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Abstract: The paper deals with the twisted Sasaki metric on the unit tangent bundle of n–dimensional Riemannian
manifold Mn . The main purpose of the research is to find deformations that preserve the existence harmonic left-invariant
unit vector fields on 3-dimensional unimodular Lie groups G with the left invariant metric and harmonic maps G → T1G

in case of twisted Sasaki metric on the unit tangent bundle. The necessary and sufficient conditions for harmonicity
of left-invariant unit vector field and map Mn → T1M

n are obtained. The necessary and sufficient conditions for
harmonicity of left-invariant unit vector field and map M2 → T1M

2 with respect to some orthonormal frame are
obtained. Left-invariant harmonic unit vector fields and harmonic maps G → T1G , where G is a three-dimensional
unimodular Lie group with left-invariant metric, using some orthonormal frame are described. Left-invariant harmonic
unit vector fields which determine harmonic maps G → T1G , where G is a three-dimensional unimodular Lie group
with left-invariant metric in the particular case of twisted Sasaki metric, namely the vertical rescaled metric are classified.

Key words: Twisted Sasaki metric, vertical rescaled metric, unit tangent bundle, Lie group, harmonic vector field,
harmonic map

1. Introduction
Let (Mn, g) be an n-dimensional Riemannian manifold, TMn be its tangent bundle, X(Mn) be the Lie algebra
of smooth vector fields of a Riemannian manifold (Mn, g) , ∇ be the Levi-Civita connection on Mn . The
standard metric on the tangent bundle of Riemannian manifold (Mn, g) is the Sasaki metric [17, 18]. It can
be completely defined by scalar products of various combinations of vertical and horizontal lifts of vector fields.
The Sasaki metric weakly inherits the base manifold properties [16]. That is why the rigidity of the Sasaki
metric motivates many authors to consider various deformations of the Sasaki metric (see [1, 9, 10, 14, 20, 22]
and others).

Belarbi L. and El Hendi H. introduce in [2] the twisted Sasaki metric on the tangent bundle TM as a
new natural metric nonrigid on TM . The authors were motivated by the studies of Cheeger J. and Gromoll
D. (see [7]), Dida H.M., Hathout F., Azzouz A. (see [8]), and others. The twisted Sasaki metric is defined as
follows.

Definition 1.1 [2] Let (Mn, g) be a Riemannian manifold and δ, ε : Mn −→ R be strictly positive smooth
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functions. On the tangent bundle TMn , we define a twisted Sasaki metric noted Gδ,ε by

Gδ,ε
(x,ξ)(X

h, Y h) = eδ(x)gx(X,Y ),

Gδ,ε
(x,ξ)(X

h, Y t) = 0,

Gδ,ε
(x,ξ)(X

t, Y t) = eε(x)gx(X,Y ),

for all vector fields X,Y ∈ X(Mn) and (x, ξ) ∈ TMn .

Note that, if δ = ε = 0 , then G0,0 is the Sasaki metric [18]. If δ = 0 , then G0,ε is the vertical rescaled metric
(see [3, 7, 8]).

For a unit vector field ξ on a compact Riemannian manifold (Mn, g) , Gerrit Weigmink [19] considered
a very natural geometric functional ∫

M

||Aξ||2dV ol(Mn),

where ||Aξ|| is a norm of the Nomizu operator AξX = −∇Xξ , i.e. ||Aξ||2 =
∑n

i=1 g(Aξei, Aξei) relative to
some orthonormal frame (e1, . . . , en) . It was proved, that this functional is unbounded from above. The critical
points of this functional were called harmonic unit vector fields (see [5, 19] and others for more details). Gerrit
Wigmink proved, that a unit vector field ξ on a compact Riemannian manifold is harmonic if and only if

∆̄ξ = ||Aξ||2ξ,

where ∆̄ξ is rough Laplacian (or Bochner Laplacian) of the field ξ defined as ∆̄ξ = −trace∇2ξ , where
∇2

X,Y = ∇X∇Y −∇∇XY .

On the other hand (see [11]), the energy of a map φ : (Mn, g) → (Nk, h) between Riemannian manifolds
is defined as

E(φ) :=
1

2

∫
M

|dφ|2dV olMn .

The mapping φ is called harmonic if it the critical point of the energy functional. It was proved that the
mapping φ is harmonic if and only if the divergence of its differential vanishes, or equivalently its tension
field τ(φ) = div(dφ) vanishes identically, where |dφ| is a norm of 1-form dφ in the cotangent bundle T ∗Mn .
Supposing on T1M

n the Sasaki metric gS , a unit vector field ξ as a mapping ξ : (Mn, g) → (T1M
n, gS)

defines a harmonic map if and only if it is harmonic and, in addition,
∑n

i=1 R(ξ,Aξei)ei = 0 relative to some
othonormal frame {ei}ni=1 .

González-Dávila J.C. and Vanhecke L. completely described left-invariant harmonic unit vector fields
ξ and ones that define a harmonic map on 3-dimensional Lie groups equipped with Sasaki metric on the
unit tangent bundle T1M

3 (see [12]). The authors describe and classify ones, using orthonormal frame and
classification of Milnor J. in [15].

In the present research, we consider the twisted Sasaki metric on the unit tangent bundle T1M
n of

n-dimensional Riemannian manifold. A particular case of a twisted Sasaki metric, namely the vertical rescaled
metric (if δ = 0) on the unit tangent bundle, requires special attention because such deformation is a more
natural generalization of the Sasaki metric than the twisted Sasaki metric. Namely, geometrically, the vertical
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rescaled metric performs point-wise homothetic deformation in the fibers. The main purpose of the research is
to find deformations that preserve the existence harmonic left-invariant unit vector fields ξ on 3-dimensional
unimodular Lie groups G with the left invariant metric and harmonic maps ξ : G → T1G in case of twisted
Sasaki metric on the unit tangent bundle T1G , using orthonormal frame and classification of Milnor J. in [15].
Moreover, we want to describe and classify ones according to the classification of González-Dávila J.C. and
Vanhecke L. in [12] for vertical rescaled metric. As the main results,

• we obtain the necessary and sufficient conditions for harmonicity of unit vector field ξ and map ξ : (Mn, g)

→ (T1M
n, Gδ,ε) (Theorem 3.4);

• we obtain the necessary and sufficient conditions for harmonicity of unit vector field ξ and map ξ :
(M2, g) → (T1M

2, Gδ,ε) with respect to orthonormal frame {e1, e2} on M2 such as e1 = ξ , e2 = η ,
where η ∈ X(M2) , g(η, η) = 1 , g(ξ, η) = 0 (Theorem 4.1);

• we describe left-invariant harmonic unit vector fields ξ and harmonic maps ξ : (G, g) → (T1G,Gδ,ε) ,
where G is a three-dimensional unimodular Lie group with left-invariant metric g , using orthonormal
frame of Milnor J. [15] (Theorem 5.1);

• we classify left-invariant harmonic unit vector fields ξ which determine harmonic maps ξ : (G, g) →
(T1G,G0,ε) , where G is a three-dimensional unimodular Lie group with left-invariant metric g according
to the classification of González-Dávila J.C. and Vanhecke L. [12] (Theorem 5.3–5.8).

2. Preliminaries
Let (Mn, g) be n -dimensional Riemannian manifold with metric g . Denote by g(·, ·) a scalar product with
respect to g . Denote by TMn tangent bundle of (Mn, g) . It is well known that at each point (x, ξ) ∈ TMn

the tangent space T(x,ξ)TM
n splits into vertical and horizontal parts:

T(x,ξ)TM
n = H(x,ξ)TM

n ⊕ V(x,ξ)TM
n.

The vertical part V(x,ξ) is tangent to the fiber, while the horizontal part H(x,ξ) is transversal to it. Denote by

(x1, . . . , xn; ξ1, . . . , ξn) the natural induced local coordinate system on TM . Denote ∂i = ∂
∂xi , ∂n+i = ∂

∂ξi .

Then for X̃ ∈ T(x,ξ)TM
n we have X̃ = X̃i∂i + X̃n+i∂n+i.

Denote by π : TM → Mn the tangent bundle projection. The mapping π∗ : T(x,ξ)TM
n → TMn acts

on X̃ by π∗X̃ = X̃i∂i . The mapping π∗ defines a point-wise linear isomorphism between H(x,ξ)(TM
n) and

TxM
n . Remark that kerπ∗|(x,ξ) = V(x,ξ) . The connection mapping K : T(x,ξ)TM

n → TxM
n acts on X̃ by

KX̃ = (X̃n+i + Γi
jkξ

jX̃k)∂i , where Γi
jk are the Christoffel symbols of g . The connection mapping K defines

a point-wise linear isomorphism between V(x,ξ)(TM
n) and TxM

n . Remark that kerK|(x,ξ) = H(x,ξ) . The

images π∗X̃ and KX̃ are called horizontal and vertical projections of X̃ , respectively. The operations inverse
to projections are called lifts (see [4]). Namely, if X ∈ TxM , then

Xh = Xi∂i − Γi
jkξ

jXk∂n+i
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is in H(x,ξ)TM
n and is called the horizontal lift of X , and

Xv = Xi∂n+i

is in V(x,ξ)TM
n and is called the vertical lift of X .

