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Abstract: Let X,, denote the chain {1,2,...,n} under its natural order. We denote the semigroups consisting of all
order-preserving transformations and all orientation-preserving transformations on X, by O, and OP,, respectively.
We denote by E(U) the set of all idempotents of a subset U of a semigroup S. In this paper, we first determine the

cardinalities of

E.(0n) = {a€ E(0,): |im(a)| = |fix(a)| =7},
E;(0n) = {a€E.(0,):1,ne€fix(a)},
E.(OP,) = {aecEOP,): |ix(a)| =1},
E (OP,) = {a€E.(OP,):nce€fix(a)}

(1 < r < n) and then, by using these results, we determine the numbers of idempotents in O,, and OP,, by a new
method. Let OP, denote the semigroup of all orientation-preserving and order-decreasing transformations on X, .
Moreover, we determine the cardinalities of OP,, OP_, = {a € OP,, : fix(a) = Y} for any nonempty subset Y of
Xn and OP,, . ={a € OP, : |fix(a)| =71} for 1 <7 <n. Also, we determine the number of idempotents in OP;, and

the number of nilpotents in OP,, .

Key words: Order-preserving transformation, order-decreasing transformation, orientation-preserving transformation

1. Introduction

For n € Z*, let T, be the (full) transformation semigroup on the chain X,, = {1,2,...,n} under its natural
order. A transformation a € 7T, is called order-preserving if x < y implies za < ya for all z,y € X,,, and
order-decreasing (order-increasing) if xa < x (za > z) for all € X,,. The subsemigroup of 7, consisting
of all order-preserving transformations is denoted by O, , and the subsemigroup of 7, consisting of all order-
decreasing (order-increasing) transformations is denoted by D,, (D). Also, the subsemigroup of 7, consisting
of all order-preserving and order-decreasing (order-increasing) transformations is denoted by C,, (C;}") and called
the Catalan monoid. A finite sequence A = (a1,a2,...,a;) (t € Z*, ay,...,a; € X,,) is called cyclic if there
exists no more than one subscript ¢ such that a; > a;y1, and anticyclic if there exists no more than one
subscript ¢ such that a; < a;+1 where a;11 = a1. A transformation « in 7, is called orientation-preserving

if the sequence (la,2q,...,na) is cyclic. The subsemigroup of 7, consisting of all orientation-preserving
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transformations is denoted by OP,,. Moreover, the subsemigroup of OP,, consisting of all order-decreasing
(order-increasing) transformations is denoted by OP, (OP;}). The fir and image sets of a transformation
«a € T, are defined and denoted by

fix(a) ={zr € X;, ;za =2} and im(a) = {za: 2 € X, },

respectively. The set of all idempotents in any subset U of a semigroup S is denoted by FE(U), that is
E(U)={ee€U:e*=c¢}. It is clear that a transformation « € 7,, is idempotent if and only if fix(a) = im(«).
The set of all nilpotents in a semigroup S with zero is denoted by N(S), that is N(S) = {s € §: s™ =
0, for some m € Z*} where 0 denotes the zero element of S. For a nonempty subset A of a semigroup S,
the smallest subsemigroup of S containing A is called the subsemigroup generated by A, and denoted by (A).
If there exists a finite subset A of S such that S = (A), then S is called a finitely generated semigroup,
and the rank of a finitely generated semigroup S is defined by rank(S) = min{|A|: (A) = S}. Moreover, if
S =(A) and |A| = rank(S), then A is called a minimal generating set of S. Similarly, the idempotent rank of
a semigroup S is defined by idrank(S) = min{ |A4|: A C E(S) and (A) = S}. A minimal generating set (which
is unique) and the rank of N(C,,), which is the nilpotent subsemigroup of C,,, were determined in [6] and [14].

It is also clear that

are the zero elements of OP; and OP;, respectively.

Some cardinalities of various kinds of transformation semigroups have been studied over a long period.

