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Abstract: In this paper, we deal with a singular super-critical Trudinger-Moser inequality on a unit ball of R™, n > 3.

For any p > 1, we set

Vul"d
N P 1 L
wewd ™ (8),uzo (f5 [u[Pdz)n/P

as an eigenvalue related to the n-Laplacian. Let . be a set of radially symmetric functions. Precisely, if 5 > 0 and

a< (1+ %ﬂ)’““r"/”)\p (B), then there exists a positive constant €y such that when A <1+ ¢,

P oavi =T " o (1 + 2B)un-T|*
[ (s ySe i g,
i !
<1

n
uGWol’n(]E)ﬂy,fB [Vu|rde—a(fy |u|P|z|PBdx) P k=0

1/(n—1)

is attained, where o, = nw,

, wn—1 is the surface area of the unit ball in R™. The proof is based on the method of
blow-up analysis. The case A = 0 was studied by Yang-Zhu in [38]. de Figueiredo [11] considered the case p =2, 8 >0,
and o =0 in two dimension. The case A =0,p=n,—1 < 8 <0, and o = 0 was considered by Adimurthi-Sandeep [1].

Our results extend those of the above cases.

Key words: Trudinger-Moser inequality, extremal functions, blow-up analysis

1. Introduction

Let © be a bounded smooth domain in R”, n > 3, and W;™(€2) be the completion of C§°(2) in the norm

[l = Jo |Vu|"dz. The study of sharp constant for Trudinger-Moser inequality traces back to the 1960s

3%’"(9)
and 1970s. In 1971, Moser [26] elegantly sharpened the results of Phohozaev [30] and Trudinger [33], then

established the classical Trudinger-Moser inequality:

sup / el dy < o0 (1.1)
wEW, ™ (Q),||Vull,=1/Q

for any a < o, = nwié(?_l) , where w,,_1 is the surface area of the unit ball in R™. Here and in the sequel, |- ||,
denotes the LP-norm with respect to the Lebesgue measure. Also, there are fruitful results in the literature

dealing with the existence of extremal functions, such as Carleson-Chang [5], Flucher [15], and Lin [24].
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The extensions of (1.1) are numerous. Yang [35] proved singular versions of (1.1) for some subspaces
of W1 (R™) under the additional condition: Vug(z) — Vu(z). By using a symmetrization argument and a

change of variables, Adimurthi and Sandeep [1] generalized (1.1) to the singular case:

ean’ylu\”zl
sup / Hinﬁdx < 00, (1.2)
: x
WEWS ™ (D, lully1.m ) ST

where 0 < 8 <1 and 0 < v < 1— . The inequality (1.2) was extended to the whole Euclidean space by
Adimurthi-Yang [2]. Various extensions of the inequality (1.2) were obtained in [7, 28, 39, 40]. The problem on
the existence of extremals for the singular Trudinger-Moser inequality was solved by Csaté and Roy [7, 8], and
by Csatd, Roy and the author [6] in any dimension n > 3.

Trudinger-Moser inequalities were discussed in the unit ball as well. Let . be a set of all radially
symmetric functions. In 1982, Ni [29] showed that Sobolev spaces of radially symmetric functions defined in

the unit ball B C R™, can be embedded into weighted Lebesgue spaces, i.e. VVO1 "(B)N.# can be embedded in

LP(B, |2|) with a > 0 and p = 2% greater than 2* = 21 Based on the works of Bonheure et al. [3] and

n—2

Calanchi [4], de Figueiredo [10, 11] proved that for any o < 4n(1+7),

2
sup /eo‘” |z|*Vdr < . (1.3)
UGWOI’z(]B)myy”UHWOLQ(E)Sl B

In [38], Yang-Zhu generalized (1.3) to a version involving A,(B) in the unit ball: for any given p > 1, if 5> 0
and o < (1+ 23)" o\, (B),

sup /eﬂulﬁ1 |z[PPdz < 0o, v < an(l+ p—), (1.4)
uEW()l’"(]B)ﬁy,f]B|Vu|”dr—(x(fm\u|P\m|Pﬁdm)%§1 B n
where \,(B) = inf Sz |1 Vu|™dz /([ luPdz) 7 is an eigenvalue related to the n-Laplacian. Furthermore,

wEW, ™ (B),uz0
the supremum in (1.4) can be attained. Nguyen [27] extended (1.4) to more general cases of the nonlinearity

function F' and the weight function h. In [9], de Figueiredo et al. gave a generalized result which states that

n
o n
sup / (eonWl™™T _ X|u| 75T ) da:
wEHY ™ (B1(0)),[[VullLn (s, (0y=1 ¥ B1(0)

is attained for any A < a,. In [22], Li proved a counter-example to the conjecture of de Figueiredo and Ruf in
[9]:

n m T |k
FON) = I(M, A, m) = - / genlul 7y g lont T gy (15)
Q — k!