Let X̃, Ỹ ∈ T(x,ξ)TM
n . The standard Sasaki metric on TMn is defined at each point (x, ξ) ∈ TMn by

the following scalar product

G(X̃, Ỹ )
∣∣
(x,ξ)

= g(π∗X̃, π∗Ỹ )
∣∣
x
+ g(KX̃,KỸ )

∣∣
x
.

Horizontal and vertical subspaces are mutually orthogonal with respect to Sasaki metric. The Sasaki metric
can be completely defined by the scalar product of various combinations of lifts by

G(x,ξ)(X
h, Y h) = gx(X,Y ), G(x,ξ)(X

h, Y v) = 0, G(x,ξ)(X
v, Y v) = gx(X,Y ).

Let T1M
n be unit tangent bundle of (Mn, g) , X(Mn) be the Lie algebra of smooth vector fields of a

Riemannian manifold (Mn, g) , ∇ be the Levi-Civita connection on Mn . Note that the vertical lift of a vector
field is not tangent to T1M

n in general. The lifted frame on T1M
n at (x, ξ) ∈ T1M

n is formed by horizontal
lift and the tangential lift (see [6] for more details) defined by

Xt = Xv − g(X, ξ)ξv.

Evidently, if X is orthogonal to ξ , then Xt = Xv . Nomizu operator Aξ : X(Mn) → ξ⊥ ⊂ X(Mn) for unit
smooth vector field ξ is defined by

AξX = −∇Xξ.

Note that norma of Aξ is given by

||Aξ||2 =

n∑
k=1

g(Aξek, Aξek), (2.1)

with respect to some orthonormal frame {ek}nk=1 . The tangent mapping ξ∗ : X(Mn) → Tξ(Mn) is defined by

ξ∗X = Xh − (AξX)t. (2.2)

The rough Hessian and the ξ -harmonicity tensor (see [21]) are given by

Hessξ(X,Y ) =
1

2
((∇XAξ)Y + (∇Y Aξ)X), (2.3)

Hmξ(X,Y ) =
1

2
(R(ξ,AξX)Y +R(ξ, AξY )X), (2.4)

where (∇XAξ)Y = ∇X(AξY ) − Aξ(∇XY ) and R is the curvature tensor of the base manifold (Mn, g) . The
rough Laplacian of the field ξ is given by

∆̄ξ = trace(Hessξ) =

n∑
i=1

(∇eiAξ)ei, (2.5)
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with respect to some orthonormal frame {ei}ni=1 . The equivalent definition of the rough Laplacian of the field
ξ is given by

∆̄ξ = −trace∇2ξ (2.6)

where ∇2
X,Y = ∇X∇Y − ∇∇XY . Second fundamental form of the mapping φ : (Mn, g) → (Nk, h) between

Riemannian manifolds is defined as

Bφ(X,Y ) = ∇φ
φ∗X

(φ∗Y )− φ∗(∇g
XY ), (2.7)

where ∇φ is induced Levi-Civita connection on φ(Mn) and ∇g is Levi-Civita connection on Mn . Tension
field of the mapping ξ : Mn → T1M

n is given by

τ(ξ) = trace(Bξ). (2.8)

Denote hBξ(X,Y ) = π∗(Bξ(X,Y )) and vBξ(X,Y ) = K(Bξ(X,Y )) . Then

τ(ξ) = (trace(hBξ))
h + (trace(vBξ))

t.

Unit vector field ξ is harmonic if and only if

∃λ ∈ C∞(Mn) : trace(vBξ) = λξ. (2.9)

Unit vector field ξ defines a harmonic map ξ : Mn → T1M
n if and only if ξ is harmonic and

trace(hBξ) = 0. (2.10)

3. Twisted Sasaki metric on unit tangent bundle

Definition 3.1 Let (Mn, g) be a Riemannian manifold and δ, ε : Mn −→ R be smooth functions. On the
unit tangent bundle T1M

n , we define a twisted Sasaki metric noted Gδ,ε by

Gδ,ε
(x,ξ)(X

h, Y h) = eδ(x)gx(X,Y ),

Gδ,ε
(x,ξ)(X

h, Y t) = 0,

Gδ,ε
(x,ξ)(X

t, Y t) = eε(x)gx(X,Y ).

for all vector fields X,Y ∈ X(Mn) and (x, ξ) ∈ T1M
n , where g(ξ, ξ) = 1 .

Note that, if δ = ε = 0 , then G0,0 is the Sasaki metric on T1M
n . If ε = 0 , then Gδ,0 is the rescaled

Sasaki metric on T1M
n . If δ = 0 , then G0,ε is the vertical rescaled metric on T1M

n .

The following lemma contains Kowalski-type formulas [13].

Lemma 3.2 Let (Mn, g) be the Riemannian manifold. The Levi-Civita connection ∇̃ of the unit tangent
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bundle T1M
n equipped with twisted Sasaki metric Gδ,ε is completely defined by

∇̃XhY h = (∇XY + Fδ(X,Y ))h − 1

2
(R(X,Y )ξ)

t
, (3.1)

∇̃XhY t =
eε−δ

2
(R(ξ, Y )X)

h
+

(
∇XY +

X(ε)

2
Y

)t

, (3.2)

∇̃XtY h =
eε−δ

2
(R(ξ,X)Y )

h
+

Y (ε)

2
Xt, (3.3)

∇̃XtY t = −eε−δ

2
g(X,Y )(∇ε)h − g(Y, ξ)Xt, (3.4)

where ∇ is the Levi-Civita connection on (Mn, g) , R is the curvature tensor of ∇ , and

Fδ(X,Y ) =
1

2
(X(δ)Y + Y (δ)X − g(X,Y )∇δ).

Proof Remark, first, that the following formulas are independent on the choice of tangent bundle metric and
are analogous to Dombrowski formulas [4] in terms of horizontal and tangential lifts: at each point (x, ξ) ∈ T1M

n

the brackets of lifts are

[Xh, Y h] = [X,Y ]h − (R(X,Y )ξ)t, [Xh, Y t] = (∇XY )t,

[Xt, Y t] = g(X, ξ)Y t − g(Y, ξ)Xt.

Using Definition 3.1, note that derivative of twisted Sasaki metric Gδ,ε along the lifts of vector fields are

XhGδ,ε(Y h, Zh) = eδX(δ)g(Y, Z) + eδg(∇XY, Z) + eδg(Y,∇XZ),

XhGδ,ε(Y t, Zt) = eεX(ε)g(Y, Z) + eεg(∇XY, Z) + eεg(Y,∇XZ),

XtGδ,ε(Y h, Zh) = XtGδ,ε(Y t, Zt) = 0.

Now we can use Koszul formula. Prove formula (3.4).

2Gδ,ε(∇̃XtY t, Zh) = XtGδ,ε(Y t, Zh) + Y tGδ,ε(Xt, Zh)− ZhGδ,ε(Xt, Y t)

−Gδ,ε(Xt, [Y t, Zh])−Gδ,ε(Y t, [Xt, Zh]) +Gδ,ε(Zh, [Xt, Y t])

= −eεZ(ε)g(X,Y ) = −eεg(∇ε, Z)g(X,Y ) = g(−eεg(X,Y )∇ε, Z)

= 2eδg

(
− eε

2eδ
g(X,Y )∇ε, Z

)
= 2Gδ,ε

(
−eε−δ

2
g(X,Y )(∇ε)h, Zh

)
;

2Gδ,ε(∇̃XtY t, Zt) = XtGδ,ε(Y t, Zt) + Y tGδ,ε(Xt, Zt)− ZtGδ,ε(Xt, Y t)

−Gδ,ε(Xt, [Y t, Zt])−Gδ,ε(Y t, [Xt, Zt]) +Gδ,ε(Zt, [Xt, Y t])

= −eεg(Y, ξ)g(X,Z) + eεg(Z, ξ)g(X,Y )− eεg(X, ξ)g(Y, Z)

+ eεg(Z, ξ)g(Y,X) + eεg(X, ξ)g(Z, Y )− eεg(Y, ξ)g(Z,X)

= 2eεg(g(X,Y )ξ − g(Y, ξ)X,Z) = 2Gδ,ε(−g(Y, ξ)Xt, Zt).