Howie computed in [3] that the cardinality of O, is (2::11), and Laradji and Umar computed in [9] that the

1 (2n

cardinality of Cp, is C,, where C, = =7 (7]

) is the nth Catalan number. For 1 < r < n, the numbers of

elements in O,, and C,, with r fixed points are %(ifr) and 5~ (2"H_T), respectively (see, [5, 9]). In [1], the

cardinalities of the sets O,y = {a € O, : fix(a) =Y} and Cpy = {a € C,, : fix(a) = Y} were computed for

any nonempty subset Y of X,,. In [2], the set of all orientation-preserving transformations OP,, was considered
and it is proven in [2, Theorem 2.2] that OP,, is a submonoid of 7,, containing O,,. Moreover, the authors of
[2] proved that

OPn:{aka:nggnfl and o€ 0,}

1 2 -+ n—1 n
2 3 - n 1

Theorem 2.6 and Corollary 2.7], respectively. The semigroup of all orientation-preserving and order-increasing

n—1

where a = ( ), the n-cycle (12 ---n), and that |OP,| = n(%*l) —n(n—1) in [2,

transformations OP; was considered in [10] and the authors found a minimal (idempotent) generating set of
OP;" in [10, Theorem 3.6] and [11]. We have not seen any information about the cardinality of OP; . For

any o € OP,,,
i=1,2,...,n. As defined and shown in [12, Lemma 1.1], the function 6 : OP, — OP; , defined by af = &

consider the transformation & : X,, — X,,, defined by i&¢ = n — (n —i+ 1)a+ 1 for each
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forall a € OP

., is an isomorphism. Hence, we consider only the subsemigroup OP, , for n > 2. Let

E(On) = {a€E(0,):|m(a)| = [fix(a)| = 1},

E0,) = {a€E.(0,):1,nc¢cfix(a)},
E.(OP,) = {acE(OP,):|fix(a)|=r} and
E;(OP,) = {a€E.(OP,):ncfix(a)}.

Let f, denote the nth Fibonacci number. For 1 < r < n, the cardinality of F,(O,,) is found in [9, Corollary

4.4]. Despite this fact, we first determine that |E?(O,)| = ("/75%) (for 2 <r <n—1), and then we determine

that |E,(Oy)] = (";;T:ll) , and conclude that |E(O,)| = fan. By using a similar method, we first find that

. _(n+r-—1 _n(nt+r—1
‘E,«(O,Pn) _( or 1 > and |E7'(0Pn)|_ 7‘( mr—1 )

for 2 < r < n, then we conclude that |E(OP,)| = font1 + fan—1 —n% +n —2 as in [2, Theorem 2.10]. In the

last section, we show that

0P, |=-n+2+Y C; and [E(OP,)| = —n+2"

k=2

for all n > 1. It is shown in [9, Proposition 2.3] that |N(C,)| = |Ch—1| = Cpn—1, by using this result, we show
that

n—1

IN(OP;)| = 0P, || =—n+3+> Ck
k=2

for all n > 2. In [1, 5, 9], the numbers of transformations in O,, and C, with r fixed points were computed as

%(nzfr) and 52— (*"7"), respectively. By using a similar method as in [1, 13], the number of transformations

n—r
. _ . . . 2%+
in OP,, with r fixed points is computed as kz—:o 2k7i+r( . T) for 2<r<n-1.

2. Cardinalities related to OP,,

We list some standard combinatorial results related to our studies. For natural numbers k£ and n, we have the

following:

Result 1 /8, Lemma 1.3]. zn: (k;:z) = (”Zi‘fl)
i=0

2r

Result 2 [9, Corollary 4.5]. > (") = font1.
r=0

2r—1

Result 3 [9, Corollary 4.6]. > ("‘”_1) = fon.
r=1

Since E1(0O,) consists of all the constant transformations in O, , and FE,(O,) consists of only the
identity, first we have |E1(0,)| =n and |E,(O,)| = 1.
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Proposition 1 For n > 3, we have |E5(O,)| =n—1 and |E2(O,)| = (n?;l)

Proof For any 4,5 € X,, with i < j, we first notice that there exist j — ¢ many idempotents in E(QO,,) such
that their image sets are the same and equal to {4,j}. Therefore, |E5(O,,)| = n — 1, and moreover, it follows
from Result 1 that

[E2(On)] = U {aeB0):im()={ij}}= > (-9

1<i<j<n 1<i<j<n

n—1 n _]—Z n—1ln—i—1 1+] n—1 n—i+1
- (V)n e (7)-x(0T)

i=1 j=i+1 i=1 j=0 i=1

- E02)-(9)

7=
as required.

