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Abstract: In this paper, we prove a generalization of a discreteness criteria for a large class of subgroups of PSL2(C).
In particular, given a finitely generated purely loxodromic free Kleinian group I' = (£1,&2,...,&,) for n > 2, we show
that

trace®(&;) — 4| + |trace(§i§j£;1§;1) — 2| > 2sinh? (5 log o)

for some &; and &; for i # j in I" provided that certain conditions on the hyperbolic displacements given by &;, &; and
their length 3 conjugates formed by the generators are satisfied. Above, the constant «, turns out to be the real root
strictly larger than (2n—1) of a fourth degree integer coefficient polynomial obtained by solving a family of optimization
problems via the Karush-Kuhn-Tucker theory. The use of this theory in the context of hyperbolic geometry is another

novelty of this work.

Key words: Free Kleinian groups, Jorgensen’s inequality, trace inequalities, hyperbolic displacements, log3 theorem,
Karush-Kuhn-Tucker theory

1. Introduction

By the work of Thurston [16, 17] and Jorgensen and Gromov [10], it is known that the volume is a geometric
invariant of finite-volume hyperbolic 3-manifolds. Furthermore, by the Mostow-Prasad rigidity theorem (see
[3, 14]), it is also a topological invariant. Therefore, investigation of the connections between the volume and
the usual invariants of topology is one of the main topics of research in the study of finite-volume hyperbolic
3-manifolds.

A particular approach practiced in this area of research is to explore the implications of discreteness
criteria such as the Jorgensen’s inequality [11] which states that |trace?(&;) — 4] + |trace(&,&2671¢51) — 2| > 1
if T' = (&,&) is a Kleinian group. Trace inequalities of this sort can be used to calculate not only estimates
for the volumes but also estimates for geometric quantities like the injectivity radius and diameter. A seminal
result along this line due to Meyerhoff [13] which establishes that 0.104 is a Margulis constant for n = 3.
In other words, for isometries & and n of H?® generating a nonelementary discrete group the inequality

max{de¢z,d,z} > 0.104 holds for any z € H3, where dyz denotes the hyperbolic distance between z € H3
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and (z) for an isometry ~ of H?. The existence of such constants is implied by the Margulis Lemma [3]. They
have implications on the volumes of closed hyperbolic 3-manifolds [13].

An analogous lower bound independent from the Jorgensen’s inequality for the maximum of the hyperbolic
displacements by ¢ and n known as the log3 Theorem is proved by Culler and Shalen in [8]. This theorem
states that max{de¢z, d,z} > log3 holds for any z € H? provided that ¢ and 7 generate a purely loxodromic free
Kleinian group [8, 15]. A brief survey by Shalen on the implications of the log3 theorem and its generalization

called the log(2k — 1) Theorem [1] on the volume of the closed hyperbolic 3-manifolds can be found in [15].

The lower bound given in the Jorgensen’s inequality [11] is the best possible. It is conceivable that if one
considers more restrictive Kleinian groups such as the classes of purely loxodromic and free Kleinian groups
as a particular example the class of all finitely generated Schottky groups [12], a larger universal lower bound
in the Jorgensen’s inequality for these classes may be achieved. Consequently, the implications of this lower
bound on the geometric and topological invariants of finite-volume hyperbolic 3-manifolds can be investigated
for finite-volume hyperbolic 3-manifolds whose fundamental groups are k-free. A group I is called k-free if
every finitely generated subgroup of I' of rank at most k is free. With this motivation, the following refinement

of the Jorgensen’s Inequality is proved in [20]:

Theorem 1 Let I' = (£1,&) be a purely lozodromic free Kleinian group. If the following inequalities hold

(1) dyza < 1.6068... for every v € (&0, 6716081, E16267 1Y for the midpoint zo of the shortest geodesic segment

connecting the azis of &1 to the axis of 5;1§1§2 and

(i) d£2£1§;122 < d£2§1€;121 for the midpoint z1 of the shortest geodesic segment connecting the axis of & to

the axis of 525152_1
then, we have |trace? (&) — 4| + [trace(€&1&267 165 — 2| > 1.5937...

In this paper, we shall prove the statement below, also proposed in [20], as a generalization of Theorem 1:

Theorem 2 Let I' = (£1,&...,&,) be a purely loxodromic free Kleinian group. If there exist generators &; and
& for i # j such that

(i) dyza < %1og an for every v a generator or a length 3 conjugate formed by the generators other than &;,

f;l&fj and gjgigl for the midpoint zy of the shortest geodesic segment connecting the axis of &; to the
azis of §j_1§i§j and

(i) dgjfvéflzz < dgjffflzl for the midpoint z, of the shortest geodesic segment connecting the axis of &; to
k2 ] K2 J

the azis of §j§i§j_1 , then the inequality

trace?(&;) — 4| + \trace({igjfi_l{j_l) — 2| > 2sinh? (Llogay) (1)
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holds. Above, o, is the only root greater than (2n — 1)2 of the polynomial
P(\) = (8n® —12n% +2n + 1) M+

(—64n° +192n° — 192n* + 64n3 + 4n? +2n — 4) \* +
(—96n° 4 224n* — 168n° + 52n% — 18n 4 6) A2 + (2)
(32n° — 112n* + 128n3 — 68n? +22n — 4) A +
16n* — 32n% 4 24n% — 8n + 1.

Both Theorems 1 and 2 follow from some lower bounds for the maximum of hyperbolic displacements given by
the conjugates formed by isometries of length 1 in purely loxodromic free Kleinian groups. These lower bounds
are calculated in Theorem 4.2 in [20] and Theorem 7 in Section 6. In fact, both of these theorems may be
used in their own rights to investigate if the log3 Theorem and its generalization can be improved using the
techniques in [7] which will be left to future studies.

The proof of Theorem 1 also uses a result of Beardon [2, Theorem 5.4.5] which connects upper bounds for
trace inequalities to a lower bound for the maximum of hyperbolic displacements by loxodromic isometries of
H?. The proof of Theorem 2 requires the use of the same tools with one major challenge due to the generalization
of Theorem 1 to an arbitrary number of generators. This makes the necessary calculations for a lower bound
for the maximum of hyperbolic displacements by loxodromics much more complicated. A direct analogue of
the paper [20] for even n = 3 would have been technically very cumbersome. To overcome this difficulty, a new
notational system is introduced in Section 2. With this new notational system, a simplified version of Theorem
2 is rephrased as Theorem 8 in Section 6.

A brief summary of the proof of Theorem 2 and the organization of this paper can be given as follows:
The main step in the proof of Theorem 2 is the calculation of a lower bound for the maximum of the hyperbolic
displacements given by the generators of I' = (£1,&s, ...,&,) and their length 3 conjugates. This is achieved in
Theorem 7 in Section 6 by considering two cases: I' is geometrically infinite or I' is geometrically finite. The
machinery introduced by Culler and Shalen to prove the log3 theorem [8] is used in both cases. The methods
developed in [18, 19] are needed in the first case.