Thus, we obtain (3.4). In a similar way we can obtain formulas (3.1)–(3.3). 2
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Theorem 3.3 Let (Mn, g) be n-dimensional Riemannian manifold equipped with twisted Sasaki metric Gδ,ε

on the unit tangent bundle T1M
n . Tension field of the map ξ : (Mn, g) → (T1M

n, Gδ,ε) is given by

τ(ξ) = −eε−δ

2

(
2 · trace(Hmξ) + (n− 2)eδ−ε∇δ + ||Aξ||2∇ε

)h

−
(
∆̄ξ +Aξ(∇ε)

)t

.

Proof Consider some orthonormal frame {ek}nk=1 . According to (2.8), we have τ(ξ) = trace(Bξ) =∑n
k=1 Bξ(ek, ek) . At first, we find the second fundamental form of the mapping ξ : Mn → T1M

n . Substituting
ξ∗X = Xh − (AξX)t in Bξ(X,Y ) = ∇̃ξ∗X(ξ∗Y )− ξ∗(∇XY ) , we get

ξ∗(∇XY ) = (∇XY )h − (Aξ(∇XY ))t,

using (2.4), (2.3) and Lemma 3.2, we have

∇̃ξ∗X(ξ∗Y ) = ∇̃XhY h − ∇̃Xh(AξY )t − ∇̃(AξX)tY
h + ∇̃(AξX)t(AξY )t

= ∇̃XhY h + ∇̃Xh(∇Y ξ)
t + ∇̃(∇Xξ)tY

h + ∇̃(∇Xξ)t(∇Y ξ)
t

=

(
∇XY +

1

2
(X(δ)Y + Y (δ)X − g(X,Y )∇δ)

)h

− 1

2
(R(X,Y )ξ)t +

eε−δ

2
(R(ξ,∇Y ξ)X)h

+

(
∇X∇Y ξ +

X(ε)

2
∇Y ξ

)t

+
eε−δ

2
(R(ξ,∇Xξ)Y )h +

Y (ε)

2
(∇Xξ)t − eε−δ

2
g(∇Xξ,∇Y ξ)(∇ε)h

=

(
∇XY − eε−δHmξ(X,Y ) +

1

2
(X(δ)Y + Y (δ)X − g(X,Y )∇δ − eε−δg(AξX,AξY )∇ε)

)h

−
(
Aξ(∇XY ) +Hessξ(X,Y ) +

1

2
(Y (ε)AξX +X(ε)AξY

)t

.

Thus, the second fundamental form of the mapping ξ : Mn → T1M
n is defined as

Bξ(X,Y ) =
(
− eε−δHmξ(X,Y ) +

1

2
(X(δ)Y + Y (δ)X − g(X,Y )∇δ − eε−δg(AξX,AξY )∇ε)

)h

−
(
Hessξ(X,Y ) +

1

2
(Y (ε)AξX +X(ε)AξY )

)t

. (3.5)

Substituting (3.5) in (2.8), using (2.5) and (2.1), we obtain

τ(ξ) =

n∑
k=1

Bξ(ek, ek) =

n∑
k=1

(
− eε−δHmξ(ek, ek) +

1

2
(2ek(δ)ek −∇δ − eε−δg(Aξek, Aξek)∇ε)

)h

−
n∑

k=1

(
Hessξ(ek, ek) +Aξ(ek(ε)ek)

)t

=
(
− eε−δtrace(Hmξ) +

1

2
(2∇δ − n∇δ − eε−δ||Aξ||2∇ε)

)h

−
(
∆̄ξ +Aξ(∇ε)

)t

= −eε−δ

2

(
2 · trace(Hmξ) + (n− 2)eδ−ε∇δ + ||Aξ||2∇ε

)h

−
(
∆̄ξ +Aξ(∇ε)

)t

.

This completes the proof of Theorem 3.3. 2

As a consequence of the Theorem 3.3, we have the following theorem.
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Theorem 3.4 Let (Mn, g) be n-dimensional Riemannian manifold equipped with twisted Sasaki metric Gδ,ε

on the unit tangent bundle T1M
n . Unit vector field ξ is harmonic on (Mn, g) if and only if

∆̄ξ +Aξ(∇ε) = ||Aξ||2ξ. (3.6)

Harmonic unit vector field ξ defines a harmonic map ξ : (Mn, g) → (T1M
n, Gδ,ε) if and only if

2 · trace(Hmξ) + (n− 2)eδ−ε∇δ + ||Aξ||2∇ε = 0. (3.7)

Proof Using (2.9), we have that unit vector field ξ is harmonic if and only if

∃λ ∈ C∞(Mn) : −∆̄ξ −Aξ(∇ε) = λξ.

Note that λ = −g(∆̄ξ, ξ) , and, using (2.6), we get λ = −||Aξ||2 . Thus, we obtain (3.6). Using (2.10), we obtain
(3.7). 2

Note, that if ∇eiξ = 0 for i = 1, n , then the Riemannian manifold (Mn, g) equipped with twisted Sasaki
metric on the unit tangent bundle T1M

n admits harmonic unit vector fields which determine the harmonic
maps regardless of the deformation function ε(x) , if ∇δ = 0 or n = 2 . On the contrary, if ∇δ = 0 or n = 2 ,
and the Riemannian manifold (Mn, g) equipped with twisted Sasaki metric on the unit tangent bundle T1M

n

admits harmonic unit vector fields which determine the harmonic maps regardless of the deformation function
ε(x) , then ∇eiξ = 0 for i = 1, n . Therefore, we have the following corollary.

Corollary 3.5 The Riemannian manifold (Mn, g) equipped with twisted Sasaki metric Gδ,ε on the unit tangent
bundle T1M

n admits harmonic unit vector field ξ which determines the harmonic map regardless of the
deformation function ε(x) if and only if ∇δ = 0 or n = 2 , and vector field ξ is parallel, that is Mn = Mn−1×E1 .

4. Two-dimensional Riemannian manifolds
Consider orthonormal frame {e1, e2} on two-dimensional Riemannian manifold M2 is given by

∇e1e1 = ke2, ∇e1e2 = −ke1, ∇e2e1 = −κe2, ∇e2e2 = κe1, (4.1)

where k and κ are oriented geodesic curvatures of the integral curves of the fields e1 and e2 , respectively.
Then nonzero components of the curvature tensor are given by

R(e1, e2)e2 = Ke1, R(e2, e1)e1 = Ke2,

where K is Gaussian curvature of M2 ,

K = e1(κ) + e2(k)− k2 − κ2.

Consider e1 = ξ , e2 = η , where η ∈ X(M2) , g(η, η) = 1 , g(ξ, η) = 0 . Then

Aξe1 = −ke2, Aξe2 = κe2,

and, using (2.1), we have
||Aξ||2 = k2 + κ2.
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Theorem 4.1 Let (M2, g) be a two-dimensional Riemannian manifold equipped with twisted Sasaki metric Gδ,ε

on the unit tangent bundle T1M
2 . Let ξ and η , where η ∈ X(M2) , g(η, η) = 1 , g(ξ, η) = 0 be orthonormal

frame on M2 . Let k and κ be oriented geodesic curvatures of the integral curves of the fields ξ and η ,
respectively. Then unit vector field ξ is harmonic on (M2, g) if and only if

kξ(ε)− κη(ε) = η(κ)− ξ(k). (4.2)

Unit vector field ξ defines a harmonic map ξ : (M2, g) → (T1M
2, Gδ,ε) if and only if

{
kξ(ε)− κη(ε) = 0,

ξ(k)− η(κ) = 0.
(4.3)

Proof Using (2.3), (2.5) and orthonormal frame (4.1), we have

(∇e1Aξ)e1 = k2e1 − (e1(k) + kκ)e2, (∇e2Aξ)e2 = κ2e1 + (e2(κ) + kκ)e2,

∆̄ξ = (∇e1Aξ)e1 + (∇e2Aξ)e2 = (k2 + κ2)e1 + (e2(κ)− e1(k))e2,

Aξ(∇ε) = (κe2(ε)− ke1(ε))e2.

Using Theorem 3.4, we have

(k2 + κ2)e1 + (e2(κ)− e1(k))e2 + (κe2(ε)− ke1(ε))e2 = (k2 + κ2)e1,

ke1(ε)− κe2(ε) = e2(κ)− e1(k). (4.4)

Using (2.4) and orthonormal frame (4.1), we have

trace(Hmξ) = K(κe1 + ke2).

Using Theorem 3.4, we have

2K(κe1 + ke2) + (k2 + κ2)(e1(ε)e1 + e2(ε)e2) = 0,

(2Kκ + (k2 + κ2)e1(ε))e1 + (2Kk + (k2 + κ2)e2(ε))e2 = 0,{
2Kκ + (k2 + κ2)e1(ε) = 0

2Kk + (k2 + κ2)e2(ε) = 0
.