Now recall that > kax = > > ax, which will be used in the proof of the following proposition.
k=1 J=1k=j

Proposition 2 For 2 <7 <n—1, we have |E}(O0,)| = ("/75%) .

Proof We prove the claim by induction on r. For r = 2, the result follows from Proposition 1. Suppose
that 2 < r <n -2 and a € £, ,(0,). Then there exist 1 < iy < --- < i,_1 < n such that fix(a) =

{1,41,...,ir—1,n}. If we define the following maps

(12 e -1
= (1 20 -+ (i1 — Da i1> and )
_ 1 2 TL—’L'1 n—(il—l)
@z = ( 1 (h+Da—(iy—1) -+ (n=Da—(i1—1) n—(i1—1) ) (2)
then it is easy to see that a; and «s are two idempotents with the sets of fix points {1,741} and {1,i3 — i3 +
1,...,8—1 — i1+ 1,n — i3 + 1}, respectively. Next let i = iy and consider the function
n—r+1
FiELaOn) = | (B3(00) % B} (On-i41))
i=2

which maps each o € Ej,(O,) to the ordered pair (a1, az). Forany a,8 € £, 1(0y,), if af = Bf, then both

a1 = B1 and as = Bo, and so it follows from the definitions given in Equations 1 and 2 that o = 3. Moreover,
n—r+1

for (v1,72) € U (E3(0;) x E}(Op—it1)), if we consider the following map
i=2
(12 -1l i 24(i—1) - m—i+(i—1) n
TNt 2w o -Dm i 29t (1) o (n—iypt(i-1) n )’
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then it is easy to see that v € E;, (0,) and vf = (71,72), and so f is a bijection. Thus, from Proposition 1

and the induction hypothesis, we have

et = (T ()

=2
_ gnz_f(n—i—kr—3>_nz_fn] T(QT—?)—FZ)
= = 2r—3 il 2r—3
_ ~— [(n+r—2—3j _nfl 2r—2+43
I 2r — 2 I 2r — 2
j=1 7=0

_ (n+r=2\ [(n+(r+1)-3
N 2r—1 ) \ 2(r+1)—-3 )’
as required.

n—r+1
In the above proof, f : E ,(0,) — U (E3(0;) x Ef(On—it+1)) is defined similar to the function

defined in the proof of Lemma 7 in [1].

Theorem 1 For 1 <r <n, we have |E.(O,)| = (";;r:ll)

Proof Since we know that |E1(O,)| = n and |E,(O,)| =1, we consider the case 2 <r <n—1. If o € E.(O,,)
with fix(a) = {i; <i2 <--- <i,}, then a has the following tabular form:

< T M n)

a= . . . . ,

Zl DR Zl DEEEY ZT‘ DY 7’7"

where 1 <41 <n—r+1and iy +r—1<14.<n. Let ¢ =4y and j =4,. Then, since

n—r+1 n

= > > B0,

=1 j=i4+r—1
it follows from Proposition 2 and Result 1 that

n—r+1 n - - n—r+1 n—i—r+1 o .
B0 = Y Y (‘7 K 2) DD (QTQT?’;])

i=1 j=itr—1

n_zrfl n—i+r—1 _nz_f 2r — 241 _ n+r—1
2r — 2 _i:O 2%r—2 ) \2r—1 )’

i=1

as required.
Now we are able to give the result obtained in [3, Theorem 2.3] as an immediate result of Theorem 1 and
Result 3:

n

Corollary 1 For n > 2, we have |E(Oy)| = > (”;,T:ll) = fon .

r=1

110



DAGDEVIREN and AYIK/Turk J Math

Now, we examine the cardinalities of E*(OP,,) and E,(OP,,). Similarly, it is clear that |E}(OP,)| =1,
|E1(OP,)| =n and |E}(OP,)| = |E,(OP,)| = 1. For a nonconstant o € OP,,, it is stated and proved in [2,

Proposition 2.3] that « is order-preserving if and only if la < na.