Assuming T" is geometrically infinite, a carefully chosen decomposition denoted by I'p of T' = (&1, o, ..., &n)
concentrating on the length 3 conjugates formed by the generators is defined in Section 2. This decomposi-
tion leads to a decomposition of the Patterson-Sullivan measure which is the area measure on the limit set of I'
homeomorphic to the sphere at infinity. The group-theoretical relations of I'p provide some measure-theoretical
relations given in Theorem 3. With a key lemma [8, Lemma 5.5], these measure-theoretical relations provide
lower bounds for the hyperbolic displacements by the isometries determined by the decomposition I'p of I'.
The lower bounds are considered as the values of a certain set of functions {f,.}, referred to as the displacement
functions, evaluated at a point m in a certain simplex A. This is phrased in Proposition 1. The infimums
ay, of the maximum of the displacement functions {f.} over A provide the lower bounds (1/2)log ., for the
maximum of the hyperbolic displacements by the generators of I' and their length 3 conjugates. In Section
3, we summarize the relevant parts of the Culler-Shalen machinery for this case of the proof, particularly, by
underlining the importance and applications of the group theoretical relations.

All of Section 5 is devoted to the calculation of the infimums «, , obtained by solving a family of nonlinear

optimization problems via the Karush-Kuhn-Tucker theory [4], completing the proof of Theorem 7 when I' is
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geometrically infinite. The increase in the number of displacement functions {f,.} due to the increase in the
number of generators is tackled by the use of inherent symmetries of the decomposition I'p of I' from the start
rather than towards the end as it was done in [20]. This simplifies the entire process as the symmetries are not
encrypted into the displacement functions. The use of these symmetries is achieved via classifications of the
decomposition elements and group theoretical relations as they are discussed and presented in Section 4. On
a side note, Section 5 is largely a simplified and generalized version of the calculations in [20] as we reap the
fruits of our efforts in these classifications. Almost all the ideas that are used in this section are from [20] as
they were presented in this paper but they are translated to the language of the classifications in Section 4.

The second case, when I' = (€1, o, ..., &,) is geometrically finite, in the proof of Theorem 7 is considered
in Section 6. This case can be reduced to geometrically infinite case by the use of a number of deep results [8,
Propositions 8.2 and 9.3], [6, Main Theorem] and [5] from the deformation theory of Kleinian groups completing
the proof of this theorem. Once Theorem 7 is at hand, the main result Theorem 2 (Theorem 8 in Section 6)
follows from a proof by contradiction.

Under the hypothesis of Theorem 2, assuming the strictly less than inequality in (1) implies the existence
of a point in H? so that the infimum of the maximum of the hyperbolic displacements given by the generators
and their length 3 conjugates in I' = (£1,&,...,&,) at that point becomes strictly less than (1/2)logay,
contradicting with Theorem 7. This is done by reversing the inequalities in the proof of a theorem by Beardon
[2, Theorem 5.4.5 (iii)] which states that if & is elliptic or strictly loxodromic and |trace(§1) — 4| < 1/4, then

max {sinh %dglz, sinh %d£2€1£;12} > 1/4 for all z € H? provided that (&;,&) is discrete and non-elementary.

A number of auxiliary lemmas needed in the proof of Theorem 8 are also proved in the final section.

2. Basic definitions and notations

Throughout this text, we will work with a fixed subset = = {1, &2, ..., &} of PSL(2,C) such that T’ = (E)
is a purely loxodromic group freely generated by Z. Let -1 = {&71, &1, ..., &'}, The sets of particular
interest in this paper will be the subsets I'y, ¥ and I'y of I' defined as I'y = {1} UZSUZ="!,

U = {fzzt’ §zt _72'87 fgjgz | i7j7k € {1a23"'an}a 7’7&.7? .]# ka t,S,pG {_1a+1}}7

F* {17 gf? gfgjgz_tv |Zv.] € {1a2a"'7n}a Z#]a t,S € {7174»1}} .

In general, we will consider i, j, k,t, s,p varying in their respective ranges arbitrarily and use subindexes such
as ig, jo, %1 to represent their values once they are fixed. We will also refrain from stating obvious equalities or
inequalities such as i # j and t = £1. This notational compromise leads to the following relaxations of the

definitions above

v {gl, e dge) and To= {1 &, €667

For v € ¥, let Jy represents the elements of I' that start with ¢ in their simplified form. Notice that

(Jy)pew gives a collection of disjoint subsets of I'. Moreover, we have the following partition of I':

P={bUzZusE"u || Jy. (3)
Ppevw

The setting D = (¥, I',) together with the partition above is said to be a decomposition I'p of I'. A group
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theoretical relation r of the decomposition I'p is defined to be a triple (v, ¥,, ¥,) satisfying the following:
r:y el eV, ¥, CU¥ and ,.Jy, =T —({}UJg,). (4)

To better understand this definition, consider r with ~, = {fl and 1, = £1£283. It is easy to see that ~,.Jy,
will consist of all the elements of T' starting with &&;. The term ({-} U Jy,) in the relation equation should be
all elements not starting with &¢&;. If we take W, = W — {&&3, &263&!}, then Jy, = Uyew, Jv will exactly be

what needs to be removed from I'. Hence, the followings r : v, = &', ¥, = 1683, U, = U — {662, 66¢L ),

{-} =T'; define a group theoretical relation. Including the relation above, all relations are quite symmetrical.

We can generalize them into families of relations as follows:
_ 2
P = 600 v = gt W= w = {engre, eoeoeth (=T,
Next, we shall simplify the notation for displacement functions. Let € RY and 7 be a relation. We define

ve=x(thy), Xp= Y 2()and X = x(1)).

PYeEY, PeW

Although this notation has been described above only for x, we shall use capital letters almost exclusively for

this purpose. Accordingly, the formula of the displacement function f, of the relation r is defined as:

1—z, 1-X,

r: A —R h that f,.(z) = . ,
f ++ Suc at  fr(z) z X,

where A will denote the simplex {z € Rf + | X =1}. To define the o used in the rest of the paper, we use
the polynomial P(\) in (2) and introduce the lemma below:

Lemma 1 The polynomial P(\) has a unique root larger than (2n —1)? and all other roots are less than 1.

Proof All four roots of P(A) are real and distinct for n > 2. Therefore, it suffices to find certain intervals

such that the evaluation on either side have opposite signs.

Table 1. Roots of P.

A P(N) sign of P
-2 (2n — 3)(256n° — 608n* + 424n3 — 3612 + 18n — 17) pos.
—1/n —(16n% — 4807 + 72n% — 84n® + 33nT + 1013 + 8n? — 6n — 1)/n? neg.
—-1/(2n—1) 32nt(n —1)/(2n — 1)2 pos.
1 —64nt(n —1)2 neg.
(2n —1)? —128n%(2n% — 3n + 1)3(4n% — 8n +5) neg.
(2n —1)3 16(2n — 1)*(n — 1)2(32n7 — 80n° + 56n° + 4n* — 22n> + 16n2 — 5n + 1) pos.

The first 4 rows of Table 1 prove that P(\) has three roots between —2 and 1. The last two rows prove that

P()\) has a root larger than (2n — 1)?. Hence, we located all four roots.