If k2 + κ2 ̸= 0 , then e1(ε) = − 2Kκ
k2+κ2 and e2(ε) = − 2Kk

k2+κ2 . Substituting these ones in (4.4), we get

e1(k)− e2(κ) = 0 for any k and κ .

This completes the proof of Theorem. 2

Example 4.2 If integral curves of the field ξ are geodesic, i.e. k = 0 , then unit vector field ξ is harmonic and
defines a harmonic map ξ : (M2, g) → (T1M

2, Gδ,ε) if and only if integral curves of the field η are Darboux
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circles and deformation function ε does not depend on the points on integral curves of the field η , that is
η(κ) = 0 and η(ε) = 0 .

For example, let M2 be a surface of revolution with the first fundamental form ds2 = du2 + f(u)2dv2 ,
where u is the arclength parameter of a meridional section f(u) . Take ξ = ∂

∂u , then η = 1
f

∂
∂v and k = 0 ,

κ = − f ′
u

f , η(κ) = 0 . Thus, ξ is harmonic and defines a harmonic map ξ : (M2, g) → (T1M
2, Gδ,ε) if and

only if ε = ε(u) .

Remark 4.3 Using Corollary 3.5, two-dimensional Riemannian manifold M2 admits harmonic unit vector
fields ξ which determine harmonic maps ξ : (M2, g) → (T1M

2, Gδ,ε) regardless of the deformation function
ε(x) if k = κ = 0 , that is if M2 is a flat manifold.

5. Three-dimensional unimodular Lie groups

Let G be a three-dimensional unimodular Lie group, g be a left-invariant metric on G . Let {ei}3i=1 be an
orthonormal frame of the Lie algebra of a Lie group G satisfying [15]

[e2, e3] = λ1e1, [e3, e1] = λ2e2, [e1, e2] = λ3e3, (5.1)

where λ1, λ2, λ3 are structure constants and λ1 ≥ λ2 ≥ λ3 . Following [15] and according to the signs of
λ1, λ2, λ3 , we have six kinds of Lie algebras as described in Table 1.

Denote connection numbers by µi =
1
2 (λ1 + λ2 + λ3) − λi . Consider any left-invariant unit vector field

ξ = ξ1e1 + ξ2e2 + ξ3e3 . The matrix of the operator Aξ has the form

Aξ =

 0 −µ2ξ
3 µ3ξ

2

µ1ξ
3 0 −µ3ξ

1

−µ1ξ
2 µ2ξ

1 0

 .

Therefore,
||Aξ||2 = (µ2

2 + µ2
3)(ξ

1)2 + (µ2
1 + µ2

3)(ξ
2)2 + (µ2

1 + µ2
2)(ξ

3)2. (5.2)

Using Theorem 3.4, we have the following theorem.

Theorem 5.1 Let G be a three-dimensional unimodular Lie group with left-invariant metric g equipped with
twisted Sasaki metric Gδ,ε on the unit tangent bundle T1G . Left-invariant unit vector fields ξ is harmonic on
(G, g) with respect to orthonormal frame of the Lie algebra of a Lie group G satisfying (5.1) if and only if

ξ2µ3e3(ε)− ξ3µ2e2(ε) = ((µ2
1 − µ2

2)(ξ
2)2 + (µ2

1 − µ2
3)(ξ

3)2)ξ1

ξ3µ1e1(ε)− ξ1µ3e3(ε) = ((µ2
2 − µ2

3)(ξ
3)2 + (µ2

2 − µ2
1)(ξ

1)2)ξ2

ξ1µ2e2(ε)− ξ2µ1e1(ε) = ((µ2
3 − µ2

1)(ξ
1)2 + (µ2

3 − µ2
2)(ξ

2)2)ξ3
. (5.3)
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Harmonic left-invariant unit vector field ξ defines a harmonic map ξ : (G, g) → (T1G,Gδ,ε) with respect
to orthonormal frame of the Lie algebra of a Lie group G satisfying (5.1) if and only if

eδ−εe1(δ) + ||Aξ||2e1(ε) = 2ξ2ξ3(µ2 − µ3)σ23

eδ−εe2(δ) + ||Aξ||2e2(ε) = 2ξ3ξ1(µ3 − µ1)σ31

eδ−εe3(δ) + ||Aξ||2e3(ε) = 2ξ1ξ2(µ1 − µ2)σ12

, (5.4)

where σij = µiµk + µjµk − µiµj and (5.2).

Proof Using (2.3), (2.5) and orthonormal frame of the Lie algebra of a Lie group G satisfying (5.1), we have

∆̄ξ =

3∑
k=1

Hessξ(ek, ek) =

3∑
k=1

(∇ekAξ)ek = µ2
1(ξ

2e2 + ξ3e3) + µ2
2(ξ

1e1 + ξ3e3) + µ2
3(ξ

1e1 + ξ3e3)

= ξ1(µ2
2 + µ2

3)e1 + ξ2(µ2
1 + µ2

3)e2 + ξ3(µ2
1 + µ2

2)e3,

Aξ(∇ε) = (ξ2µ3e3(ε)− ξ3µ2e2(ε))e1 + (ξ3µ1e1(ε)− ξ1µ3e3(ε))e2 + (ξ1µ2e2(ε)− ξ2µ1e1(ε))e3.

Using Theorem 3.4, we have

ξ1(µ2
2 + µ2

3)e1 + ξ2(µ2
1 + µ2

3)e2 + ξ3(µ2
1 + µ2

2)e3 + (ξ2µ3e3(ε)− ξ3µ2e2(ε))e1

+ (ξ3µ1e1(ε)− ξ1µ3e3(ε))e2 + (ξ1µ2e2(ε)− ξ2µ1e1(ε))e3 = ||Aξ||2(ξ1e1 + ξ2e2 + ξ3e3),
ξ2µ3e3(ε)− ξ3µ2e2(ε) = (||Aξ||2 − (µ2

2 + µ2
3))ξ

1

ξ3µ1e1(ε)− ξ1µ3e3(ε) = (||Aξ||2 − (µ2
1 + µ2

3))ξ
2

ξ1µ2e2(ε)− ξ2µ1e1(ε) = (||Aξ||2 − (µ2
1 + µ2

2))ξ
3

,

where ||Aξ||2 − (µ2
j + µ2

k) = (µ2
i − µ2

j )(ξ
j)2 + (µ2

i − µ2
k)(ξ

k)2 , because of (5.2), and we obtain the system (5.3).
Using (2.4) and orthonormal frame of the Lie algebra of a Lie group G satisfying (5.1), we have

trace(Hmξ) = ξ2ξ3(µ3 − µ2)σ23e1 + ξ3ξ1(µ1 − µ3)σ31e2 + ξ1ξ2(µ2 − µ1)σ12e3.

Using Theorem 3.4, we have

2(ξ2ξ3(µ3 − µ2)σ23e1 + ξ3ξ1(µ1 − µ3)σ31e2 + ξ1ξ2(µ2 − µ1)σ12e3)

+ eδ−ε(e1(δ)e1 + e2(δ)e2 + e3(δ)e3) + ||Aξ||2(e1(ε)e1 + e2(ε)e2 + e3(ε)e3) = 0,
2ξ2ξ3(µ3 − µ2)σ23 + eδ−εe1(δ) + ||Aξ||2e1(ε) = 0

2ξ3ξ1(µ1 − µ3)σ31 + eδ−εe2(δ) + ||Aξ||2e2(ε) = 0

2ξ1ξ2(µ2 − µ1)σ12 + eδ−εe3(δ) + ||Aξ||2e3(ε) = 0

,

and we obtain the system (5.4). This completes the proof of the theorem. 2

Note that for Sasaki metric G0,0 , we have e1(δ) = e2(δ) = e3(δ) = 0 and e1(ε) = e2(ε) = e3(ε) = 0 .
But if on the contrary, e1(δ) = e2(δ) = e3(δ) = 0 and e1(ε) = e2(ε) = e3(ε) = 0 , then Theorem 5.1 is also
held for all left-invariant harmonic unit vector fields ξ and harmonic map ξ : (G, g) → (T1G,G0,0) on three-
dimensional unimodular Lie groups G equipped with Sasaki metric G0,0 on the unit tangent bundle (see Table
2). Moreover, we obtain the following corollary.
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Corollary 5.2 Let G be three-dimensional unimodular Lie group with left-invariant metric g equipped with
twisted Sasaki metric Gδ,ε (Sasaki metric G0,0 for δ = ε = 0) on the unit tangent bundle T1G . Let ξ be a left-
invariant harmonic unit vector field on (G, g) equipped G0,0 on T1G with respect to orthonormal frame {ei}3i=1

of the Lie algebra of a Lie group G satisfying (5.1). Then twisted Sasaki metric Gδ,ε preserves the property of
harmonicity of the vector field ξ if e1(ε) = e2(ε) = e3(ε) = 0 . Moreover, let ξ define also a harmonic map ξ :
(G, g) → (T1G,G0,0) . Then the map ξ : (G, g) → (T1G,Gδ,ε) is also harmonic if e1(δ) = e2(δ) = e3(δ) = 0

and e1(ε) = e2(ε) = e3(ε) = 0 .