Proposition 3 For 2 <r < n, we have |EX(OP,)| = (""" .

Proof For 2 <r <n—1, suppose that a € E(OP,,) with fix(a) = {i1 < --- < i1 <n}. Then « has the

following tabular form:

" 1 - =1 4y - dipq -+ nm—1 n
" \la - ((1—-Da i1 o+ dpeg - (n—1a n
where 1 <i; <n—r+1. Now let
. n 1 ’il—l le
“a= (n la - (i1 - a ¢1> and
11 i1 +1 n—1 n
Qo = . . .
i1 (i+Da -+ (n—1Da n

Since i1 = i1 < n = na, it follows from [2, Proposition 2.3] that s is an order-preserving idempotent
on the set {i1,41 + 1,...,n} with the standard order. Moreover, if we consider the set {n,1,2,...,4;} with
the order n < 1 < 2 < --- < 4y, then it is clear that «; is an order-preserving idempotent on the chain
{n<1<2<-- <} with fix(ay) = {n,i1}. Next, let i =i; and E(O;+1) be the set of all order-preserving
idempotents on the chain {n <1 <2 < --- < i}, and let E*(O;41) = {a € E(O;11) : fix(a) = {n,i} }. Then

consider the function
n—r—+1

9:Ef(O0Py) = | (E*(0it1) X B (Onit1))

i=1
defined by ¢ : o — (a1,a2) for every a € Ef(OP,). Similarly, g is also a bijection. Therefore, since
1<i<n-—r+1,it follows from Propositions 1 and 2 that

n—r+1 .
" (n—r—1+1+2r—3
Eropal = (T
i=1

nfl ni?(n—r—i—t—l—!—%—f&)
= Py 2r—3
n—r+1 nfrijJrl itor—3

2r —3

j=1 i=0
n—r+1 . n—r .
_ n—r—j+14+2r—2 _Z Jj+2r—2
" 2r — 2 B 2r — 2
j=1 j=0

o (n—r+2r—-1\ (n+r-1
B 2r — 1 S\ 2r—1 )
as required.
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Theorem 2 For 2 <r <n, we have

n—+r n+r—1 nin+r—1
|ET(OPn)|_< 2 >+< 2 >_T( 2 —1 )

Proof Since |E,(OP,)| =1, we consider the case 2 <r <n—1. If a € E.(OP,,) with fix(a) = {i1 < iz <

-+ <.}, then a has the following tabular form:

o T T O
1a ... Z’l .. iT .. na ’

where 1 <43 <nmn—r+1and i1 +7 —1 <. <n. If we consider the following maps:

(ir e m 1 .. i1) <i1 cee g e Z}-)

ap = . . and a9 = ) . . ,

Z’I" DY na la DRI 7/1 /Ll DR 7/2 DR /LT‘

then it is clear that as is an order-preserving idempotent on the set {i;,i; + 1,...,4,} with the standard
order. If we consider the set {i,,...,n,1,... 41} with the order i, < --- <n <1< --- <4, then o is an

order-preserving idempotent on the chain {i, < --- <n <1< --- <4} with fix(a;) = {4,,i1}. We denote iy
and ¢, by 7 and j, respectively. Since there exist (n — j + ¢) many order-preserving idempotent on the chain

{j<---<n<l<-- <i} with fix(cy) = {4, 4}, similarly, it follows from Proposition 2 that

n—r+1 n . .
L —i+14r—3
A S SR ET] (A |

i=1  j=itr—1
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By replacing j — ¢ by j, we have