By Lemma 1, we can formally give the definition of o = a, : the unique root of P()) larger than (2n — 1)2.
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3. The Culler-Shalen machinery

In the rest of the paper, we will use S,, to denote the boundary of the canonical compactification of H?. The
decompositions I'p of T' in (3) and their group theoretical relations defined in (4) in the previous section allow
one to decompose the area measure of S, into certain Borel measures and obtain some measure theoretical
relations among these Borel measures, respectively. Consequently, measure theoretical relations lead to the
lower bounds for the hyperbolic displacements by the isometries used in the definition of I'p. This will be done
in an almost identical way in [8, Lemma 5.3], [18, Lemma 3.3, Theorem 3.4], and [19, Theorem 2.1]. Therefore,

we phrase the basic theorems below without any proofs:

Theorem 3 Let z € H? and A, be the area measure of Seo at z. If T' is geometrically infinite, then there

exists a family of Borel measures {vy}pew on Se such that:

(1) A, = Z vy, (11) Az(Sec) =1, (it3) / )‘—er,zdl/d)r =1- Z vy (Seo) for any relation r.
Yew Soo YET,

With Theorem 3, we can define a special element m(¢)) = vy (Ss) € RY for all ¢ € ¥ for any given z € H>.
We take {vy}ypecw as in Theorem 3. We also use the notations of [2] for the hyperbolic displacement of z. If v
is an isometry of H? with respect to the hyperbolic metric p, then d,z = p(z,72).

The crucial part of the Culler-Shalen machinery for this paper is that it gives lower bounds for the
hyperbolic displacements given by the isometries. This is due to [8, Lemma 5.5] and its improved version |9,

Lemma 2.1]. We present the latter:

Lemma 2 Let a and b be numbers in [0,1] which are not both equal to 0 and are not both equal to 1. Let ~

be a loxodromic isometry of H® and let z € H3. Suppose that v is a measure on S such that

v<A,, v(Sx) < a and / Ai,zd’/ > b.
Soo

Then, we have

1. bl-a)
a > O7 b< 1 and d»yZ Z §10gm
Finally, we merge the results of Theorem 3 and Lemma 2 to obtain the lower bounds for the hyperbolic

displacements that we will need in Section 6.

Proposition 1 Let z € H? and m be the relevant vector in RY . If T is geometrically infinite, then for any

v € 'y and for any relation r defined by ¥ we have:
() me N, (i) e2D* > f.(m) for any relation r with v, = 7.

Proof First, we shall prove that m(¢) # 0 for all ) € ¥. We do so by starting with the conjugate elements

of ¥ and then generalizing to the rest of the elements.

Assume m( fgg;g i_oto) = 0. Let 7o be the relation defined by ro : v9 = §f§ P ;to, o = ffgf;g i_OtO,

Wy = {&o fggjzs, gfgg;gg}. Since m(yo) = 0, we have Mo = >_, g m(¢)) = 1 by Theorem 3(iii). This

i9
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implies that there exists a ¢y € ¥y such that m(y1) # 0. Take ¢y = ff;szfi;tz, where iy # iy so that

2

Y2 & Wo. Notice that M =3, m(y) =1 by Theorem 3 (4) and (i7). Now, as both M and My are equal to
1, we have >,y g, m(¥) = 0. This implies that m(y2) = 0.

Let 75 be the relation defined by: 75 : vo = 95", 19 = 1o, Uy = {5?;2, fj ?S,ffjijZ} so that My =1

and M — My = 0. This gives that m(t) = 0 for all ¢ € ¥ — ¥y, which contradicts with the existence of ¢, as
Uy C ¥ — Uy, Hence, we have the following fact

m(&&5¢") # 0. ()

2to
19
Ty = @ — {&h fg{?s, 5;35;52}. By Theorem 3, we obtain m(¢) = 0 for all v € ¥ — ¥y. Thus,

i9

m(ffgf;é) i_OtO) = 0 contradicting (5). This proves that m(£2%) # 0.

) = 0. Take 79 to be the group theoretical relation rq : 79 = §;0t°, o = 2%

Next, assume that m(& io 1

. - . to ¢2 .
Using similar arguments given above, we proceed as follows: assume that m(ﬁig jOSO) = (0. We consider

the relation ro : 49 = &€ P&, o = U0, Wo = W — {070, £0¢0€h}. Then, we derive that
m(ff;j{;g{;o o) = 0 which contradicts with (5). Assume that m(ﬁfgﬁjgﬁfg) = 0. Consider the relation rq :
Yo = g;otﬂ, Py = gfggj.[?gi}”, Ty =T — {f;:ffot”, 2 f{?fi} Then, we get m(gjggfggjj“) = 0, a contradiction
by (5). Finally, assume that m(ffé’{jé’fzg) = 0. We consider the relation rg : vy = fi_ot", 0 = 5;35;35&,
Ty=0— {5;35,350, §06re&L} . Then, we find that m(gfggjg i_oto) = 0, again a contradiction by (5). Therefore,
we derive that m(&€3%) # 0, m(E/€3¢) # 0, and m(E[€3€7) # 0. We cycled over all element types in ¥ showing
m € Ri 4 - Since we already know that M = 1, this proves (i) of the current proposition.

To prove (ii), fix any relation r with v, = ~. Take a = vy, (Soo) = m(¢,) and b= [ A2 _dwy, . Notice

that @ and b satisfy the conditions of Lemma 2. Thus, we obtain

1 1-— b
d722210g< a4 >

a 1-b

Moreover, if a =m, and b=1-3" .y m(y)=1— M, (by Theorem 3(iii)), then the inequality above turns
into

1 1—m, 1-M\ 1
> —1 . = -1 .
dyz > 5 0g< o~ YA ) 5 og fr(m)

Taking the exponential of the last expression yields (7).

The proposition above shows that we can use the displacement functions of the relations r» and m to
find lower bounds for hyperbolic displacements. We could sharpen this bound by searching for the maximal
value of f.(m) over a family of relations. Obviously, the larger the family, the better the lower bound for
max{f,(m) | r}. Unfortunately, calculating values for m for every z € H? is not feasible. Therefore, we look
at all possible values of m within the bounds set by Proposition 1(7). As we do not know which element of
A is actually m, we need to calculate the infimum over all elements. Ultimately, we shall prove in Section 6
that what matters is the infimum of the max function of a collection of displacement functions over A. This

optimization is performed in Section 5.
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4. The max functions and classification of relations

In this section, we mainly present some tables illuminating the mechanics of the displacement functions for the
relevant decompositions I'p. We also discuss how these tables are used in later sections and the objectives
behind their discovery. We count and classify elements of ¥ into 5 types in the table below:

While reading Table 2, remember the notational relaxations that are discussed in Section 2 and also
assume |{i, j, k}| = 3 at any instance. The above classification (with the counts) will be useful in simplifying
the calculations for the optimization question which is discussed in Section 1. However, what we really need is
a set of coherent relations that will yield many symmetries of the simplex A.

Notice that for the purposes of finding a lower bound for f(m) as discussed in Section 3, one can work
with as small or as large a set of relations as one desires. Notice that if the set of relations is small, the resulting
lower bound runs the risk of being too small as well and not be useful in any shape for future applications.
On the opposite side, if the set of relations being considered is too large (or badly curated) the resulting
optimization question will become too complicated to solve. The approach preferred in this paper is to work
with and optimize a midsize collection of displacement functions but to choose that collection in such a way
that the resulting lower bound is actually identical to that of a much larger collection. In the following table,

we list, classify, and count all the relations in the large collection G.

Table 2. Types of elements in W.

P Count
type 1 £2t 2n
type 2 313 dn(n — 1)
type 3 greset dn(n —1)
type 4 glese An(n —1)
type 5 313131 8n(n —1)(n —2)

[P Hi, j, k}| =3 2n+4n(n—1)+8n(n —1)2

In fact, G is the largest possible collection that can be worked with. Table 3 has been prepared in a 1,
centric way, in the sense that to generate a relation, first 1, is fixed and then a suitable +, is chosen. The
calculation of W, and {-} at every type is very similar to the example done in Section 2. With this collection

at hand, we can define the function G : A — R, as follows

G(z) = max fr(z).

