))31 (M(T‘l(U(S))),U(T‘l(U(S))))}%

t=o0 Jy, pa(r (o (s)))
and
. L oM r(v)V (v) x
lim V= (u) 5 dv| duds=o00, forf>av (3.25)
o /~<s> i /Mw P (r=1((v) |

hold for sufficiently large ta > t1 > tq, then every solution of Eq. (1.1) is either oscillatory or converges to zero.

Proof Let x(¢) be a nonoscillatory solution of Eq. (1.1). Then, without loss of generality, assume that

x(t) is eventually positive with tlim x(t) # 0 for t > ty. Therefore, there exists t; > to such that x(t) > 0,
— 00

x(r(t)) > 0, 2(o(t)) > 0 and z(¢(t)) > 0 for ¢ > t;. Going through as in the proof of Theorem 3.1, we arrive
5) for t >ty > t3, (3.21) for t >ty and (3.22) for t > to. Since W (t) is positive decreasing function and
t,

then (3.15) becomes

(t
at (3.1
o(t) <

W (t) < ~3a(OV (0)By (o(t),ta,ta) W (0(1)) < —cJa(t)V (1) By (0(t), ta,ts) W (8),
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i.e.

Integrating from t5 > t4 to t, we get

/t a(s)V(s)BY (0(s), ta, t3) ds < Lti)
(1-3)

ts
Letting ¢ tends to oo, we get a contradiction with (3.23). Since ®(t) is positive decreasing function and z(t) is
positive increasing with pu(771(o(t)) <t and 7= 1({(p(p(t)))) >t in (3.21) and (3.22) respectively, then going
through as in (3.15) for ¢ > t3 > to, we get the conclusion. This completes the proof. O

Theorem 3.3 Assume that 7(t) = 72(t) = 7(t), A< 1, v>1, > an, and (Hy )-(Hs) hold. Furthermore,
assume that (3.1) holds and there exists a nondecreasing function p € C ([tg,00),R) satisfies (3.2). If there
ezist a function p € C' ([tp, ), (0,00)) and numbers ki, ks € (0,1), k. >0 such that

lim sup /tt (K (s)p(s)V (5) - (kfnlﬁ;?s, . p(s))a (g*ff)aﬂ}ds = 0 (3.26)

and the differential equations (3.4) and (3.5) are oscillatory for sufficiently large t; > to, then every solution of

Eq. (1.1) is either oscillatory or converges to zero.

Proof Let z(t) be a nonoscillatory solution of Eq. (1.1). Following the same proof of Theorem 3.1, we arrive
at (3.13). Define the Riccati transformation

w(t) = p(t) 3 (3.27)
zn(t)
Then, w(t) >0 and
/ a(t) (2" (1)) V(a(t) (2" () Ez771 ()2
) = ((tt))w O+ o® (V(t) ti( ") (0 (t)a(t) ( (tz n2 (021
p 27 (1) zm (1)
_ AW, (VHat) (")) 5(1),
= o 0 29 (%) PO
It follows from (3.11), (3.12) and the monotonicity of z that
< PO SHC) _ 8 [VIalt) ("(0))* B (1)
(1) = Zy@® = arp®Ve) 2o 7 ) (t)
< £t~ rtpv () - i 0 NERLLC (3.28)
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From (3.27), it is clear that

w(t) — cgr(t)p(t)V(t) - B e (wa (). (3.29)

Since z(t) > 0 and z'(t) > 0, then there exists ¢, > 0 such that z(t) > c. for t > ¢, and consequently, we have

B _

02 Bt - S LB - dromov

Applying Lemma 2.4 to above inequality, we get

o « /(t) a+1
W) < (— 0 P+ — Er)pt)V ().
<c:"1ﬂBl <t,t3>p<t>) Cor) S

Integrating from ¢5 (> t4) to t, we obtain

/ [Sr)peVs) - (69153?7(75,@) p(s))a(ﬁ?)w}ds < wits),

which contradicts (3.26). Completing the proof of the two cases (3) and (4) as in the proof of Theorem 3.1, we

get the conclusion of the theorem. O

Based on Theorem 3.3 using a similar steps as in the proof of Corollary 3.2 with condition (3.26) instead

of (3.23), we have the following result.

Corollary 3.4 Assume that 71 (t) = 2(t) =7(t), A< 1, v>1, 8> an, and (Hy )-(Hs) hold. Furthermore,
assume that (3.1) holds and there exists a nondecreasing function p € C ([to,00),R) satisfies (3.2). If there
exist a function p € C* ([tg,00),(0,00)) and numbers ki € (0,1), k. > 0 such that (3.24), (3.25) and (3.26)

hold for sufficiently large t1 > to, then every solution of Eq. (1.1) is either oscillatory or converges to zero.

Theorem 3.5 Assume that 71(t) = 12(t) = 7(t), A< v <1, and (Hy )-(Hs) hold. Furthermore, assume that
the rest of all hypotheses of Theorem 3.1 hold by replacing

lim P(t) =0 (3.30)

t—o0

instead of (3.1), then the conclusion of Theorem 3.1 holds.