Consider each three-dimensional unimodular Lie group separately in more detail for vertical rescaled metric
G0,ε , namely, find out when the group G admits left-invariant harmonic unit vector fields ξ which determine
harmonic maps ξ : (G, g) → (T1G,G0,ε) with respect to orthonormal frame of the Lie algebra of a Lie group
G satisfying (5.1).

Theorem 5.3 Let the groups SU(2) and SO(3) equip with vertical rescaled metric G0,ε on the unit tangent
bundle T1G , where G = SU(2) or SO(3) with left-invariant metric g . Then the groups SU(2) and SO(3)

admit left-invariant harmonic unit vector fields ξ which determine harmonic maps ξ : (G, g) → (T1G,G0,ε)

with respect to orthonormal frame of the Lie algebra of a Lie group G satisfying (5.1) if and only if one of the
following cases is held.

• λ1 = λ2 = λ3 , e1(ε) = e2(ε) = e3(ε) = 0 , ξ ∈ S ;

• λ1 > λ2 = λ3 , e1(ε) = e2(ε) = e3(ε) = 0 , ξ ∈ {±e1} ∪ (S ∩ {e2, e3}R) ;

• λ1 > λ2 = λ3 , µ1 > 0 , µ4 − 2µ1µ
3 + µ4

1 > 0 , e1(ε) = 0 , e2(ε) = const , e3(ε) = const , e2(ε)
2 + e3(ε)

2 =

2µ1(µ−µ1)(µ
4−2µ1µ

3+µ4
1)

(µ2−µ2
1)

2 , ξ = ±
√

µ4−2µ1µ3+µ4
1

µ2−µ2
1

e1 ∓ e3(ε)µ
√

µ4−2µ1µ3+µ4
1

µ4−2µ1µ3+µ4
1

e2 ± e2(ε)µ
√

µ4−2µ1µ3+µ4
1

µ4−2µ1µ3+µ4
1

e3 , where
µ = µ2 = µ3 ;

• λ1 = λ2 > λ3 , e1(ε) = e2(ε) = e3(ε) = 0 , ξ ∈ {±e3} ∪ (S ∩ {e1, e2}R) ;

• λ1 > λ2 > λ3 , e1(ε) = e2(ε) = e3(ε) = 0 , ξ ∈ {±e1,±e2,±e3} ;

• λ1 > λ2 > λ3 , µ1σ23 > 0 , p1,23, q1,23 > 0 , e2(ε) = e3(ε) = 0 , e1(ε) =
√
p1,23q1,23

µ1(µ2
3−µ2

2)
, ξ = ±

√
p1,23e2+

√
q1,23e3

µ2
3−µ2

2
;

• λ1 > λ2 > λ3 , µ1σ23 > 0 , p1,23, q1,23 > 0 , e2(ε) = e3(ε) = 0 , e1(ε) = −
√
p1,23q1,23

µ1(µ2
3−µ2

2)
, ξ =

±
√
p1,23e2−

√
q1,23e3

µ2
3−µ2

2
;

• λ1 > λ2 > λ3 , σ31 > 0 , p2,31, q2,31 > 0 , e1(ε) = e3(ε) = 0 , e2(ε) =
√
p2,31q2,31

µ2(µ2
3−µ2

1)
, ξ = ±

√
q2,31e1+

√
p2,31e3

µ2
3−µ2

1
;

• λ1 > λ2 > λ3 , σ31 > 0 , p2,31, q2,31 > 0 , e1(ε) = e3(ε) = 0 , e2(ε) = −
√
p2,31q2,31

µ2(µ2
3−µ2

1)
, ξ = ±

√
q2,31e1−

√
p2,31e3

µ2
3−µ2

1
;

• λ1 > λ2 > λ3 , σ12 > 0 , p3,12, q3,12 > 0 , e1(ε) = e2(ε) = 0 , e3(ε) =
√
p3,12q3,12

µ3(µ2
2−µ2

1)
, ξ = ±

√
p3,12e1+

√
q3,12e2

µ2
2−µ2

1
;

• λ1 > λ2 > λ3 , σ12 > 0 , p3,12, q3,12 > 0 , e1(ε) = e2(ε) = 0 , e3(ε) = −
√
p3,12q3,12

µ3(µ2
2−µ2

1)
, ξ = ±

√
p3,12e1−

√
q3,12e2

µ2
2−µ2

1
;
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where pi,jk = (µ2
i−µ2

j )(µ
2
k−µ2

j )−2µiµjµk(µk−µj) , qi,jk = (µ2
k−µ2

i )(µ
2
k−µ2

j )+2µiµjµk(µk−µj) , i, j, k = 1, 2, 3 .

Proof According to Table 1, we have λ1 > 0 , λ2 > 0 , λ3 > 0 , then µ2 > 0 , µ3 > 0 , µ1 ≤ µ2 ≤ µ3 . Note
that, using (5.2), we have ||Aξ|| ̸= 0 . Consider the systems (5.3) and (5.4).

Let λ1 = λ2 = λ3 , that is, µ1 = µ2 = µ3 ̸= 0 . Then e1(ε) = e2(ε) = e3(ε) = 0 and ξ ∈ S .
Let λ1 > λ2 = λ3 , that is µ1 < µ2 = µ3 . Denote µ = µ2 = µ3 . Using the system (5.4), we have

e1(ε) = 0, e2(ε) =
2ξ3ξ1(µ− µ1)µ

2

||Aξ||2
, e3(ε) =

2ξ1ξ2(µ1 − µ)µ2

||Aξ||2
.

Hence, e2(ε) = const and e3(ε) = const . Using the system (5.3), we have

||Aξ||2(ξ1)2ξ3 =
2µ3

µ1 + µ
(ξ1)2ξ3,

||Aξ||2(ξ1)2ξ2 =
2µ3

µ1 + µ
(ξ1)2ξ2.

If ξ ∈ {±e1} ∪ (S ∩ {e2, e3}R) , then e1(ε) = e2(ε) = e3(ε) = 0 . Let ξ1 ̸= 0 and (ξ2)2 + (ξ3)2 ̸= 0 , then

||Aξ||2 =
2µ3

µ1 + µ
.

On the other hand, using (5.2), we have ||Aξ||2 = µ2
1 + µ2 + (µ2 − µ2

1)(ξ
1)2 . Therefore, if µ1 > 0 and

µ4 − 2µ1µ
3 + µ4

1 > 0 , then

ξ1 = ±
√
µ4 − 2µ1µ3 + µ4

1

µ2 − µ2
1

,

ξ2 = ∓e3(ε)µ
√

µ4 − 2µ1µ3 + µ4
1

µ4 − 2µ1µ3 + µ4
1

ξ3 = ±e2(ε)µ
√
µ4 − 2µ1µ3 + µ4

1

µ4 − 2µ1µ3 + µ4
1

,

where

e2(ε)
2 + e3(ε)

2 =
2µ1(µ− µ1)(µ

4 − 2µ1µ
3 + µ4

1)

(µ2 − µ2
1)

2
.

Let λ1 = λ2 > λ3 , that is, µ1 = µ2 < µ3 . Denote µ = µ1 = µ2 > 0 . In similar way, we get that if
ξ ∈ {±e3} ∪ (S ∩ {e1, e2}R) , then e1(ε) = e2(ε) = e3(ε) = 0 . Also, if ξ3 ̸= 0 and (ξ1)2 + (ξ2)2 ̸= 0 , then

||Aξ||2 = 2µ3

µ3+µ . However, on the other hand, using (5.2), we have ||Aξ||2 = (µ2
3 − µ2)((ξ1)2 + (ξ2)2) + 2µ2 .

Therefore,

(ξ1)2 + (ξ2)2 = −2µ2µ3(µ3 − µ)

(µ2
3 − µ2)2

< 0,

but it is impossible.
Let λ1 > λ2 > λ3 , that is, µ1 < µ2 < µ3 . Using the system (5.4), we have

e1(ε) =
2ξ2ξ3(µ2 − µ3)σ23

||Aξ||2
,
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e2(ε) =
2ξ3ξ1(µ3 − µ1)σ31

||Aξ||2
, e3(ε) =

2ξ1ξ2(µ1 − µ2)σ12

||Aξ||2
.

Hence, e1(ε) = const , e2(ε) = const and e3(ε) = const . If ξ ∈ {±e1,±e2,±e3} , then e1(ε) = e2(ε) = e3(ε) =

0 . Let ξ1 = 0 and ξ2, ξ3 ̸= 0 , then e2(ε) = e3(ε) = 0 and, using the system (5.3), we have

||Aξ||2 =
2µ1σ23

µ2 + µ3
.