It is the infimum of this function that we will ultimately obtain in Section 5. The midsize collection F is the
subset of G consisting of Type la, 2b, 3a, 4b, and 5a relations. The relevant function F' : A — R, of this

collection is defined as follows

F(z) = max f,(z).

In Section 5, we will mostly be optimizing F'.
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Table 3. Relations in the collection G.

Vr Yy v, {-} Count

pela 5§3t°,t gizo U {2, ftg 7 téfg’fjé“i} Iy —{¢} 2n
type 1b fi(?fjg io ° fz‘oo v — {§i§§j§ 23} Iy 4n(n - 1)
type 2a W groeme v — {5230} Iy 4n(n — 1)
type 2b  g& g0 gl 5250 U —{g0¢ fj", VEVERY Iy dn(n —1)
type 3a o gloemelo —{&en", ety Iy An(n —1)
type 3b & &0 gloet 0 v {fi?} Iy dn(n —1)
type da &, 553553550“ W {650g ", 60g k) Iy dn(n = 1)
type db  gog gt glogog e {600, €080, E0Ee {¢0} dn(n —1)
type 5a &l goeegre W {gr gf% ogrery Iy 8n(n—1)(n—2)
type 5b  £og g glog §P° U — (oo, goghoehy Iy 8n(n —1)(n—2)

|G| 2(2n + 4n(n — 1) + 8n(n — 1)) + 2n(2n — 3)

The choice of F can be explained as follows: For example, for any type 1b relation there exists a type
la relation such that the type la relation’s displacement function is larger at every point of the simplex. This
implies that the displacement functions for all the type 1b relations are unnecessary inside the max function.
However, most of the other “cancellations” are not this straightforward and ultimately unnecessary as once the
unique optimal solution for the infimum of F' is calculated, it is straight forward to show that it must also be
the unique optimal point for the infimum of G. As a result, the collection F has been chosen largely due to the
patterns observed in the n =2 in [20] and the computer models observed by the authors. We list the elements
of F for ease of access in the table below:

In Table 4, we omitted the set {-} and =, columns (as they are irrelevant to the calculation of displace-
ments) and expanded the description of ¥,. as to distinguish (and count) type 3, 4, and 5 elements of ¥,. better.
Also notice that |F| = |¥].

In the rest of this section, we shall also calculate the gradients of the displacement functions defined in
Section 2. They will be needed in Section 5. Recall that for a relation r, the definition of the displacement
function f, of r is
(1—2)(1—X,)

. X, ’

fr(x) =

where x, = z(¢y) and X, = 7 g (). Thus, the partial derivative of f, with respect to a coordinate
1 € ¥ depends on whether the coordinate is in ¥, and if it is equal to ¥, or not. To further complicate the
issue, we have 1, € U, for some displacements and v, ¢ ¥, for some displacements. Therefore, we present

the gradient of f,. for a given relation r in two cases. For relations of type la and 2b, we have v, ¢ ¥,. which

implies that

1—x,

—1
— ify ey,
dfr _ —frl—))(fr ,
dy 2 X if ¢ = 1,
0 if ¢ ¢ U, U{e}

194



YUCE and NARMAN /Turk J Math

Table 4. Relations in the collection F.

Uy v, Count

la e U—{ghe,  gper, gpesg,  gesg, gogser } 2n
1 2n-1) 2(n—1) 2(n—1) 4(n—1)(n—2)

2b gogse v —{ Eogi,  Goeng,  guee e, IR dn(n —1)
1 1 1 2(n —2)
Ba Goengy v Gobn® GnERGy GuSn&” Goligtl ) dn(n —1)
1 1 1 2(n —2)
to ¢80 ¢—t 2t to #2s to s ot to ¢s et 1o ¢s
4b &0, {ae, &gy, ghesge, e, glogser } dn(n — 1)
1 2n-1) 2(n-1) 2(n—1) 4n—1)(n—2)
s S0 ¢2 s s s —s s 8n!
ba ogiels U —{ Gobhe’  SSiebin,  Ensieg” SRR (n—3)!
1 1 1 2(n—2)
| F| 2n +4n(n — 1) + 8n(n — 1)?
Using the partial derivatives above, we see that
11—z, 1-X,
VI@) =g D e e e (6)
PYeEW,
For relations of type 3a, 4b, and ba, we have 1, € ¥,. so that
1—z, -1 .
) ifp e U, —{t,}
d T, X
- _ ) 11X 11—z 1 .
di) 2 X, - xz ! Y =1y
0 if ¢ W, U{e}.
As a result, we calculate the gradients as
1—2z, 1-X, 1-—=z,
Vir(z) =— X2 ) Z €y — ( 22X, + T, X2 > " Eqy (7)

T Yew,
In both (6) and (7), the expression (ey)y is the canonical basis for RY .

5. Optimizing the infimum of the max function

The purpose of this section is to compute infiea(G(x)). However, for this purpose, we will calculate
infzea(F(x)). This calculation can be summarized in three phases. The first phase is to show the attain-

ment of optimality (for both G and F'). The second phase is to prove the uniqueness of optimality. The final
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phase is to calculate the point of optimality using the Karush-Kuhn-Tucker theorem. We would like to point
out that the problem with the infimum is not that of existence, as the image is a bounded below subset of R
that part is obvious, but attainment in A. In fact, from here on we shall denote the infimums with o* and
£*; in other words,

o* = inf (G(x)) and 5 = inf (F(x).

Lemma 3 There exists x* € /A such that G(z*) = o*.

Proof As o* is the infimum of the set G(A), there must be a sequence (z™), in A such that G(z") — o*.
Moreover, (z™), must have a convergent subsequence since the closure of A is a bounded subset of RY.
Without loss of generality, assume z™ — Z for some Z € cl(A). Notice that cl(A) = {z € RY | X =1}. The
fact that the max function of continuous functions is also continuous is a simple exercise ([4] Exercise 2.3.1).
Our aim is to prove T ¢ cl(A) — A. We shall do so by assuming the opposite and obtaining a contradiction.

Let K = {¢ € ¥ | Zy, = 0}. The assumption that z € cl(A) — A implies K # (). Now, if there exists a
relation r such that ¢, € K and X, € [0,1), then 2" — Z, =0 and (1 — X")/X" either converges or diverges
to oo, which shows that f.(z") = (1 —z})/z} - (1 — X))/ X} — oco. However, f,(x) < G(z) for any =. Thus,
we also have lim f,.(z™) < lim G(2™) = o, contradicting the existence of a*.

The above paragraph shows that for all » € G with ¢, € K, we have X, = 1. However, we know that
X, + Zwﬂ,r z(¢) = X =1 proving Z(¢)) = 0 for all ¢y € ¥ — W¥,. in any such relation. In summary, what we
showed is that

¥, € K implies ¥ — ¥, C K (8)

for a relation r € G. The contradiction that we seek will soon come in the form of K = ¥ as that would imply
X = 0, contradicting the fact that Z € cl(A). We already know K # () by our assumption. We shall start with
a random element of K. We will cycle over all possible types in Table 2 and use (8) together with Table 3 to
show that K = W.