Proof Let z(t) be a nonoscillatory solution of Eq. (1.1). Then, without loss of generality, assume that

x(t) is eventually positive with tlim x(t) # 0 for t > to. Therefore, there exists t; > to such that x(t) > 0,
— 00

z(7r(t)) > 0, x(c(t)) > 0 and z(¢(t)) > 0 for ¢ > ;. Following the same manner of the proof that used for
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Theorem 3.1, we shall consider the same four cases (1)—(4) for z(t). Firstly, suppose that case (1) holds. As

in the proof of case (1) of Theorem 3.1, we can easily observe that this case is impossible. Secondly, suppose

that case (2) holds. Putting [p1(t)z*(7(t)) — p2(t)z”(7(t))] in the form

v

P12 (7(8) = p2 (2" (7(1)) = yp2(t) [x*(T(t))

vpo(t) v

épl(t) A (x)‘(T(t)))§}

and applying the inequality (2.3) with n =%, B = 2 M7 (t)), L= 0, and m = 5, we get

P (r(8) — pat)a (1)) < Epa(t)[L2] (ARDY T A 2 ) = ),

Substituting into (3.6), we obtain

2(t) > el 23 (1), (3.31)

Completing the proof as in the proof of Theorem 3.1 by using (3.31) instead of (3.9), we get the conclusion of

the theorem. O

Remark 3.6 The result of Corollary 3.2, Theorem 3.3 and Corollary 3./ can be extracted directly to Theorem
3.5 by using (3.30) instead of (3.1) and A < v <1 instead of A < 1,v > 1 and the details are left to the reader.

Example 3.7 Consider the mized neutral third-order differential equation

3
1 1 t t\" 1 .t
5 1 7 57
o (20 + zas(5) =Pt (D) ) |+ a() HET e (12t) = 0. (3.32)
t t3 2 2 t3 4

o+ =

)

Here, a(t) =1, n= %, p(t) =1, A= %, T1(t) = 1(t) = 7(t) = %, §=—1, po(t) =33, v = %, b(t) =

FSTRRT
<
—
~
~—
|
~+
=1

, 8=05 and ((t) = 12t. Thus,

e 0 ! 3 e
/ Y ; ®) dt / exp (/ dS) dt =t; / tdt = o0
o aw(t) to 3 i s to

‘ =

and

Nl

I~~~
e
w\m"—‘

) G _hm{ 2 2/5
(7/5)% =00 [ 3v3t3  (7/5)5t5/3

(1-1/3)
lim M1 t MQ t)] = lim

]
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Choosing p(t) = %, then clearly o(t) < p(t) <t, 7-Ho(t)) =77 1(t/4) = L <t, 771 (1)) = 771 (12t) = 24t >

t and T H(C(u(n®)))) = 77 H¢((t/2)) = 77H(C(t/4)) = 771(3t) = 6t > t. We can easily observe that
t ~ tq 51 s/4 3/5
li V(s)By ,ta,t1)ds = 1i — —d By (u,t1)d d
fm ) q(s)V(s) B3 (a(s), b2, t1) ds = lim ST o (/to " u) [/t2 1 (usty) u] s
s/4 u 1/3 3/5 1 t 1 s/4 3/5
= lim / —dvdu ds = (3/2)3/5 lim — / (u?/3 — tf/3)du ds
t—00 to 53 tO £ t 1)1/3 tO/ t—00 to 3 to

3/5
2 3/5 t 1 8/4
> (G lim — / (u?® - t§/3)du ds
4 3 | Jty
5 3/5
(3/2)3/° /t 1 [3/s\3 . 2/s
Y HORIO)
= e t J, 53 |5 \4 2 \1 y
3 213/5
5 (3/2)3/5 b1 4t5\ ?
<3> % lim —éf 1- 5 <2> ds
5 tO t—=oo Ji s3 4 3 S
3\ 3 (3/2)%/° y /f L, (4 8 ity 7 (42 .
- ———— lim — - — - = - |—] —... =
5 agd/® oo Jy, 23 s 3 s 27 \ s e

ol
v

ds

a(r~ (a(5)))Br (u(r " (0(s))), o (7~ ((9))))
p2(T7(a(s)))

5
? 5
ot (8008 eXP( Jiy vdv ) I A U L N AL
= lim —— ds = — lim — |s ———du| ds
t—o00 to 3 to (5/2)2/3 (1/2)2/3 to t—oo to 3 s/8 u1/3
18 197 e 1 t . 2/3  ,g\2/3]7
- {(1/2)2/3] (3/2) 16/21 = {(4) N (é) ] ds