Hence, if µ1σ23 > 0 , then

e1(ε) =
µ2
2 − µ2

3

µ1
ξ2ξ3.

On the other hand, using (5.2), we have ||Aξ||2 = (µ2
1+µ2

3)(ξ
2)2+(µ2

1+µ2
2)(ξ

3)2 . Denote p1,23 = (µ2
1−µ2

2)(µ
2
3−

µ2
2)− 2µ1µ2µ3(µ3 − µ2) and q1,23 = (µ2

3 − µ2
1)(µ

2
3 − µ2

2) + 2µ1µ2µ3(µ3 − µ2) . Therefore, if p1,23, q1,23 > 0 , then

e1(ε) = ±
√
p1,23q1,23

µ1(µ2
3 − µ2

2)
,

ξ ∈
{√

p1,23e2 ±
√
q1,23e3

µ2
3 − µ2

2

,−
√
p1,23e2 ±

√
q1,23e3

µ2
3 − µ2

2

}
.

Note that we can obtain similar results for ξ2 = 0 , ξ1, ξ3 ̸= 0 and ξ3 = 0 , ξ1, ξ2 ̸= 0 . Now let ξ1, ξ2, ξ3 ̸= 0 .
Using the system (5.3), we have


((µ2

1 − µ2
2)(ξ

2)2 + (µ2
1 − µ2

3)(ξ
3)2)||Aξ||2 = 2(ξ2)2µ3(µ1 − µ2)σ12 − 2(ξ3)2µ2(µ3 − µ1)σ31

((µ2
2 − µ2

3)(ξ
3)2 + (µ2

2 − µ2
1)(ξ

1)2)||Aξ||2 = 2(ξ3)2µ1(µ2 − µ3)σ23 − 2(ξ1)2µ3(µ1 − µ2)σ12

((µ2
3 − µ2

1)(ξ
1)2 + (µ2

3 − µ2
2)(ξ

2)2)||Aξ||2 = 2(ξ1)2µ2(µ3 − µ1)σ31 − 2(ξ2)2µ1(µ2 − µ3)σ23

.

Note that
µ1(µ2 − µ3)σ23 + µ2(µ3 − µ1)σ31 + µ3(µ1 − µ2)σ12 = 0, (5.5)

because of σ31 − σ12 = 2µ1(µ2 − µ3) , σ12 − σ23 = 2µ2(µ3 − µ1) , σ23 − σ31 = 2µ3(µ1 − µ2) . Multiply the third
row by −1 and add to the second row of the system. Hence, using (5.5), we get ||Aξ||2 = 2µ1σ23

µ2+µ3
. However,

in the similar way we can get ||Aξ||2 = 2µ2σ31

µ3+µ1
and ||Aξ||2 = 2µ3σ12

µ1+µ2
. Then µ1σ23

µ2+µ3
= µ2σ31

µ3+µ1
= µ3σ12

µ1+µ2
, that is

µ2
1 −

µ1µ2µ3

µ2+µ3
= µ2

2 −
µ1µ2µ3

µ3+µ1
= µ2

3 −
µ1µ2µ3

µ1+µ2
. Therefore,

µ1µ2µ3 = (µ2 + µ3)(µ3 + µ1)(µ1 + µ2),

that is,

||Aξ||2 = −2(µ2µ3 + µ3µ1 + µ1µ2), where µ2µ3 + µ3µ1 + µ1µ2 < 0.

Note that if µ1 ≤ 0 , then µ1µ2µ3 ≤ 0 , but (µ2+µ3)(µ3+µ1)(µ1+µ2) > 0 . If µ1 > 0 , then µ2µ3+µ3µ1+µ1µ2 >

0 . Thus, if ξ1, ξ2, ξ3 ̸= 0 , then there are no solutions of the systems. 2

136



LOTARETS/Turk J Math

Theorem 5.4 Let the groups SL(2,R) and O(1, 2) equip with vertical rescaled metric G0,ε on the unit tangent
bundle T1G , where G = SL(2,R) or O(1, 2) with left-invariant metric g . Then the groups SL(2,R) and O(1, 2)

admit left-invariant harmonic unit vector fields ξ which determine harmonic maps ξ : (G, g) → (T1G,G0,ε)

with respect to the orthonormal frame of the Lie algebra of a Lie group G satisfying (5.1) if and only if one of
the following cases is held.

• λ1 = λ2 , e1(ε) = e2(ε) = e3(ε) = 0 , ξ ∈ {±e3} ∪ (S ∩ {e1, e2}R) ;

• λ1 > λ2 , e1(ε) = e2(ε) = e3(ε) = 0 , ξ ∈ {±e1,±e2,±e3} ;

• λ1 > λ2 , σ23 < 0 , p1,23, q1,23 > 0 , e2(ε) = e3(ε) = 0 , e1(ε) =
√
p1,23q1,23

µ1(µ2
3−µ2

2)
, ξ = ±

√
p1,23e2+

√
q1,23e3

µ2
3−µ2

2
;

• λ1 > λ2 , σ23 < 0 , p1,23, q1,23 > 0 , e2(ε) = e3(ε) = 0 , e1(ε) = −
√
p1,23q1,23

µ1(µ2
3−µ2

2)
, ξ = ±

√
p1,23e2−

√
q1,23e3

µ2
3−µ2

2
;

• λ1 > λ2 , µ2σ31 > 0 , p2,31, q2,31 > 0 , e1(ε) = e3(ε) = 0 , e2(ε) =
√
p2,31q2,31

µ2(µ2
3−µ2

1)
, ξ = ±

√
q2,31e1+

√
p2,31e3

µ2
3−µ2

1
;

• λ1 > λ2 , µ2σ31 > 0 , p2,31, q2,31 > 0 , e1(ε) = e3(ε) = 0 , e2(ε) = −
√
p2,31q2,31

µ2(µ2
3−µ2

1)
, ξ = ±

√
q2,31e1−

√
p2,31e3

µ2
3−µ2

1
;

• λ1 > λ2 , σ12 < 0 , p3,12, q3,12 > 0 , e1(ε) = e2(ε) = 0 , e3(ε) =
√
p3,12q3,12

µ3(µ2
2−µ2

1)
, ξ = ±

√
p3,12e1+

√
q3,12e2

µ2
2−µ2

1
;

• λ1 > λ2 , σ12 < 0 , p3,12, q3,12 > 0 , e1(ε) = e2(ε) = 0 , e3(ε) = −
√
p3,12q3,12

µ3(µ2
2−µ2

1)
, ξ = ±

√
p3,12e1−

√
q3,12e2

µ2
2−µ2

1
;

• λ1 > λ2 , µ2 > 0 , e1(ε) = const , e2(ε) = const , e3(ε) = const ,{
µ2
1(γ2γ3)

2 + µ2
2(γ3γ1)

2 + µ2
3(γ1γ2)

2 = (µ1 + µ2 + µ3)
2γ1γ2γ3

(γ2γ3)
2 + (γ3γ1)

2 + (γ1γ2)
2 = γ1γ2γ3

,

ξ = ξ1e1 + ξ2e2 + ξ3e3 , where (ξ1)2 = γ2γ3

γ1
, (ξ2)2 = γ3γ1

γ2
, (ξ3)2 = γ1γ2

γ3
, γ1 = µ1e1(ε)

µ2
2−µ2

3
, γ2 = µ2e2(ε)

µ2
3−µ2

1
,

γ3 = µ3e3(ε)
µ2
1−µ2

2
;

where pi,jk = (µ2
i − µ2

j )(µ
2
k − µ2

j )− 2µiµjµk(µk − µj) , qi,jk = (µ2
k − µ2

i )(µ
2
k − µ2

j ) + 2µiµjµk(µk − µj) .

Proof According to Table 1, we have λ1 > 0 , λ2 > 0 , λ3 < 0 , then µ1 < 0 , µ3 > 0 , µ1 ≤ µ2 < µ3 . Note
that, using (5.2), we have ||Aξ|| ̸= 0 . Consider the systems (5.3) and (5.4).

Let λ1 = λ2 , that is, µ1 = µ2 < µ3 . In similar way, as in the Theorem 5.3, we get ξ ∈ {±e3} ∪ (S ∩
{e1, e2}R) and e1(ε) = e2(ε) = e3(ε) = 0 .