If 5?;0 € K, the relevant type la relation ro will satisfy ¢,, € K. By (8), we get ¥ — ¥, C K,
implying {5585;5{0750} C K. Repeating the same process for the type 4b relation r; with ¢, = ffgfj-{[oto, we
get {&2} — {ffoto} C K. Since we already know that f?oto € K, we actually have {¢?'} C K. The arguments
so far in this paragraph show that for any type la relation r, we obtain 1, € K. Merging all this information

together, we get ¥ = |J_, (¥ — ,,) C K, proving what we wanted. We summarize this result below:

if there exists a type 1 element in K, then ¥ = K. 9)

If 5;353250 € K, the relevant type 2b relation ro will satisty ¢,, € K and so by (8) we get ¥ — ¥, C K,
implying {ffgf;é’ ;Ot“} C K. Repeating the same process for the type 4b relation m with ), = ffgi;g ;}t“ , We
get {&2} — {Efoto} C K. This shows that K has a type 1 element and K = ¥ by (9). We summarize this result

below:
if there exists a type 2 element in K, then ¥ = K. (10)

If K has an element of the other types, we have the same conclusion ¥ = K. More specifically, we
see that if K has a type 3 element and the relevant type 3a relation together with (10), then K = ¥. The
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assumption that K has a type 4 element and the relevant type 4b relation together with (9) implies K = ¥.
If K has a type 5 element and the relevant type 5a relation together with (10), then K = W. This gives that
as long as K has an element no matter what type, K = V.

Notice that in the proof above, we only used the relations in F. Therefore, the following lemma has an

identical proof.

Lemma 4 There exists x* € A such that F(z*) = 0*.

The next lemma gives us a rough location for g* and a* which proves very useful for the proofs in the

second phase.

Lemma 5 The infimums of F(x) and G(z) on A, B* and o are greater than 1 and less than or equal to

a. Moreover, 5* < a*.

Proof First of all, we know that 1 < a by Lemma 1. Therefore, at the very least the lemma makes sense.
Also, since F C G, we have F(z) < G(x) for any x € /A. This proves 8* < o*.

To show that 1 < *, let r be any type la relation. As ¢, ¢ ¥,, we have 1 = X > z, + X, for all
x € A. Dividing both sides of this inequality with x,X,., we obtain:

Moreover, we have
o l-z 1-X, 1 1 1
T, X, X = X

which must be greater than 1 by the first inequality. Since F(z) > f.(z) for any relation (and specifically any
type la relation) in F, we see that 8* = F(z*) > f.(z*) > 1 for 2* in Lemma 4. To show that o* < a, we
shall need a special element y € A. Define

1 . .
m if 1/) 1S type 1,
2n—-1)(a—-1) e
y(¥) (4n? —4n — 1)(2n — 1)a2 + (4n? — 2)a— (2n — 1) if s type 2,3,5,
(2n—1) if 1 is type 4
— if ¢ is .
2n—1)+a P

All the coordinates of y are obviously greater than 0. It is straightforward to show that Y =1 by using Table
2 and the counts of element types therein. The resulting expression can easily be simplified using P(a) = 0.
Similarly, one can also show that f.(y) = « for all r € F and f.(y) < « for all r € G by using Table 4 and
the counts of element types within every W,. Therefore, a* = inf(G(z)) < G(y) = «. In summary, we have
1 < B* < a* < «a, completing the proof.

The previous lemma marks the end of phase one. The vector y given in the proof is in fact the unique
optimization point for our problem. Proving this statement takes most of the technical work in this paper.

What we shall do next is to prove the uniqueness of the optimal point using convexity arguments via a bank of
lemmas.
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Lemma 6 For all z* € A such that F(x*) = *, there exists a type 4b relation ro such that fr,(z*) = B*.

Proof If we consider A as a submanifold of RY, the tangent space T,/\ at any point € A is the set of
vectors whose coordinates sum to 0. Moreover, every displacement function is smooth on an open set containing
A which implies that the directional derivative for @ € T, A will be V f(x) - 4.

Our plan of attack is to find a common direction of decrease for type la, 2b, 3a, and ba relations, which
will give us a very nice contradiction if the infimum was not attained by any type 4b relation at an optimal

point. As the common direction of decrease, consider the vector 4 described below.

1 if 4 is not type 4,
u(y) = 1+4(n—-12% .
- f t 4.
3n—1) if 1 is type

It is easy to check that the sum of coordinates of # is 0 with the help of Table 2; in turn, this shows that
@ € T,/\. Moreover, we present the calculations below using (6), (7), and Table 4 proving that directional
derivatives of type la, 2b, 3a, and 5a relation displacements are all negative in the direction «. For r of type
la, we see that

. 1-X, 1— 2z,
Vfr(z) -t = T2X, Uy, — . X2 Z Usp

r T opev,
1-X 11—z
ey okl Sl <l IS DTS S W
e T \ywev, —type 4 YeW, Ntype 4

_ 11X 1-% Yo ¥ CLl+d(n—1)?

2 X e X7 2(n—1)
Ppev, —type 4 YEW,.Ntype 4

1-X, 1—=a, 1+4(n—1)?2
=— - m—1)14+4n—-1?%) - ———2 . 2(n—-1)(2n—1

X, | 5, X2 (<” Y1+ 4(n = 1)) = =5y 2~ 1)(2n — 1)
11X,

22X,
< 0.

For the last inequality, recall that z,, X, € (0,1). For type 2b, 3a, and 5a, we find that

1-X, 1-ua 1
(@) U= — - — - 1- 0.
V@) = =~ X < Z(nl)) <

T

Assume that there exists an optimal point z* such that f.(z*) < p* for all r of type 4b. Let
e > 0 be small enough so that z* + et € A and f,.(z* + et) < p* for all r of type 4b. Such a choice is
possible by the continuity of displacement functions. Under these conditions, we have F(x* + e@l) < 5* as
fr(@* +et) < fr(z*) < F(z*) = B for all r of type la, 2b, 3a, 5a and f.(z* + et) < 8 for all r of type 4b,

contradicting the minimality of £*.

Unfortunately, the displacement functions are not convex on the entire simplex. Therefore, neither are

the max functions. Any argument of uniqueness of the optimal solution must first be defended on a local level,
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displacement by displacement. Fortunately, each displacement function is strictly convex on a relatively large
set.

Lemma 7 For r € F define C, ={x € A | z, + X, — x. X, < 3/4}. The displacement function f, is strictly

convex on C,. .

Proof Consider the function g : (0,1)? — R defined by g(z1,22) = (1 —21)/21 - (1 — 22)/22. As g is twice
differentiable, g is strictly convex, where the Hessian of g is positive definite by [4, Theorem 3.1.11 and Exercise
3.1.12(c)]:

Hess(g) = (2(1 — 29)/ 232 1/2222 ) |

1/2223 2(1 — 21)/ 2123

Moreover, a 2 x 2 matrix is positive definite if and only if det(H) > 0 and trace(H) > 0, where

4(1 — z1)(1 — 29) 1 21 —21)  2(1—2)
det(H = - d t H = .
et(Hess(g)) o e an race(Hess(g)) P + o

Since the trace of the Hessian is always positive in our domain, g is strictly convex, where the determinant
is positive. Hence, g is strictly convex on C, = {(z1,22) € (0,1)? | 21 + 22 — 2122 < 3/4}. Now, notice that
fr = g(x,, X,). Since the map = — (z,,X,) € (0,1)? satisfies the conditions listed in [4, Exercise 1.1.9], we
get f, is strictly convex on C, = {z € A | z, + X, — z. X, < 3/4}.