~ (iH1+r—3
Er n == -
LI IR YD SNCED! R
=1 gj=r—1
n—r+1 n—i n—1i
. E: 2: j+1+r—3 B 2: j+1+r—3
- | 2 —3 I\ 2r—3
=1 j=r—1 Jj=r—1
n—r+1 n—i—r—+1 n—i—r+1
. j+2r— j+2r—3
= 2" X <2r— > Z ‘Hrl( 27 —3
i=1 Jj= J=
n—r+1 n—i—r+1 . n—i—r+1
j4+2r—3 (j+2r—3
= — 1 —
; (n—r+1) jgo ( 9 3 ) 2 ]( or _ 3

B "*Z’"“ oy pp(nTET L2
B 2r —2

i=1

_(”_’_TH)( % — 2 2 — 1

"‘ZT“ (n—im IR = 2 (i 12 -2
= 1
2r — 2 2r —1

i=1
n—r n—r—1 ,.

14 2r—2 i+ 2r—1
= — 1—
Zzzn T+ Z>(2—2)+§<2r—1>
- n+r—1 n+r—1 + n+r—1
B 2r — 1 2r 2r
_ (n+r n+r—1 nin+r—1
n 2r 2r _7‘ 2r—1 )’

n—i—r—|—1+2r—2>+<n—i—r+1+2r—2)>

as required.

It is shown in [2, Theorem 2.10] that |E(OP,)|= fant1 + fon—1 —n? +n — 2. We also state and prove

this result as a consequence of Theorem 2.

Corollary 2 For n > 1, |[E(OP,)|= Y |E.(OP,)| = fan+1 + fon-1 —n?+n—2.

r=1

Proof First recall that |Ey(OP,)| = n. Since |E.(OP,)| = ("}7) + ("} ") for every 2 <r < n, it follows
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from Result 2 that

n—1

|E(OP,)| = Z|E (OP,)|=n+ Y |E(OP,)| +1

_ ;;z(”“){iégng’;l)ﬂ
S (B0 03 2)
(B0 6)

(n+1)n n(n—1)
2

1
B +

= n+ fopqp1 —1— =1+ foqn—1y41 — 1 —

= font1+ fon—1+n— g((n—i- D+(n-1)—-2

= font1+ fon-1 —n*+n—2,

as required

3. Cardinalities related to OP,

In [2, Corollary 2.7], it is shown that |OP,| = n(%?:ll) —n? +n. In [10], it is shown that OP;, , the set
of all orientation-preserving and order-decreasing transformations on the chain X,,, is a submonoid of OP,,
containing the Catalan monoid C,. Next, we find the cardinalities of OP, and E(OP, ) in the following
theorem. Recall that |C,| = C,,, where C,, = n+1 (2") is the nth Catalan number, and that |E(C,)| = 2"~}

(see, for examples [5, Theorems 3.1 and 3.19] and [7, Corollaries 3.9 and 3.11]).

Theorem 3 For each n > 1, we have

(1) |OP,|=-—n+2+ > Ck, and
k=2

(i) |E(OP;)] = —n+2".

Proof (i) Since la =1 for all a € OP,,, it is clear that |[OP7| =1 and |OP, | = 2. Suppose that n > 3.

Then we show that for any o € OP, \ C,,, there exists 2 < k <n —1 such that (k+1)a=---=na =1, that
is « has the following tabular form:

(1 o k=1 k|k+1 - n

=1 - k-Da ka| 1 - 1)

Since « is not constant, then it is different from the zero element of C,, and since « is not order-preserving,
it follows from in [2, Proposition 2.3] that na < la = 1, and so na = 1. Thus, there exists 2 < k <n —1

such that 1 = (k4 1)a < ka # 1, as required. Moreover, it is clear that Q- X — X is a nonconstant,
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order-preserving and order-decreasing transformation on the chain X = {1 < 2 < --- < k}. Therefore, we
have
n—1 n
|OP, | = [Cal +|0P, \Cu| =Cr + > (Ch—1) =-n+2+ > Cp.
k=2 k=2

(43) Similarly, we have

n—1

|E(Ca)| + [E(OP, \Co)| =271+ ) (21 1)
k=2

[E(OP;)]

= —n+2+» 2" l=-nt2n,
k=2

as required.
Recall that the transformation 7, which is defined by zn = 1 for all € X,,, is the zero element of
OP,, . Also recall that an element o of OP;, is nilpotent if a* =7 for some k > 1. Let N(OP;,,) denotes the

set of all nilpotent elements in OP,, . Since OP,, is a subsemigroup of D,,, from [12, Lemma 1.6], we have the

following immediate lemma.