[l " ()" o) f o=

1
t ps 1 uq u v q 57 3
= lim / / exp (/ dv) / exp (/ d¢) vr —dv| duds
t—o0 to 5/2 to v u/2 to w (24’0)i
1 1
64 3 t ps u 3
. v . 1 =t 142/21
= lim t0u3 750dv du ds = lim —— u3 v dv| duds=o00
=0 Jig Js/2 u/2 to(24v) 21 t=oe (24)85 Jig Js/2 u/2

Thus all the hypotheses of Corollary 3.2 hold, and so every solution xz(t) of Eq. (3.32) is either oscillatory or
converges to zero.
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Example 3.8 Consider the third-order differential equation

) y=T(t)=2t, §=—1, p(t) =t, v =3, b(t) = &,
%: 8= and ¢(t) = 36t. Thus,

v 0o exp (— ftto %ds) oo
/ 1 d:/ —dt:to/ dt = 0o
o t 1/t to

0

and

t—o00

lim | L=3/5) (%)g 207 7) | _ gy |22 2 | =0
twoo | (3/5)% (3)F | toeo |V/3125t3  V2TE|

p(t) = % <t, 77Ho(t) = T7Ht/4) = 5 <t,
(t/3))) = 7 1(C(t/9)) = 77 1(4t) = 2t > t and

Choosing u(t) = £ and p(t) = 1, we observe that o(t) = £ <
q7

THC() = 77H(36t) = 18t > ¢ and 7 (C(u(p(t)) = T7H(¢

consequently we have

imsu t frs s)V(s) — an °(P(s)yet S
ltaoop/t* [k BIPEVEs) (k;"_lﬁBl (s,h)ﬂ(s)) (oz—|—1> ]d

b ! 7/3 L TR
= 1 S 3 2/9 _— —_ —_—————— = 1 S 3 2/9— =
lim sup /t [kl 577 exp (/to udu) ( T - )(0)}ds h?ls:ip /t [kl s to}ds 00,

11
100 kI [ todu

NS
Jen

lim q(s)V(s)

t—o0 to

A GOV G IO G GIO))) N R
P71 (0() :

and

t s u
lim / VE (u) L/ Vo) —" ol du ds
=0 Jiy Juts) a(u) Juwy py (71
Lol
u exp — ———dv| du ds
u/3 to (G (181))T

t s u 1
= lim / / exp (—/ dv)
t—o0 t(J 3/3 to v
= lim / / / dv du ds =
t—o0 to /3 /3 18v

Thus all the hypotheses of Corollary 3.4 hold, and so every solution xz(t) of Eq. (3.33) is either oscillatory or

converges to zero.
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Example 3.9 Consider the third order differential equation

11/3
2 3 2 1.l 13 11 g

,111/3 1 ;
+ 71:(5) + t°25(4t) = 0. (3.34)

33

, 0=-1, pQ(t):tl/?)? V= é’ b(t):t;
t)=1t>, B=5 and ((t) = 4t. Thus,

o
—
[
N
I
ey
—~
~
=
\
\}
—
~
=
I
Wl

Here, a(t) :t2} 77:3; pl(t) :t%; A= 5
a=11/3, q(t) = 4. y=1, o(t) = £, (

oo =L 0o =3 [t ld) 0o

Ve g o [T ( i i, 200 dt=131 [ ¢Tdt =0
$6/11 0

to to to

and

lim P(t) = lim

t—o00 t—o0

[T ) )] = ] o

Choosing i(t) = &, then clearly o(t) < pu(t) <t, 77 (o(t)) =771 (t/5) =2 <t, 771 () =771 (4t) = 12t > ¢
and 77 HC(p(u(®)))) = 771 C(u(t/2))) = 771 (t/4) = 771(t) = 3t > ¢t. We can easily observe that

t ~ t 1 S 1 8/5 1/3
lim [ q(s)V(s)By (0(s),t2,t1)ds = tli}rn —5 exp (/ du) By (u,t1) du ds
) = u t

t—00 to to S33 to
. 1/3 j

i o [ pors pu exp 2 id@z;)d . e ts/nd ) /sd

==Y/ ;— % V6711 v B ) s 2 o/ vt a8

. 1/3
1 t 1 S/d 9/11
= (11/2)1 10/11 }Eﬁ}o 13 [/t (u2/11 - t1/ )du ds
2

to S33

- 1/3
11/2 1/3 t 1 s/5
> L hm/ 43 / (@ =5/ )du| s
tO/ t— o0 to S33 i to
_ 1 1/3
(1)t Y1 11 s\t 2 s\ 111 18
G i, b 55113 (S) ~t (5) 3z T ds
11/2)1/3 ST VPN S 1/3
[ [a @) -]
ta0/1 100 Ji 35 [13\5 5

11\ 3 (11/2)1/3 1 os 13 (5t2\ ]
= (=) S gy Sy ds
1

13 t(l)O/ll t—oo J; 533 5
6
169 (5t 5 134 (5t \ 1T
— 22 (22) 0~ )ds =
1089( ) BESLTL (s) ) 5T