We already know that some type 4b displacement attains g* at a point of optimality by Lemma 6. It is
also true that any optimal point of a strictly convex function is unique [4, Exercise 2.1.8(a)]. Therefore, proving
any optimal point must be in the domain of convexity of all type 4b relation displacements will take us most of

the way to the uniqueness.

Theorem 4 If r is a type 4b relation, then z* € C, for all x* € A such that F(z*) = §*.
Proof Assume there exists a point of optimality «* such that z* ¢ C,., for a type 4b group theoretical relation
ro Yo = ERERET, Wo = {€h0, €06, 0eseR}, where

xy+ X5 — a5 X5 > 3/4. (11)

Our aim is to obtain a contradiction under these conditions. Let T be the collection of type 4b relations such
that ¢, = §f§;§§i—t and v, = j.ogfg o Notice that (¥),er gives a disjoint partition of W. This means that
U= |_| W,., which implies that for any x € A, we get

reT

1=>"X,. (12)

reT
Based on the possible location of x*, we will separate the proof into the following three cases

1
2n+ 2

1 1
> X, forsomer €T, (C);<Xgand ——— <X forallreT.

(4) 2 2n + 2

> Xg, (B)

DO =
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Each one of these cases will end up with a contradiction, proving the theorem. Assume (A) is the case. Then,

(11) gives us the following chain of inequalities:
1
X;(1—a5) +x5>3/4 or 5(1 —xy)+ x5 >3/4 or xf>1/2.

However, as ¢y € Uy, we get the contradiction 1/2 > X§ > zf > 1/2.
Assume (B) is the case. Let v,, = §f;§j;§;t1. Consider any type 4b relation r with ¢, = ffllf;ffi_ltl.
By Lemma 5, we have
l—ap 1-X7
Tk X

r

= fr(z") < B* <
This, after a number of rearrangements, turns into the following inequality

X
- <z
Xi(a—1)+1 7

Notice that ¥,, = ¥, and so 1/(2n+ 1) > X = X;. In the above inequality, the left side is a decreasing

function of X¥. Thus, by the case assumption, we preserve the inequality by replacing X* with 1/(2n + 2).
We obtain

t —t
= SI::I*(gziéjgzl ')

The following inequalities

2n+1
a+2n+1

1
s 2 XL > Y dEGE") =2 - 1)
n—+2 .

Jj#i1, s=%1

are obtained by using the previous inequality and the fact that ffllfjfi:tl eV, forall j#i;, s==x1. Again,
after a number of rearrangements, we get o > (2n — 1)® + 8n? — 12n — 4. However, we have 8n? —12n —3 > 0
for n > 2 implying a > (2n — 1)3, contradicting the proof of Lemma 1.

Assume (C) is the case. By using (12) and the fact that n > 2, we derive that

1 1 3
:1—|—7—
2n + 2 2 2n+2

1
1=X5+ Y X;>-+(2n-1) > 1,

2
reT—{ro}

which is the final contradiction that we needed.

It is a simple exercise to show that the max function of strictly convex functions is strictly convex.
Hence, we have the fact that F' is strictly convex on NreType 4bCr Which is a nonempty set as it contains all
the optimal points at the very least. As optimal points of strictly convex functions are unique, we prove the

following corollary.
Corollary 1 The optimal point of inf,c A F(x) is unique.
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Henceforth, we shall use x* to denote the unique optimal point. In other words, we let

*

which marks the end of phase two.

We start phase three by simplifying x*

a* : the unique point in A with F(z*) =

Then, we apply the Karush-Kuhn-Tucker Theorem.

Lemma 8 There exists a*, b*, ¢

Proof Let i1,i2 € {1,2,...

*

a

¥ () = {0
C*

€ (0,1) such that

for 1 € type 1
for i € type 2 or type 3 or type 5

for i € type 4.

. The uniqueness of x* will be heavily used in this simplification.

,n} and t1,ts € {—1,4+1} such that iy # ix. Consider the symmetry 7 € Sym(7¥),

which switches 5511 with §f§ and vice versa in every element of W. For clarification, we give the details of the

action of 7 in the following table:

Table 5. Actions of the symmetry 7 € Sym(¥).

type 1 giQtl o §i2t2
typeQ é» €i2t2 € §i2t1 letléﬂ:th €lzt2€i2t1
é-tf:l:?h o 5t§i2t2 git1£2s o 5it2§25
+t +t t1 ¢t t to ot t
type 3 IEEREN & 2R GGG s g G
glei el o glee glhgen o glhae
+t t +t t t +t t +t
type 4 IR o RGN R & g gl
gee o g Ehger o et
type 5 EEERE o g2l ENEERER & g g er

1656, o e
Gene o gleeth
ftgsg:l:tl o ftgsgzl:tQ

gt g regth
g e o gl e
ELEENEP ¢ gletep

Ehee e &g

Using Table 4, one can prove that 7 can also be considered as an element of Sym(F) in the sense that
Yr(y = T(¢y) and V. () = 7(V¥,) by observing the effects of 7 on the elements of F listed in Table 5. As a

result, we have the following

F(r(x))

= max,er f,(7(2)) = max,cr fr)(z)

= max,cr fr(x) = F(x).
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In particular, we have F(7(z*)) = F(2*) and hence 7(z*) = z* by Corollary 1. By repeated application of
7 (with different values for (i1,¢1) and(iz,t2)), we can show that any coordinate of x* is equal to any other

coordinate of the same type. We give the following example of type 5 coordinates for clarification

(3 S A I (S S T = (e R A GRIN ]

T T T
(ig,t1)—(i2,t2) (G1,81)—(2,82) (11,p1)—(l2,p2)
This proves that there are a*, b5, b5, b, ¢* € (0,1) such that:

a* for ¢ € type 1
by for ¢ € type 2
z*(¢Y) = S b5 for ¢ € type 3
b for ¢ € type b
c*  for ¢ € type 4.

It remains to prove b5 = b3 = b . Fortunately, the above simplification makes it much easier.

Consider oy = (£/€2% «» £3¢1€5 | Vi, j,t,s) € Sym(¥). It is not true that in general F(oy(z)) = F(x).
However, by using the previous simplification for z* together with Table 4, it is easy to see that the equality
F(o1(z*)) = F(z*) holds. Thus, again by Corollary 1, we get

by = 2% (6,63) = a* (&26,6) = b}

Similarly, o9 = (£1€3 > £1£2€3) € Sym(¥) gives us b3 = bi which completes the proof.

Now that we have simplified z* as much as possible, we shall use the optimization question with the
Karush-Kuhn-Tucker Theorem to get further equalities on z* with a target of calculating exact values for its

coordinates.

Theorem 5 For all r,72 € F, we have fr, (z*) = fr,(z*).

Proof We will obtain the proof by applying the Karush-Kuhn-Tucker Theorem to the optimization question
min F(z) for x € A.

By Lemma 8, we can restrict our search for an optimal solution to those elements of A showing the same

coordinate distribution as x*. In other words, we solve the problem below:
min F(z) for z € A, where

a for ¢ € type 1
A:={zeA|3abce(0,1), ()= b for 1 € type 2 or type 3 or type 5
¢ for ¢ € type 4.