Let λ1 > λ2 , that is, µ1 < µ2 < µ3 . Therefore, we can obtain similar results for ξi = 0 , ξj , ξk ̸= 0 ,
i, j, k = 1, 2, 3 , as in the Theorem 5.3. Let ξ1, ξ2, ξ3 ̸= 0 . In similar way, as in the Theorem 5.3, we get

||Aξ||2 =
2µ1σ23

µ2 + µ3
=

2µ2σ31

µ3 + µ1
=

2µ3σ12

µ1 + µ2
,

that is ||Aξ||2 = −2(µ2µ3 + µ3µ1 + µ1µ2) , where µ2µ3 + µ3µ1 + µ1µ2 < 0 , and µ1µ2µ3 = (µ2 + µ3)(µ3 +

µ1)(µ1 + µ2) . If µ2 ≤ 0 , then µ1µ2µ3 ≥ 0 , but (µ2 + µ3)(µ3 + µ1)(µ1 + µ2) < 0 , hence there are no solutions

137



LOTARETS/Turk J Math

of the systems. Let µ2 > 0 . Using (5.2) and (ξ1)2 + (ξ2)2 + (ξ3)2 = 1 , we can get

||Aξ||2 = µ2
1 + µ2

2 + µ2
3 − µ2

1(ξ
1)2 − µ2

2(ξ
2)2 − µ2

3(ξ
3)2.

Therefore, because of (µ1+µ2+µ3)
2 = µ2

1+µ2
2+µ2

3+2(µ2µ3+µ3µ1+µ1µ2) , we have µ2
1(ξ

1)2+µ2
2(ξ

2)2+µ2
3(ξ

3)2 =

(µ1 + µ2 + µ3)
2 . Because of µ2

2 < (µ1 + µ2 + µ3)
2 < µ2

3 , there are vector fields ξ such as{
µ2
1(ξ

1)2 + µ2
2(ξ

2)2 + µ2
3(ξ

3)2 = (µ1 + µ2 + µ3)
2

(ξ1)2 + (ξ2)2 + (ξ3)2 = 1
. (5.6)

Using the system (5.4), we have e1(ε) = const , e2(ε) = const , e3(ε) = const and

e1(ε) =
µ2
2 − µ2

3

µ1
ξ2ξ3, e2(ε) =

µ2
3 − µ2

1

µ2
ξ3ξ1, e3(ε) =

µ2
1 − µ2

2

µ3
ξ1ξ2.

Denote

γ1 =
µ1e1(ε)

µ2
2 − µ2

3

, γ2 =
µ2e2(ε)

µ2
3 − µ2

1

, γ3 =
µ3e3(ε)

µ2
1 − µ2

2

.

Then ξ2ξ3 = γ1 , ξ3ξ1 = γ2 , ξ1ξ2 = γ3 , that is, (ξ1)2 = γ2γ3

γ1
, (ξ2)2 = γ3γ1

γ2
, (ξ3)2 = γ1γ2

γ3
. Therefore, using

(5.6), we get {
µ2
1(γ2γ3)

2 + µ2
2(γ3γ1)

2 + µ2
3(γ1γ2)

2 = (µ1 + µ2 + µ3)
2γ1γ2γ3

(γ2γ3)
2 + (γ3γ1)

2 + (γ1γ2)
2 = γ1γ2γ3

.

This completes the proof of the theorem. 2

Theorem 5.5 Let the group E(2) equip with vertical rescaled metric G0,ε on the unit tangent bundle T1G ,
where G = E(2) with left-invariant metric g . Then the group E(2) admits left-invariant harmonic unit vector
fields ξ which determine harmonic maps ξ : (G, g) → (T1G,G0,ε) with respect to orthonormal frame of the
Lie algebra of a Lie group G satisfying (5.1) if and only if one of the following cases is held.

• λ1 = λ2 , ε is any smooth function, ξ = ±e3 ;

• λ1 = λ2 , e1(ε) = e2(ε) = e3(ε) = 0 , ξ ∈ {±e3} ∪ (S ∩ {e1, e2}R) ;

• λ1 > λ2 , e1(ε) = e2(ε) = e3(ε) = 0 , ξ ∈ {±e1,±e2,±e3} ;

• λ1 > λ2 , q1,23 > 0 , e2(ε) = e3(ε) = 0 , e1(ε) =
√
p1,23q1,23

µ1(µ2
3−µ2

2)
, ξ = ±

√
p1,23e2+

√
q1,23e3

µ2
3−µ2

2
;

• λ1 > λ2 , q1,23 > 0 , e2(ε) = e3(ε) = 0 , e1(ε) = −
√
p1,23q1,23

µ1(µ2
3−µ2

2)
, ξ = ±

√
p1,23e2−

√
q1,23e3

µ2
3−µ2

2
;

• λ1 > λ2 , p2,31 > 0 , e1(ε) = e3(ε) = 0 , e2(ε) =
√
p2,31q2,31

µ2(µ2
3−µ2

1)
, ξ = ±

√
q2,31e1+

√
p2,31e3

µ2
3−µ2

1
;

• λ1 > λ2 , p2,31 > 0 , e1(ε) = e3(ε) = 0 , e2(ε) = −
√
p2,31q2,31

µ2(µ2
3−µ2

1)
, ξ = ±

√
q2,31e1−

√
p2,31e3

µ2
3−µ2

1
;

where pi,jk = (µ2
i−µ2

j )(µ
2
k−µ2

j )−2µiµjµk(µk−µj) , qi,jk = (µ2
k−µ2

i )(µ
2
k−µ2

j )+2µiµjµk(µk−µj) , i, j, k = 1, 2, 3 .
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Proof According to Table 1, we have λ1, λ2 > 0 , λ3 = 0 , then µ1 = −µ2 , µ3 > 0 µ3 ̸= µ1 , µ3 ̸= µ2 .
Consider the systems (5.3) and (5.4).

Let λ1 = λ2 , that is, µ1 = µ2 = 0 . Then ||Aξ||2 = µ2
3((ξ

1)2 + (ξ2)2) and


ξ2e3(ε) = −µ3(ξ

3)2ξ1

ξ1e3(ε) = µ3(ξ
3)2ξ2

((ξ1)2 + (ξ2)2)ξ3 = 0

,


||Aξ||2e1(ε) = 0

||Aξ||2e2(ε) = 0

||Aξ||2e3(ε) = 0

.

If ξ ∈ {±e3} , then ||Aξ||2 = 0 and ε is any smooth function. If ξ ∈ S ∩ {e1, e2}R , then ||Aξ||2 = µ2
3 ̸= 0 and

e1(ε) = e2(ε) = e3(ε) = 0 .
Let λ1 > λ2 , that is, µ1 < µ2 , µ2 = −µ1 > 0 . Note that ||Aξ||2 ̸= 0 . Denote µ = µ2 , then µ1 = −µ .

If ξ ∈ {±e1,±e2,±e3} , then e1(ε) = e2(ε) = e3(ε) = 0 . It is easy to verify that if ξ3 = 0 and ξ1, ξ2 ̸= 0 , then
there are no solutions. Note that we can obtain similar results for ξ1 = 0 , ξ2, ξ3 ̸= 0 and ξ2 = 0 , ξ1, ξ3 ̸= 0 as
in the Theorem 5.3. Let ξ1, ξ2, ξ3 ̸= 0 , then in similar way as in the Theorem 5.3, we can get

{
(µ2 − µ2

3)(ξ
3)2||Aξ||2 = 2(ξ2)2µ3(µ1 − µ2)σ12 − 2(ξ3)2µ2(µ3 − µ1)σ31

(µ2 − µ2
3)(ξ

3)2||Aξ||2 = 2(ξ3)2µ1(µ2 − µ3)σ23 − 2(ξ1)2µ3(µ1 − µ2)σ12

.

Multiply the second row by −1 and add to the first row of the system. Hence, using (5.5), we get µ3(µ1 −
µ2)σ12 = 0 . However, µ3(µ1 − µ2)σ12 = −2µ3µ3 ̸= 0 . Thus, if ξ1, ξ2, ξ3 ̸= 0 , then there are no solutions. 2

Theorem 5.6 Let the group E(1, 1) equip with vertical rescaled metric G0,ε on the unit tangent bundle T1G ,
where G = E(1, 1) with left-invariant metric g . Then the group E(1, 1) admits left-invariant harmonic unit
vector fields ξ which determine harmonic maps ξ : (G, g) → (T1G,G0,ε) with respect to orthonormal frame of
the Lie algebra of a Lie group G satisfying (5.1) if and only if one of the following cases is held.