»—A"‘_\

Il
7 N
Ut =
~_

w‘:
—
»—A‘:
—

o=

-
= N

w‘ﬁ
S~—
o=
I.—
=
9B
Py
© ~+
®
= =
Els
/N
|
CO‘ —
W] W
/‘\
ot
» | <*
l\')
N~~~
"“m
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: o(r~}(o(s))B1 (1(r 1 (0(s)),o(r " (0()))) ]
I
A ), 1V pa(r1(0(5))) o
= lim tis 25]2% ds:il/125 lim /tl /3 " tg/lldu ds = o0
t—oo [, 55 to %S to t—=o0 Jyy, 535 35/25 ud/M1
and
t s U é
lim Ve (u) L V(v)%dv du ds
t—o0 ( ) s
to Ju(s) AU S p(u ps (171(¢(v)))

3
t s u u v 5 i1

-3 1 1 1 v

= lim / / exp (/ dv> —/ exp </ dw) ——dv| duds=

t—o0 to 8/2 11 to v u2 u/2 to w (121])5

It is clear that all the conditions of Corollary 3.2 which extracted to Theorem 3.5 by replacing (3.30) instead
of (3.1) and A < v <1 instead of X < 1,v > 1 are satisfied due to Remark 3.6. Hence, every solution of Eq.

(3.34) is either oscillatory or converges to zero.

4. The case 6 = +1
In this section, we study the oscillatory behavior of solutions of Eq. (1.1) in the case when § = +1, 71(t) < ¢

and 75(t) > t in which either of the three conditions ¥ < A with n < A or A<v with n<vornp<rv<A
holds.

Theorem 4.1 Assume that T1(t) < t, 72(t) >t, v < X, n < X, and (Hy )-(H3) hold. Furthermore, assume

that
tlim G1(t) =0, for any positive number c.. (4.1)
— 0

If there exists a number ks € (0,1) such that the first-order delay differential equation

gV (8) B3 (0(1), ta, 1)
P (7 (o())

W' (t) + ks Wax(o(t) =0 (4.2)

=R
—

is oscillatory for sufficiently large to > t1 > to, then every solution of Eq. (1.1) is either oscillatory or converges

to zero.

Proof Let z(¢) be a nonoscillatory solution of Eq. (1.1). Then, without loss of generality, assume that

x(t) is eventually positive with tlim x(t) # 0 for t > to. Therefore, there exists t; > to such that x(t) > 0,
—00

z(m1(t)) > 0, x(m2(t)) > 0, z(c(t)) > 0 and =z(¢(¢)) > 0 for ¢ > ;. It follows that z(¢t) > 0 for t > tq,
which means that case (3) and case (4) mentioned before in the proof of Theorem 3.1 are impossible here.

Consequently, we shall study the two cases: case (1) and case (2) in detail. From (1.1), we have (3.10). In the
first, suppose that case (1) holds. Since z”(t) < 0 and (V(t)a(t) (z”(t))a)/ < 0, then z(t) must be negative,

which contradicts the positivity of z(t), so it is impossible. Now, suppose that case (2) holds. In this case, we
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have two possibilities 2/(¢f) < 0 or 2/(t) > 0. We can easily observe that z'(¢) < 0 is excluded due to the fact
that tlim x(t) # 0. Now, consider the case z'(t) > 0 for ¢ > ¢;. From the definition of z(t), we have
— 00

1 " v
2 (mi(t)) = o [2(t) — 2(t) — p2(t)z” (T2(t))] -
aM(t) = M (2071 (1) — 2" (ry () — pa(7y H (1) (ra(ry H(1)))] (4.3)
which means that
z(t) = — 1_1 [2(7 1 (1) — 2" (r (1) — pa(ry (1)) (ra(ry (t)))ﬁ
pi (1 (1)
¥ (ra(r () = — ! [2(01(£)) — 2" (01(t)) — pao1(£))z” (201 (1)))] X (4.4)
pi(01(t))
and
(N (1) = — ! [2(02(1)) — 2" (02(2)) — p2(02(t))a” (r2(02(1)))]* . (4.5)
pi (02(t))
Substituting from (4.4) and (4.5) into (4.3), we get
a(t) :%[Z(T_l(t == ! [2(02(1)) — 2" (02(t)) — p2(02(1))2” (r2(02(£)))]*
pi(ry (1) P (02(1))
=22 O) ) - 0701 (8) - paler ()" (el ()], (46)
P (01(2))
Applying inequality (2.2) with ¥ = 1, we conclude from (4.6) that
M (t) > 11 2(m (1) — ,1 _3 _a- %)m(ﬁ_l(t))
€ 21G (t))[ ) pp (02(1)) pi (01(t))
2 [2(02(t) — 2"(02(t)) — p2(02(t))2” (r2(02(1)))]
p7 (02(1))
32T O) (1)) — (01 (6) — pa(er ()2 (raler )]
pi (01(1))
1 - L2(02(t)  %pa(r ' (1)2(01 (1)) 1-1 (1= %)pa(r1 ' (1))
> ———[2( (1) — 25 A (= & ] (4.7)
pi(r (1)) P (02(t)) pi (01(1)) (pf (02(t)) pi (o1(t)) )