A more illuminating observation comes from the fact that X =1 for all x € A and the counts in Table 2. For

any z = (a,b,c), we have

1 =2na+8n(n —1)%b + 4n(n — 1)c. (13)
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The displacement functions are simplified as it no longer matters what specific coordinate W, contains,
but the number of types of coordinates. As an example, for any type la relation r and = = (a,b,c) € A,
we have (with the help of Table 4) z, = a and X, = 1 — (a + 4(n — 1)%b + 2(n — 1)c). Moreover, using
(13) to replace a, we obtain X, = (2n — 1)/(2n). This simplifies f.(x) = (1 — z,.)/z, - (1 — X,)/X, into
fr(@) = (1 —a)/a-1/2n —1. We summarize these simplifications for all types of relations in F listed in the
following table:

By Lemma 6, we know that there exists a Type 4b relation ry such that 5* = f,. (z*) > f.(z*) for all
r € F. Applying this knowledge in light of Table 6, we get two new inequalities further narrowing the search

for the optimal solution. We obtain

l1—a 1 <1—c 2 1) q 1-0 1—2na <1—c
. . —_ n . .
a 2n—-17 ¢ " & b 4dnn—1)—142na ~ ¢

(2n —1).
This simplifies the optimization question to its ultimate form as described in the table below:

Table 6. f.(x) for = (a,b,c) € A.

r T, X, fr(z)
2n—1 l—a 1
Type 1 )
ype la a m a 2n-—1
1—b 1—2na
T 2b d b 1-2(n—-1)b :
ype R 33,, and ba ( (TL ) + C) b 4n(n — 1) — 1+ 2na
1 1—c
Type 4b — (20 —1
ype ¢ m c (2n )

From hereon in, we shall apply the optimization techniques detailed in [4, Chapter 7.2] to solve the
optimization question in Table 7. Our goal is to prove that the Lagrange multipliers for g; and gs cannot be
0, which (by Karush-Kuhn-Tucker Theorem as in [4, Theorem 7.2.9]) will imply that the relevant inequalities

in the constraints has to be active (equal) at the optimal point, proving our theorem.

Table 7. Simplified optimization question.

2n —1)(1 —
Target: fla,b,c) = Gn=D=¢) (minimize)
c
1—
Constraints:  g1(a,b,¢) = . 1 < (2n—-1)2<0
a —c
1—2na 1-b ¢

g2(a,b,¢c) =

. - (2n-1) <0
dnn—1)—142na b 1-c (@n—1)<

h(a,b,c) = 2na + 8n(n — 1)%b+4n(n — 1)c = 1

(a,b,c) € U = (0,1)3.
We shall first discuss the three prerequisites of Karush-Kuhn-Tucker Theorem. The existence of the
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optimal solution is proven in Lemma 4. The target and constraint functions are obviously differentiable on U .
We also need to show that the Mangasarian-Fromovitz constraint qualification [4, Assumption 7.2.3] holds. The
qualification for our question can be checked by verifying the statements (1) if the function p — Vh(z*) - p
from R? to R is onto and, (2) {p € R? | VA(z*)-p =0 and Vg;(z*) - p < 0 for i = 1,2} # (. The first one is
trivially true as Vh is constant and nonzero. The second one also holds since p = (2(n — 1),0,—1) is in the
set. Hence, by the Karush-Kuhn-Tucker Theorem, there exists A1, A2 € Ry and A3 € R such that:

(Vf+ MV + AV + AsVh) (@ = (a*, b, ¢*) =0

This gives us the following linear system of A1, Ao and A3

aEaTat TG v 0
e 0mme)ob), e
R [C R R U2 (o B A (16

where A =4n(n —1) — (1 — 2na). It is easy to see that 1 — 2na € (0,1) by using the constraint h = 1. Thus,
every parenthesis in this system is positive. This implies that the signs in front of the coefficients are the signs
of the coefficients.

If A3 =0, then by (15) A2 = 0 as well, which implies A\; = 0 by (14). However, this is a contradiction
to (16). Thus, A3 # 0. The fact that A3 is nonzero implies Ay > 0 by (15), which in turn, again via (15),
shows that Az > 0 as well. Finally, the positiveness of Ay and A3 on (14) shows that A\; > 0. Therefore, the

Lagrange multipliers of ¢g; and g are greater than 0, proving what we wanted.

Theorem 6 If * = (a*,b*,c*) is as in Lemma 8 and « is as defined after Lemma 1, then we have

(i) a = 1 b 2n—1)(a—1) o 2n—1
@2n—-1)+a’ C (4n?2 —4n—1)(2n—1Da2 +2(2n2 —1)a— (2n— 1)’ C2n—1+4a’
(i) B* =a* =a.

Proof By Theorem 5, we know that f.(z*) = * for all r € F. By the proof of the same theorem, we also
know that there are really three functions at the point of optimality. Therefore, we have the following equations

1—a” 1 "

a* .277,71_ﬁ7
1-b" 1—2na* _ g
b*  dn(n—1) —1+42na* "’

1_*

£ n-1)=p".

¢
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Simply solving this system for a*,b*, and ¢* yields that

. 1
R Ve A
. (2n - 1)(3* - 1)
(n2 —dn— 1)(2n— 1) ()2 +2(2n — 1)B* — (2n— 1)’
2n — 1

*

R T I

Putting these formulas into the equation (13) gives P(5*) = 0, where P is the polynomial defined in Lemma
1. However, by Lemma 5, we know that 1 < 8*. Since « is the only root of P greater than 1, we find * = «.
Applying that to g* < a* < a from Lemma 5 gives us a = §* < a* < «a, also proving that o* = «.

6. Proof of the main theorem

We will first prove two lemmas that will simplify the proof of the main theorem.

Lemma 9 Let g,h in PSL(2,C) and G = (g, h). If G is freely generated by {g,h}, purely loxodromic and

Kleinian, then G is nonelementary.

Proof Assume G is elementary. By the classification of discrete elementary groups done in [2, Chapter 5.1],
there exists a two element subset of C that is invariant under the action of G. Without loss of generality, take
the invariant subset to be {0, 00} .

If the fixed points of g were not 0 and oo, we would have g(0) = oo and g(co) = 0. This implies
that g(z) = a/z, contradicting with the freeness of G as ¢g? = id. Similarly, the fixed points of h must be
0 and oo as well. Hence, the fixed point of g and h are the same. By [2, Theorem 4.3.5], we conclude that
either [g,h] = id or [g,h] is parabolic. The first case contradicts with the freeness of G, and the second one

contradicts the lemma hypothesis that G is purely loxodromic.

Lemma 10 Let g,h € PSL(2,C) be noncommuting and loxodromic. If zy is the midpoint of the shortest

geodesic segment connecting the axes of g and h™'gh, then dgzo < dpgh—120 .

Proof For v € PSL(2,C), let Z\(y) = {z € H? | d,2z < A}, the displacement cylinder of v with radius A.
By [2, 5.4.11], dz is an increasing function of p(z, A). Thus, Z,(y) really is a cylinder with axis A,. Fix
A = dyzy so that zg € Z)(g). By lemma hypothesis, we have p(z9, Ay) = p(20, Ap-14,). Moreover, the terms
T, and 6, in [2, 5.4.11] are invariant under conjugation. Hence, p(zo,gz0) = p(z0,h~*ghzo) which proves that
20 € Zx(h™1gh).