• e1(ε) = e2(ε) = e3(ε) = 0 , ξ ∈ {±e1,±e2,±e3} ;

• µ2 = 0 , e1(ε) = e3(ε) = 0 , e2(ε) = const , 0 < e2(ε)
2 ≤ 4µ2 , ξ = ξ1e1 + ξ3e3 , where (ξ1)2 =

2µ±
√

4µ2−e2(ε)2

4µ , (ξ3)2 =
2µ∓

√
4µ2−e2(ε)2

4µ ;

• 1
2µ1 < µ2 < 0 , p1,23 > 0 , e2(ε) = e3(ε) = 0 , e1(ε) =

√
p1,23q1,23

µ1(µ2
3−µ2

2)
, ξ = ±

√
p1,23e2+

√
q1,23e3

µ2
3−µ2

2
;

• 1
2µ1 < µ2 < 0 , p1,23 > 0 , e2(ε) = e3(ε) = 0 , e1(ε) = −

√
p1,23q1,23

µ1(µ2
3−µ2

2)
, ξ = ±

√
p1,23e2−

√
q1,23e3

µ2
3−µ2

2
;

• 0 < µ2 < 1
2µ3 , q3,12 > 0 , e1(ε) = e2(ε) = 0 , e3(ε) =

√
p3,12q3,12

µ3(µ2
2−µ2

1)
, ξ = ±

√
p3,12e1+

√
q3,12e2

µ2
2−µ2

1
;

• 0 < µ2 < 1
2µ3 , q3,12 > 0 , e1(ε) = e2(ε) = 0 , e3(ε) = −

√
p3,12q3,12

µ3(µ2
2−µ2

1)
, ξ = ±

√
p3,12e1−

√
q3,12e2

µ2
2−µ2

1
;

where pi,jk = (µ2
i−µ2

j )(µ
2
k−µ2

j )−2µiµjµk(µk−µj) , qi,jk = (µ2
k−µ2

i )(µ
2
k−µ2

j )+2µiµjµk(µk−µj) , i, j, k = 1, 2, 3 .
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Proof According to Table 1, we have λ1 > 0 , λ2 = 0 , λ3 < 0 then µ3 = −µ1 > 0 , µ2 ̸= µ1 , µ2 ̸= µ3 and
||Aξ|| ̸= 0 . Consider the systems (5.3) and (5.4). Denote µ = µ3 , then µ1 = −µ . If ξ ∈ {±e1,±e2,±e3} , then
e1(ε) = e2(ε) = e3(ε) = 0 . Let ξ2 = 0 , ξ1, ξ3 ̸= 0 , then

e1(ε) = e3(ε) = 0, µ2e2(ε) = 0, e2(ε) =
4µ3

||Aξ||2
ξ3ξ1.

If e2(ε) = 0 , then there are no solutions. If µ2 = 0 , then ||Aξ||2 = µ2 and e2(ε) = 4µξ3ξ1 , that is e2(ε) = const .
Therefore, if 0 < e2(ε)

2 ≤ 4µ2 , then

(ξ1)2 =
2µ±

√
4µ2 − e2(ε)2

4µ
, (ξ3)2 =

2µ∓
√
4µ2 − e2(ε)2

4µ
.

Note that we can obtain similar results for ξ1 = 0 , ξ2, ξ3 ̸= 0 and ξ3 = 0 , ξ1, ξ2 ̸= 0 as in the Theorem 5.3.
Let ξ1, ξ2, ξ3 ̸= 0 , then in similar way as in the Theorem 5.5, there are no solutions, if µ2 ̸= 0 . Also, if µ2 = 0 ,
then we get (ξ2)2 = 1 , ξ1 = ξ3 = 0 , but it is impossible. Thus, if ξ1, ξ2, ξ3 ̸= 0 , then there are no solutions. 2

Theorem 5.7 Let the Heisenberg group equip with vertical rescaled metric G0,ε on the unit tangent bundle
T1G , where G is Heisenberg group with left-invariant metric g . Then the Heisenberg group admits left-
invariant harmonic unit vector fields ξ which determine harmonic maps ξ : (G, g) → (T1G,G0,ε) with respect
to orthonormal frame of the Lie algebra of a Lie group G satisfying (5.1) if and only if e1(ε) = e2(ε) = e3(ε) = 0 ,
ξ ∈ {±e1} ∪ (S ∩ {e2, e3}R) .

Proof According to Table 1, we have λ1 > 0 , λ2 = λ3 = 0 , then −µ1 = µ2 = µ3 > 0 and ||Aξ|| ̸= 0 .
Therefore, using the systems (5.3) and (5.4), we get e1(ε) = e2(ε) = e3(ε) = 0 , ξ ∈ {±e1} ∪ (S ∩ {e2, e3}R) . 2

Theorem 5.8 Let the group R⊕R⊕R equip with vertical rescaled metric G0,ε on the unit tangent bundle T1G ,
where G = R⊕R⊕R with left-invariant metric g . Then the group R⊕R⊕R admits left-invariant harmonic
unit vector fields ξ which determine harmonic maps ξ : (G, g) → (T1G,G0,ε) with respect to orthonormal
frame of the Lie algebra of a Lie group G satisfying (5.1) if and only if ε(x) is any smooth function and ξ ∈ S .

Proof According to Table 1, we have λ1 = λ2 = λ3 = 0 , then µ1 = µ2 = µ3 = 0 and ||Aξ|| = 0 . Using the
systems (5.3) and (5.4), we have ε(x) is any smooth function and ξ ∈ S . 2

Using Corollary 3.5, we obtain the following result.

Corollary 5.9 Let the groups E(2) and R⊕R⊕R equip with vertical rescaled metric G0,ε on the unit tangent
bundle T1G , where G = E(2) or R⊕R⊕R with left-invariant metric g . Then the groups R⊕R⊕R and E(2)

admit left-invariant harmonic unit vector fields ξ which determine harmonic maps ξ : (G, g) → (T1G,G0,ε)

regardless of the deformation function ε(x) .

Example 5.10 Consider the Euclidean motion group E(2) given explicitly by

E(2) =


cosx3 − sinx3 x1

sinx3 cosx3 x2

0 0 1

∣∣∣∣∣x1, x2 ∈ R, x3 ∈ S1
 .
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Consider λ1 = 5
2 , λ2 = 3

2 , λ3 = 0 and

e1 =

√
10

5
(cosx3 ∂

∂x1
+ sinx3 ∂

∂x2
), e2 =

√
6

3
(− sinx3 ∂

∂x1
+ cosx3 ∂

∂x2
), e3 =

√
15

2

∂

∂x3
.

Therefore, e1 , e2 , e3 satisfy (5.1) and µ1 = − 1
2 , µ2 = 1

2 , µ3 = 2 , p2,31 = 185
16 > 0 , q2,31 = 5

2 . Find ε such as

e1(ε) = e3(ε) = 0 , e2(ε) =
√
74
6 , that is


cosx3 ∂ε

∂x1 + sinx3 ∂ε
∂x2 = 0

√
6
3 (− sinx3 ∂ε

∂x1 + cosx3 ∂ε
∂x2 ) =

√
74
6

∂ε
∂x3 = 0

.

The solution of the system is ε(x1, x2) =
√
111
6 (−x1 sinx3 + x2 cosx3) + C . Then, using Theorem 5.5, left-

invariant unit vector fields ξ = ± 1
15 (2

√
10e1 +

√
185e3) are harmonic and determine harmonic maps ξ : (G, g)

→ (T1G,G0,ε) .

Similarly, we can construct examples for all other cases with Theorem 5.3–5.8.

Table 1. Three-dimensional unimodular Lie groups

Signs of λ1, λ2, λ3 Associated Lie group G

+,+,+ SU(2) or SO(3)

+,+,− SL(2,R) or O(1, 2)

+,+, 0 E(2)

+, 0,− E(1, 1)

+, 0, 0 Heisenberg group
0, 0, 0 R⊕ R⊕ R

Table 2. The sets of left-invariant harmonic unit vector fields and harmonic maps (G, g) → (T1G,G0,0) . [12]

Lie group G conditions for λi vector fields maps (G, g) → (T1G,G0,0)

SU(2) or SO(3) λ1 = λ2 = λ3 S S
λ1 > λ2 = λ3 {±e1} ∪ (S ∩ {e2, e3}R) {±e1} ∪ (S ∩ {e2, e3}R)
λ1 = λ2 > λ3 {±e3} ∪ (S ∩ {e1, e2}R) {±e3} ∪ (S ∩ {e1, e2}R)
λ1 > λ2 > λ3 {±e1,±e2,±e3} {±e1,±e2,±e3}

SL(2,R) or O(1, 2) λ1 = λ2 {±e3} ∪ (S ∩ {e1, e2}R) {±e3} ∪ (S ∩ {e1, e2}R)
λ1 > λ2 {±e1,±e2,±e3} {±e1,±e2,±e3}

E(2) λ1 = λ2 {±e3} ∪ (S ∩ {e1, e2}R) {±e3} ∪ (S ∩ {e1, e2}R)
λ1 > λ2 {±e3} ∪ (S ∩ {e1, e2}R) {±e1,±e2,±e3}

E(1, 1) {±e2} ∪ (S ∩ {e1, e3}R) {±e1,±e2,±e3}
Heisenberg group S {±e1} ∪ (S ∩ {e2, e3}R)
R⊕ R⊕ R S S
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