Proceeding as in the proof of Theorem 3.1, we have (3.13) for ¢ > t3 > to > ¢1, which means that

@) Y
(BQ (t7t37t2)> = 07 (48)
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ie. % is a positive decreasing function. Since gy(t) > 77 ' (t) and o1(t) > (7 1(t)) > 77 (t), then we

have
Bs (02(t), t3,t2)
Z(QQ(t)) < Bs (Tl_l(t),t37t2

)z(Tf (1))

and
Bs (01(t)),t3,t2)

By 1y (1), t3,t2)Z(Tf ®)-

o) < 5

Substituting into (4.7), we get

(1)) 1 3By (02():tsrt2)  Kpa(ri(0)Ba (01(0), ts, o)
P 0) T By (77 M(0), 8 t2) pi (02(1) B (71 (1), 15, t2) pf (1 (1))
)

1
- + ) —
pi (02(1)) pi(o1(t)) ) z(r (1))

.

Since z(t) is positive and increasing, then there exists a constant ¢, > 0 such that z(t) > ¢, for t > t4 > t3

and consequently, we have

i) > (11 (#)) [ LBy (02(t),t3,t2) N 2o (1 (1) Bz (01(t), ts, t2)

! pi(my (1)) By (17 (t), ts, t2) pr (02(t))  Ba (117 1(8), tast2) pi (01 (1))
P 3 N (1- %lpz(ﬁ_l(t)))]'
cp? (02(1)) cpp (01(t))

i.e.

(4.9)

Substituting into (3.10), we get

I

(V) (2" (£)%) < — e a)V(t)

W

(4.10)

i)
HyR| >R PRl v

3

Since z(t) is increasing and 7, ' (o(t)) > o(t), then we have z(r; '(c(t))) > 2(o(t)) and it follows from (4.10)
that

(V(alt) (" (1)) < —cf a)v (1) TE) (4.11)
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Since (V(t)a(t) (2" (t))") is positive and decreasing, then as in the proof of Theorem 3.1, we arrive at (3.13).
Substituting from (3.13) into (4.11), we get

i.e.

Wax(a(t) <0 (4.12)

has a positive solution W (t). From Lemma 2.1 (i), the differential equation (4.2) corresponds to the inequality

(4.12) also has a positive solution, which is a contradiction. This completes the proof. O

Theorem 4.2 Assume that 71(t) <t, 7(t) > t, A<v, n<v, and (Hy)-(H3) hold. Furthermore, assume

that
lim Gs(t) = 0. (4.13)

t— o0
If there exists a number k4 € (0,1) such that the first-order delay differential equation

W’(t) + k4(I(t)V(t)Bi/2% (T{l(a(t)),t%tl) W%(Tgl(a'(t))) -0 (4.14)

p3 (3 (0 (1))

is oscillatory for sufficiently large to > t1 > to, then every solution of Eq. (1.1) is either oscillatory or converges

to zero.

Proof Let z(t) be a nonoscillatory solution of Eq. (1.1). Proceeding as in the proof of Theorem 4.1, we
conclude that the possible case of z(t) is z(t) >0, 2/(t) > 0, 2”(t) > 0 and (V(t)a(?) (z”(t))a)l < 0 holds for
t >ty > tg. From the definition of z(t), we have

e (ma(0) = 5 [0 =0 = ;) (1),
P = s [ 0) a7 0) o ) 0)] (.15)
Thus,
2(t) = [o(03 (1) = 27757 (0) — ;a5 () (75 )]
ps (5 (1)
It follows that
Al (1)) = ———— [2(es(t)) — #"(e3(0)) — p1 (es ) (1 (es )] (416)
i (es (1)
and
(75 (1)) = ———— [sea(®) — " (ea(t)) = pa(ea()s* (m(ea(e))] (417)
P (0a(1))
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Substituting from (4.16) and (4.17) into (4.15), we get

" :LZT_I - ! 2(04(t)) — 2"(04(t)) — p1(0a(t))z™ (11 (04 v
() pz(Tz_l(t))[ (2 (8) o (0 (®) [2(04(t)) (04(t)) — pr(oa(t))a™ (11 (0a(1)))]
_ plA(Tz_ () [Z(Qs(t)) — 2"(03(t)) —p1(93(t))m’\(7'1(93(t)))} %] (4.18)

ps (03(1))

Applying inequality (2.2) with Y =1, we conclude from (4.18) that

1= (1= Pm(r (1)