We claim that zg is the only element in Z)(g)NZx(h~tgh). If it was not, then there would be an element
z # 2o such that p(z,gz) = p(z, h~*gh) which (again by [2, 5.4.11]) would imply that p(z, Ay) = p(z, Ap-141)-
By lemma hypothesis, we would have p(zp, A4) < p(z, A4) so that X = p(z0,920) < p(z,9z), a contradiction.
Now that we know Z)(g) N Zx(h~tgh) = {2}, one can easily show that Z)(g) N Zx(hgh™') = {hzo}. Because
20 € Zx(g), we can derive that 29 ¢ Z\(hgh™'). Therefore, A = dyzo < dj,gn-120-

The following theorem will be the principal effect of the optimization that was done in Section 5 to

our main result. The geometrically infinite case is quite straightforward due to the Culler-Shalen machinery.
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However, the generalization to the geometrically finite case requires some high level theorems which we refer to

inside the proof.

Theorem 7 Let I' be a Kleinian, purely lozodromic subgroup of PSL(2,C) that is freely generated by = =
{&,8,...,&}. If T, = {1,557555]345»4} and o is the unique root of the polynomial P greater than (2n —1)2,

7

then for any z € H? we have
1
max{d,z | y € I'\} > 3 log a.

Proof Fix z € H® and let A = max{d,z | v € I',}. Assume I is geometrically infinite. By Proposition 1(4i),

we have
1
A>dy 2> 3 log f-(m)

for any relation r so that A > %1og G(m), where G is defined in Section 4. Moreover, by Proposition 1(¢) and

Theorem 6, we derive

2> JlogGm) > L log (inf{G(x) | o € A}) = L loga

NN

Assume that I' is geometrically finite. Our plan of attack is to prove that the infimum of all such lower
boundaries over all possible free groups is attained at a special place close to the geometrically infinite case. We

will have to use yet another optimization and some prior knowledge. Consider the function f, defined below
f- :PSL(2,C)" — Ry

§— max{d,z | v € T(§)}-

Let &F denote the subset of elements of PSL(2, C)™ whose components form a set of free generators of a purely
loxodromic free subgroup of PSL(2,C) that is geometrically finite. As the image f,(®F) is bounded below and

f is continuous, there exists a & € &F such that

fz(g) - lnf{fz(g) ‘ §€ 63}

However, it has been shown in the proofs of [18, Theorem 5.1], [19, Theorem 4.1] and finally in [20, Theorem
4.2] that any such optimal point must satisfy ¢ € &F — &F. Moreover, the subset of elements of PSL(2,C)"

whose components are generating purely loxodromic and geometrically infinite groups is dense in &F — &F as
was shown in [8, Propositions 8.2 and 9.3], [6, Main Theorem], and [5]. Hence, the geometrically finite case

folds into the geometrically infinite case, completing the proof.

The final theorem of this paper is more general and in appearance more complicated than its counterpart
in [20]. However, most of the complications in the proof have been handled by the previous lemmas and theorems

in this paper and the arguments inside the proof is largely identical to that of the counterpart.

Theorem 8 Let I" and « be as in Theorem 7. Assume that there exist ig,jo such that the inequalities

0

1 —t
dgmgm%lzg < dgmgjo%lzl and dyzy < zloga for every v € ® = I'y — {&,, 5;0 i&io + hold, where z1 and
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zp are the midpoints of the shortest geodesic segments connecting the axis of &;, to the axes of §i0£j0§i_01 and

ggolgjogio , respectively. Then, we have

1 . 1
|trace®(&;,) — 4] + |trace(£j0£io§j01£j01) — 2| > 2sinh? (4 log a) .

Proof We shall make use of the following facts. The first one is a straightforward exercise to the teachings of
[2] and the second one is due to Lemma 9. The theorem remains invariant under conjugation. The subgroup
(&io5 &j,) must be nonelementary as it is free, Kleinian, and purely loxodromic.

Since the theorem remains invariant under conjugation, we may assume without loss of generality that

&, fixes 0 and oo. This gives us some useful matrix presentations

0 - b
S = [u } for some u = [ule’” and ¢, = [(cl d

0 1/u } with ad —bc =1

so that we can write
1\? 1
|trace®(&;,) — 4] + ’trace(gjofiofj_olgj_ol) -2| = (u - u) (1 + |be|) = 4sinh? §T£i° + 4sin(6),

where the last equation is due to [2, equations 5.4.8 and 5.4.10].
By [2, proof of Theorem 5.1.3 case(i)], &, and fjoéiogj;l have no common fixed point. This implies
a,b,c,d # 0. Consider the cross-ratio equation [1, —1,w, —w| = [0,00,b/d, a/c] which is true for any w that

satisfies the following equation

(17)

This equation has a unique solution for w with norm greater than 1. Let w = e?*0 (for 2y = x¢ + iyg) be
that solution. Replacing w in (17) yields be = sinh? zy which we can use to obtain the following chain of

(in)equalities
4be)* = ‘cosh2 20 — 1’2 = (cosh 2z — cos 2yo)° > (cosh 2z — 1)* > (cosh® zg — 1)2. (18)
Using the above inequality and number of simplifications give

cosh? z

1+ |be| > (19)

Let A be the translation axis of §;, and B be the translation axis of £ jogiogj—ol . Also notice that B = §;,A.
Since trace squared, translation length and the square of the sine square of translation angle are all invariant
under conjugation, we have the following inequalities for all z € H3

1 1 1
sin? §d§i0 z = sinh §T5io coshd(z, A) + sin? Oc,, sinh? d(z, A) < (sinh2 iniO + sin? 9&0> cosh®d(z, A)  (20)
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and

1 1
sin? idgjogiogj_olz = sinh §T§z‘o cosh d(z, B) + sin? Oc;, sinh? d(z, B) (21)

IN

1
(sinh2 §T§io + sin? 9&0) cosh? d(z, B).

By using the above inequalities and the fact that the hyperbolic sine and cosine are increasing for x > 0, we
conclude that

1 1
-
sinh 2max{d§i0z,d5j0§iogm1z} < 1

Let ¥ € M be defined by taking [0, 00, h0, hoo] to [1,—1,w,—w], where w is defined in (17). Under this
setting WA will be the geodesic from —1 to 1 and ¥B will be the geodesic from —w to w so that we have

2
cosh? max {d, A, d.B} . (22)

1
u— =
U

d(A, B) = d(j, |wlj) = log |w] = 2.

By the above equality and the definition of z; given in theorem hypothesis, we can establish the fact that

d(z1,A) = z9 = d(z1,B). Applying this fact to the equations in (20) and (21) gives us another fact dg, 21 =

de ¢ ¢—121. These two facts can be used to simplify (22) into the first of the following inequalities. Using (19)
J0 70 *J0

gives us the second one, which is

2
cosh? Ty < 5

1 1 2
sinh? e, 21 < 7 (1+ |be|) . (23)

S

u— —
u

Finally, assume that the opposite of the theorem is true. In other words, assume that we have the
inequality

1
’trace2(§j0) - 4| + ’trace(gjofiogj;lgj;l) -2l < 2sinh? (4 log a) .

Because we have d —129 < d ~1z; and dyzy < Zloga for every v € ® by the hypothesis, we get
5106]‘0510 5i0§j05i0 v 2

dyza < 3loga for all v € I', by (23) and Lemma 10. This is a contradiction to Theorem 7.
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