w€Hy™ (M), [,, |Vu|ndV=1

is continuous for a fixed integer m, where M is a compact manifold with boundary. Then he proved there is a
constant Ag > 1 such that I(M,\,m) can be attained on [0, Ag].
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In this paper, we consider a singular super-critical Trudinger-Moser inequality in the unit ball, which is

a combination of (1.4) and (1.5). To state the main result of the paper, we introduce some relevant notations:

777;
Hoa(w) = [Vl ~ alfuls = [ 19uf"ds—a ( / |u|p|w|pﬁdx)

where [Jullps = ([5 |u\p|x|pﬂdx)% We use the symbol B,(r) to represent a ball with = as the center and r as

the radius. If = = 0, the symbol B(r) to represent a ball with 0 as the center and r as the radius. Then we
state the following:

Theorem 1.1 Let B be the unit ball in R™, n >3, for any >0 and a < (1+ %[3)"‘1"'%)\17(]]33), there exists

a positive constant ey such that if A <1+ €y, then

221 an(1+ LB)u=-1[*
Sup/|m|pﬁ< n(1+28)|ul Z| ﬂ) | )da:

ueH

can be attained, where H = {u € Wol’"(IB%) N : Hyp(u) <1}.

The case A = 0 was studied by Yang-Zhu in [38]. de Figueiredo [11] considered the case p = 2, 5 > 0, and
a =0 in two dimension. The case A =0,p=n,—1 < <0, and o = 0 was considered by Adimurthi-Sandeep
[1].

The remaining part of this paper is organized as follows: In section 2, we obtain the maximizer of
the subcritical function. Section 3 provides the method of blow-up analysis, which was extensively used by
[12, 13, 18-20, 36]. An upper bound of A) ,, is derived in section 4. In section 5, we construct a sequence of

functions which contradicts the upper bound.

2. The subcritical case

This section is devoted to the subcritical case of the singular Trudinger-Moser inequality. For the sake of

simplicity, we define

D 7 |k
A)\ an = Sup/|$|p'8< n(t B)W‘" 8 Z |an 1+ IB)U) 1‘ )d.’tv

u€EH

and

ucEH JB

p r a,(1+2 feunlk
Axne(u) = sup/ |z |PP (eo‘”(Hnﬁ_e”“ ! )\Z‘ 6 ) | )dm.

Then we have the following result:

Lemma 2.1 For any € >0, if a < (1+ %ﬁ)n71+%/\p(ﬁ), then there exists u. € C*(B) N W, " (B) with

/ Vu|"dz — a (/ u6|p|x|pﬁda:> T
B B
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such that

o PB_¢)|u. | T |04n1+ ﬁ )e"%|k
‘/]E|:L.‘P/8 (6 n(l‘i’nﬂ )I 6| E Z dx:AA,n,e(u)' (21)

Proof We take a sequence of decreasing radially symmetric functions u; € Wy (B) such that ||Vu;||? —

allugl[y 5 =1 and

"o (T4 28 — e)ul™ ATk
lim /Wﬂ eon (1B A=y | 7T _ Z ﬂ Jui | de = Ay e (u). (2.2)

j—+o0
J B k=0

From the definition of A,(B), we can get

1> [Vl — allully g > (1 - W »(B )) [V I5-

Since o < (14 %ﬂ)"71+%/\p(3), we obtain that u; is bounded in W, " (B), then we assume that

uj —ue weakly in Wy "(B),
uj = ue strongly in L"(B),

u; = ue a.e. in B,

We claim that u. # 0. Suppose not, there holds ||uj||W01,n(]B) < 140(1). Thus e (I+EA=)ul"" T converges to

1in L'(B), which implies that A, .(u) = [ |2|P’dz. But this is impossible. Therefore u. # 0. Then define
a function sequence

Uj
(14 af f [xPPubda) )1/

Uj:

It follows that ||ijW01,n(]B) <1 and v; converges to ve = uc/(1+ oy |z[PPuPdz)? )/ weakly in W, " (B).