15 (03(1)) ps (04(t) 15 (03(1))
1 ) P2(0a(t))  2pi(mt()2(es®)  (1—1) (1=l (1))
Z — [Z(T l(t)) - Vﬂ — £ X - T z - VA ] (4'19>
pa(ry 1(1) ps (0a(t)) p3 (03(1)) p5 (0a(t)) p5 (03(1))

t

As in the proof of Theorem 4.1, we have (3.13) and (4.8). Thus, % is a positive decreasing function

for t > t3 >ty > t;. Since z(t) is increasing, o4(t) < 75 (t) and o3(t) < 71 (75 '(t)) < 75 '(t), then we have
2(04(t)) < 2(m5 1 (t)) and 2(p3(t)) < z(75 '(t)). Substituting into (4.19), we get

S 0= dmete)

p3 (0a(t)) pilost) 20 ®)”

Ay (B (i 0)

p2(m3 () pE(oa(t)  p5 (os(t))

Then as in the proof of Theorem 4.1, there exists a positive constant ¢, such that z(t) > ¢, for t > t4 > t3

and consequently, we have

pe 2O 8 anln ) (-5 G-gnln 0))
T O) pi(en®)  py(es()  eps(e®)  cpd(ea(®))

It follows from (4.13) that there exists a constant ¢ € (0,1) such that

2 (t) > C5Z(7—2_1 (t))

T for t > t4,
o(t) > M (4.20)
p3 (131 (1))
Substituting into (3.10), we get
(V(a(t) (" (1)) < ¢ q(t)V(t);;IET:lEOEZ;; _ Cfr(t)v(t)zg(@: 1(C (1))
2\T2 9 ps (13 (C(1)))
- qu(t)V(t)zi(Tj(U(t))). (4.21)
ps (5 (o(1)))
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It follows from (3.13) that

o _FUOVOBS (o) tats) 1 . . 5
P} (7 (0(1)))

gV ()BS (75 (a(t)), s, 1)

A War (ry ! (o(1) <0 (4.22)
p3 (13 (a(t)))

has a positive solution W (¢t). From Lemma 2.1 (i), the delay differential equation (4.14) corresponds to the
inequality (4.22) also has a positive solution. This completes the proof. O

Theorem 4.3 Assume that T1(t) <t, 72(t) >t, n <v < A, and (Hy )-(Hs ) hold. Furthermore, assume that

lim Gs(t) = 0. (4.23)

t—o00

If there exists a number ks € (0,1) such that the first-order delay differential equation (4.2) is oscillatory for

sufficiently large to > t1 > to, then every solution of Eq. (1.1) is either oscillatory or converges to zero.

Proof Let z(t) be a nonoscillatory solution of Eq. (1.1). Proceeding as in the proof of Theorem 4.1, we
conclude that the possible case is z(t) > 0, 2/(t) > 0, 2”(t) > 0 and (V (t)a(t) (z”(t))a)/ <0 fort >t >t.

From the definition of z(t), we have (4.3). Now, we have

L 1

NS

211 () = ———— [2(05(1)) — 2" (05(1)) — p1(05(t))a* (11 (05(1)))] (4.24)
3 (05(1))
and
a” (ra(r () = e [er(1) — 2" (e1(8)) — paler (8)2 (raler (D)% - (4.25)
pi (01(t))
Substituting from (4.24) and (4.25) into (4.3), we get
P ) l[Z(%(t)) — 27(g5(1)) pl(Qs(t))va(ﬁ(Qs(t)))}21
pi(ri(8) (1) s (05(1))
pa(ri 1 (1) | [2(e1(t) — 2" (01 (1)) —p2(91(t))x”(72(91(t)))]i] .
pi(r (1) P (ex(t))
Applying the inequality (2.2) with Y =1, we obtain
PGl B £ B (e ) G B ) N (e i U1
P O) i 08 (es(t)  pi(T O)p} () (e O)ps (0s()  pr(rH)IPT (ea(1)
(4.26)
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As in the proof of Theorem 4.1, we have (4.8) for ¢t > t3 > to > t;. Since z(t) is increasing, % is decreas-

ing, 05(t) < 717 (+) and o1(t) > 7! (1), we have 2(os5(t)) < 2(ri (1)) and 2(e1(t)) < GHALEELA(r (1)),

(
Therefore, from (4.26), we have

(E)\(t) _ ( (t)) [ g _ )\p2(7—1 1(t))B2 (Ql( ) t37t2) _ ( (1 - g) + (1 - %})pg(Tl_l(t)) 1 ]
P () py(es(8))  pi(01(8)Ba (17 N() tsit2) by (o5(t)) pr (o) 20 (D)
A1) - — AU L()B2 (01(t),ts,t2)  (1-2)  (1— §>p2<7;1<t))]

P ) i (es(®)) i (01(8)Ba (170 taste)  cupd (05(1)) copi (01(t))

for t > t4 > t3. Now from (4.23), it follows that there exists a constant cg € (0,1) such that

coz(ri (1))

I’)\
N eI

for t > t4,

i.e.