Lemma 1 For o € OP,

n

a is nilpotent if and only if fix(a) = {1}.

In other words, we have N(OP,) = {a € OP,, : fix(a) = {1}}. In [12, Lemma 1.6], it is also shown
that N(D,,) is an ideal of D,,. Consequently, we have the following:

Lemma 2 N(OP,) is an ideal of OP,, .

From [9, Proposition 2.3] and [12, Lemma 4.2], it is known that |[N(C,)| = |Ch-1] = C,—1 and
N (D,,)| = (n — 1)!, respectively. Now we have the following lemma.
Lemma 3 For each n > 2, we have
n—1
IN(OP;)| = 0P, y|=-n+3+> Cp.

k=2

Proof For a € N(OP,)) \ N(C,), we know that there exists 2 < k < n — 1 such that ka # 1 and

k+1a = --- = naw = 1. Similarly, by defining « : X — Xi as in the proof Theorem 3 (i), we
‘Xk
have
IN(OP,)l = [IN(Cn)|+ IN(OP, \Cy)
n—1 n—1
= Ch1+ Z (Ck71 - 1) =-n+3+ ch = ‘O'P;_ﬂ,
k=2 k=2

as required.
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Forany 2<r<n-—1,let Y ={my,ma,...,m,} with 1 =m; <mg <--- <m, <n and let
Cry ={aeC, fix(a) =Y}, Cpr ={a €, |fix(e)| =7},

OP,y = {a € OP,, : fix(a) =Y} and OP,,= {a € OP,, : |fix(a)| =7}

It is shown in [1, Theorem 10] that |C,, y| = [] Cs;—1 where s; = mj 1—m; (1 <j <r—1)and s, = n—m,+1.
Jj=1

It is also shown in [1, Theorem 11] that

r 2n—r
Cnrl= .
[Crr 2n—r( n )

Next, we examine the cardinalities of OP,, y and OP, .. From Lemma 1, we have OP (,, = N(OP,,), and

so from Lemma 3, |OP, ;| =[OP,_;|. Now we suppose that 2 < [Y]|<n—1.

Lemma 4 Let Y = {1,ma,...,m,} be a proper subset of X, with 1 =my <mg <---<m,. Then

n

|OP,, v| = Z ICr,y| = Z HCSj,l
j=1

k=m, k=m,
where s; =mjt1—m; (1<j<r—1)and s, =k—my,+1 (m <k<mn).

Proof Suppose that a € OP,, \ C,,. As stated in the proof of Theorem 3 (i), there exists 2 < k < n —1
such that ko # 1 and (k+ 1)a = --- = nae = 1, and so Y C {1,2,...,k} = Xj. Similarly, by defining
. © Xk = Xj as in the proof of Theorem 3 (i), it follows from [1, Theorem 10] that

04|X

n—1 n n r
0P,y = 1Cayl+ Y IChyl= > [Cyl= Y [I[Cs—
k=m,. k=m, k=m, \j=1

).

where s; =mjy1—m; (1<j<r—1)and s, =k—m,+1 (m <k<n
r<k.

It follows from [1, Theorem 11] that |Ck .| = 5= (%7’”) for 2 <

2k—r k

Theorem 4 For 2 <r <n—1, we have
_ ~— T 2k +r
@ = e T .
ore =X 5= (")

Proof Similarly, from [1, Theorem 11], for each 2 <r <n — 1, we have

n—1 n
|OP’I:,T‘ = |Coyr|+ Z|Ck,r| = Z|Ck,r|
k=r k=r
o zn: r 2k —r \ _ Tif T 2k +r
N k:r2k_r k _k:OQk—f—T k ’

as required.
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