One can easily check that

B > _ -1 _
(1+a [ leluzaa)? ) (1= lodiyg o) =1 = (¥l = alluls) <1
By a result of Lions [25], we can know e®r(1T%8=9uil""" is hounded in L"(B) for some 7 > 1. Thus

lim ean(1+%5*6)|uj|ﬁdx:/e%(H%B*E)\uslﬁdz_
j—+o I B

Furthermore,

n

i n1+%/8_ ﬁk n]-+ - IR
/BA,CZ_OM il /Azm Ll )

65



ZHAO/Turk J Math

Accordingly,
n m P _ n— 1 k
lim /|x|pﬂ eon I+ 2 B—e)|u;| 7=1 Z n(+ ﬂ E) | dr
j—+oo Jp =0
(2.3)
n PR _ )y roT |k
- / |2 |PP (ean(1+ﬁl3—6)uel”1 Z o (1 + ﬁ ejuc| >dx.
B
Combining (2.2) and (2.3), we have
—n an(1+ —e)u k
/lm\pﬁ ontrrga-olu T _ y g [n(l P = ud il P A ().
= k!
O
Furthermore, one can check that the corresponding Euler-Lagrange equation of wu. is
1 T
~Ante = alal? e Pupt + ol een (IO 2 falplh ()
n(1+2 I
T (1) = Yo 1221 +"ﬂk!6)u ‘ 24)

Ae = f]B |gg|zoﬁ(u6nfleozn(lJrﬁﬁ*e)u?fl — \uchl, (uc))dz.

According to the regularity theory for degenerate elliptic equations, see (Serrin [31], page 269, Theorem 8),

(Tolksdorf [32], page 127, Theorem 1), and (Lieberman [23], page 1203, Theorem 1), we are able to attain

u. € C1(B). By the inequality e < 1+ te! and the definition of \., we can easily get lim inf Ac > 0. From the
e—

equality (2.1), it is not difficult to see that

j =] n ]- en%l k
lim / |2 [PP <e°‘"(1+5ﬁ_6)“‘n Z‘O‘ i B Jue”| >dl‘:A)\,a"(U). (2.5)

e—0 B

Since [y |Vue|"dz — a( [ |ue|P|z|PPdz)» = 1, without loss of generality, we can assume that u. converges to ug

weakly in W, (B), strongly in L*(B) for any s > 1, and almost everywhere in B. Let ¢, = uc(0) = maxg u, .
If ¢, is bounded, then applying the Lebesgue-dominated convergence theorem to (2.5), we know that wg is the

desired extremal function for the supremum Ay ,, (u). In the following, we assume
ce > +00 as e€— 0.

The following concentration phenomenon is useful in our subsequent blow-up analysis:

Lemma 2.2 Under the assumption that ¢, — +00, we have ug =0 and |Vu.|"dx — 0y in sense of measure,

where &g is the Dirac measure at 0.

Proof Suppose ug Z 0, we can easily get —A,u. is bounded in L?(Q) for some ¢ > 1 provided that e is
sufficiently small. Applying the elliptic estimates to the Euler-Lagrange equation (2.4), one gets ¢, is bounded,

which contradicts ¢. — +oo. Therefore, ug = 0.
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Assume |Vu|"dz — p in sense of measure. We can choose a cut-off function ¢ € Cg(B), which is

supported in B(rg) C B and equals to 1 in B(rg/2) for some small 7o > 0. So
[ 19eurds <1y
B(ro)

for some 1 > 0 provided that e is sufficiently small. By the classical Trudinger-Moser inequality (1.1), we can
know e®<(#4)" ™" is bounded in L*(Q) for some s > 1. Then applying the elliptic estimates ([16], Chapter 9)
to equation (2.4), we obtain ||uc|ly1.»@) < C, this together with the compact embedding theorem lead that wu.
is bounded in L*°(B(r¢/2)), which contradicts the assumption that c¢. — +o0. Therefore, |Vu,|"dz — §y. O