(4.27)

Completing the proof as in the proof of Theorem 4.1 by replacing (4.9) by(4.27), we get the same conclusion of
the theorem. This completes the proof. O

Following the same proof of Theorem 4.1, by replacing (4.10) by the inequality

and using the fact that z(¢) is increasing, we can easily get the following result.
Corollary 4.4 Assume that all conditions of Theorem 4.1 hold by replacing (4.2) by the following equation

W(t) + kf“ﬂi(t)B; (o) gy (t) =0, (4.28)

pi (7 (C(1))

we get the same conclusion of Theorem 4.1.

Following the same proof of Theorem 4.2, by replacing (4.21) by the inequality

and using the fact that z(¢) is increasing, we can easily get the following result.

Corollary 4.5 Assume that all conditions of Theorem 4.2 hold by replacing the following equation

W) 4 k(v () | P2 1(4(““” o) B (it )|

pa(r5 "(C(6))Bs (C(t) 2, 11) W =0 (4.20)

instead of (4.14), we get the same conclusion.
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Following the same proof of Theorem 4.3, by replacing the inequality

by the inequality

and using the fact that z(¢) is increasing, we can easily get the following result.

Corollary 4.6 Assume that all conditions of Theorem /.3 hold by replacing equation (4.28) instead of (4.2),

we get the same conclusion.

Based on Theorem 4.1, Theorem 4.2, Theorem 4.3, Corollary 4.4, Corollary 4.5 and Corollary 4.6,

respectively with the same manner of the proof of Corollary 3.2, we have directly the following results.

Corollary 4.7 Assume that all the hypotheses of Theorem 4.1 hold by replacing the condition

lim tq(S)V(S)B§ (0(s),ta,t1)

=iy pr (7 Y(o(s))

ds = oo for v < aA (4.30)

instead of the condition on equation (4.2), then the conclusion of Theorem 4.1 holds.

Corollary 4.8 Assume that all the hypotheses of Theorem J.2 hold by replacing the condition

tq(s)V(s)BY (75 (0(s)), b2, 11)
1o p3 (3 (o (s)))

instead of the condition on equation (4.14), then the conclusion of Theorem 4.2 holds.

lim

ds = o0 for v < av
t—o0

Corollary 4.9 Assume that all the hypotheses of Theorem 4.3 hold by replacing condition (4.30) instead of the

condition on equation (4.2), then the conclusion of Theorem /.3 holds.

Corollary 4.10 Assume that all the hypotheses of Corollary 4.4 hold by replacing the condition

[ TOVBS (5 12,10)
Sl Pl )

ds = oo for B < aA (4.31)

instead of the condition on equation (4.28), then the conclusion of Corollary /4.4 holds.
Corollary 4.11 Assume that all the hypotheses of Corollary 4.5 hold by replacing

t

lim [ r(s)V(s)

t—o00 to

8
By (TEI(C(S))’Q’tl) Ba(s,ta,ta) | * ds =00 for B < av
( 2

pa(73 1 (C(5))) B2 ((5), b2, 1)

instead of the condition on equation (4.29), then the conclusion of Corollary 4.5 holds.
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Corollary 4.12 Assume that all the hypotheses of Corollary 4.6 hold by replacing condition (4.31) instead of

the condition on equation (4.2), then the conclusion of Corollary 4.6 holds.

Example 4.13 Consider the third-order differential equation

5
too1 " 1 t 1
+ 82 | (25 (t) + £92%(2) + ~a5 (31) + s (2) + =2 (2) =0, t>2 (4.32)
2 t 5 3 t2
Here, a(t) =3, n =3, p1(t) =t°, A=5, n(t) = &, m(t) =3t, 6 = +1, pa(t) = 1, v = 5, b(t) = 2,
a=5, q(t) = t% , 'y:%, o(t) = %, r(t):t%, [3:% and ((t) = 2t. Thus,

— -1t 1
oy o exp (5 [, vds Lo
/ v (t)dt:/ (53t >dt=5/ £ dt = oo,
to t to

ax (t) 0

. o (/25)(5t) [%(4?5)% —tp(at) — 345 + tlétg}
lim G1(t) = lim [ B LA
(5t5/°) (40)} [2(20)% — 1] (20) = 265 + 1] 1]

t—00
6 1 I3 1
(12t)5 — 7 (12t) — 5t5 +tft2} 24/25 (14/15)2%} 0
2]
3

(1/15)%(5t%) |
e (4t)5 e (12t)

5
6
1 6 1
(5t/)(120)% [3(20)% — 1} (2t) — 385 + t}to]

and
1 1 5 1 %
" q(s)V($)B; (0(s).ta,t1) ¢ a6t T [35/3)0 1] (5/3) = 315 + 1] o]
lim q . 2 s 02,01 ds = lim s 75 0 TT5 ds
t—oo [y N(—1 t—o0 2s
pr (1 (0(s))) t (%)
6 1 &
OV e e [3(5/3)8 — Bt — 13 (s/3— 1)
> tli}Ilgo 3 25\ 7/15 ds
t (%)
1 15
) e s [3(5/3) — t (5/3)
>tlggo " . (§)7/15 ds = o0
3

It is clear that all the hypotheses of Corollary 4.7 are satisfied, and so every solution of Eq. (4.32) is either

oscillatory or converges to zero.
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Example 4.14 Consider the third order differential equation
1t 7%\
t [(ﬁ(t) + —éx(z) + 5t3:7(6t)> ]
2
3
L L 1
+ x5 (t) + %% (7t)=0, t>1. (4.33)
3,

3
tis

L, n(t)=1%, (t)=6t, §=+1, po(t) =5t, v="7,b(t) =1, a

Here, a(t) =t, n =3, p1(t) = %@r A=
2
q(t) = t%’ y=1,0(t)=t, r(t)=15, B=11 and ((t) =Tt. Thus,
1 -1 [t 1
o (1 ooexp(—f ;ds) 1o
/ Vl()t:/ ot dt:tg/ t7 dt = oo,
to aa(t> to t3 to
s WDy s (1-bH—ig
Jim Ga(t) = Jim | T 5t<t/?>2 T s At 5t(t/?)2 0
oo o 7 7 7 7
(5)7 ()7 ()T e ()]
and
ok 1 s t
o [AOVEBY (75 (0(s) ttn) [P (s/&tz,tl)d
o T -1 T A 55\1/5 5
to ps (5 (0(s))) ¢ (%)
1
1 1 3
) [36/6)8 — 65 (s/6)]
)1/5 ds = oo.

> lim
t—o0 to
It is clear that all the hypotheses of Corollary 4.8 are satisfied and so every solution of Eq. (4.33) is either

oscillatory or converges to zero.
Example 4.15 Consider the third-order differential equation
7\ !

1
t>1

t

1

1.t ,
a2+ —2T(Tt) =
+t3x(3)+\/iz (7t) = 0,

|~

l(x%(t) + 2tm3(§) + 3t151x§(4t))//] 3

t 5 s "
3(5) +3tuxa(4t)>

1
+ 5 <x?(t)+2m
Here, a(t) = %: n= %; pl(t) = 2t: )‘:3¢ Tl(t) - 2 7—2(t) :4t; d= +1: pZ(t) :375%7 v
az%, q(t):t%, v=25, O’(t):%, r(t):%, B =T and ((t) =Tt. Thus,
1 -3 [t 1
o 2y ooexp(—f gds> 5 [0
/ Vl()dt:/ 71 b dt:t(f/ dt = oo,
to aE(t) to (Z)7 to
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(3)(5/9)(2) 7 (¢3/7) [5(168)2 — 1 (16t) — 313 + t1,]

lim G3(t) = lim —— +
t—00 t—oo L(3(L)7T) %5 (t5/7)(326)8 [L(26)2 — t1(2t) — 363 + tats]
3
Pl S |-
c(3(5)11)3  en(320)5

and

tli>r£<> X1 ds = tlggo 45\5/3
t pi (11 (a(s))) (%)
3 5
. EL ()3 [3(s/3)2 — ta(s/3)]°
> lim =73 = 00.
t—oo [y (4?5) /

It is clear that all the hypotheses of Corollary 4.9 hold and so every solution of Eq. (4.34) is either oscillatory

or COnverges to zero.

5. Conclusion and discussion
The results of this paper are presented in a fundamentally innovative and broadly applicable manner. These
discoveries not only enhance but also supplement the existing literature see [3, 6, 19, 22-26]. In the light of

these findings, the following conclusions can be drawn:

o Eq. (1.1) is a more general equation such that it contains a middle term unlike in [3] and contains neutral
terms unlike in [26]. Additionally, Eq. (1.1) was investigated for 6 = =1 or § =1 and o # 8 # v and 7
differ from 1.

o The results were obtained with fewer conditions, where the condition a’(t) > 0 was neglected unlike in
[3] and the condition ¢’(t) > 0 was neglected unlike in [26].

e Novel criteria for oscillation are derived, presenting previously unpublished insights, particularly when
n # 1. Six illustrative examples are provided to substantiate and validate these results. Furthermore, the

findings can be applied to higher-order equations of the form

(alt) (")) +b(0) ("1 (0)" + a0)27 (o (0)) + (D)2 (C(1) = O,

where n > 3 is an odd natural integer, z(t) = z"(t) + p1(t)z*(71(t)) + dp2(t)z¥ (72(t)) and 6 = +1. The
details are left to the reader.

e Our results not only generalize the existing ones documented in the literature but also offer new insights
for formulating more comprehensive research paper concepts than those specified in references [2, 12]. This
can be achieved by employing diverse techniques in the context of higher-order scenarios, characterized
by considering

2(t) = 2(t) + pr (D)2 (11 (1)) + p2(t)a” (2(1))
with either b(t) #0, 6§ = +1, 7 (t) <t and 7o(t) > ¢ or with b(t) #0, § = +1, 7 (¢t) <t and w(t) <t

or under the condition

—1 t b(s)
oo exp (? to a(s) dS)
/ — dt < oo
to a« (t)
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