3. Blow-up analysis

In this section, we will use the method of blow-up analysis to investigate the asymptotic behaviour of u. near

the blow-up point zg = 0. We set

n
i _on(t 6o 7-7
Te = A& Ce e n e

n

By Lemma 2.2 and the classical Trudinger-Moser inequality (1.1), one can easily check that 1irr(1J T?G(SCF =0
e—

for any 0 < 0 < a, (1 + £p). Define two sequences of functions

1

1 n n
e(z) = c—ue(re"“?ﬁ z), we(x)=cl " (uc(rét™ x) — ce),
€

where 1. and . are defined on B(r-!). By equation (2.4), we have

_n_ —_n__
_Anwe(l') _ C;n'l)bén%l ean(lJr%ﬁfe)(uen—l (T6n+p13 J;)icen—l) |:L"pﬁ
+ac T fue | Pyr ! [P (3.1)

n

_ Sl S PB_)en—1
_)\Ci nT:LC6 T, an (1+E25 —€)c! |z|1’1,57

and

n
n—1

_n__ _n_
—Anpe(z) = I T e B =@ I ) —e I |6

+ aclrlfuc [ Pyr [l (3:2)
— )\cergce_%e_‘ln(“‘%—e)ceﬁ1 |x|pﬂ.
Since u, is bounded in LP(B), we have
p=1
P P n
( G T |x|”5>wdz> = e iy ol
Te

Then we can get Apt(z) is bounded in L77 (B(r!)). Applying the standard elliptic regularity theory [32]
to (3.1), we obtain ¥, — ¢ in C__(R™). When 1 < p < n, one can easily see that

aclr®|uc | Pyr=t 2P = 0
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uniformly in z € B(r-!) as e — 0. When p > n, we have that for any R > 0 and sufficiently small e,

n

21 1 2 Z_1
luel,™ = </ Ugdx) < (/ ufda:) = c?_prfin < wfda:> .
B B(Rr.) B(R)

n_q
n27 P
luelly ™ < 22 7Pr " ( / w”dx>
B(R)

In view of 21_%7"2650‘ =0 for any 0 < < a,(1+ £p), we can obtain

<3

Then we have

n_
P

n2
aCi’r?IIueIIZ"’w?‘llwlpﬂ§2c?rf( z/)pdx> - 0.
B(R)

It follows that A, is bounded in L>®(B(R)). According to the regularity theory [32], we conclude that
Ve — 1 in C1(B(R/2)). Therefore, ¥ — 1 in CL_(R™). Hence ¢ satisfies —A,1(x) =0 in R™. Obviously
we have 0 < ¢(x) <1(0) =1, so Liouville type theorem implies that ¢ = 1.

Applying the standard elliptic regularity theory [32] to (3.2), then by the similar argument, we have for
any p>1, . — ¢ in CL_(R™). In this situation, we have

n—1
€

n n
sas+ce”10< e )
n—1 cr 1

€

n
- 1).
e to(l)

n _n_ _n_ )
U (r&T )T — el =l <(1 + L) - 1)
C

Hence ¢(z) is the distributional solution of the equation
—Anp(z) = |z|PPertTon(+EDR(@ 4y RO,

We make the change of variable y = r&**” x with |z| < R, then for any fixed R > 1, there holds |y| < QRrIP

We also have

/ |x‘p5€ﬁan(1+%)wd$ _ 1ir% |x|pﬂ pn (1+ 22 —e)(ul 1 (TP @)= ) iy <1
B(R) TUIB(R)

In viewing of [14], it is not hard to see that

1

n—1 Wn—1 )"—1 n+ps
r)=——————In|1+ x| -1 .
#lo) an(1+ %) ( <n+pﬁ i )

n

In particular,

/eﬁmw%)%pﬂd:ﬂ — 1 (3.3)
B
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Define us = min{ue,dc.} for any real number 0 < § < 1. In the same way as [21, 34], we have the
following lemma:
Lemma 3.1 There holds
hm/ [Vues|"dx = 4.

Proof We have by the equation (2.4) and the divergence theorem,

/|Vu675|”dx: —/Ue,é(Anue)dl‘
B B

= A
— [ (alel? a4 el T e 0429 e () ) o
B €
> [ et o) (el e RO Y o o),
]B(RTE"+PB) A
By making the change of variable x = r"“’ﬁ y, we get
[ 19l e = 61+ o) [ eonasE oI e g
B IB(R)

which yields
lim inf/ |VU€,5|nd$ > 5/ eﬁan(l+%)<ﬁ(y)|y|pﬁdy'
e—0 B B(R)

Letting R — 400 and by equation (3.3), we obtain
hm mf/ |Vue s|"dx > 6.
By the same argument, we establish that
/B IV (e — tes)|"de >1—4.

Since
/|Vu€5| d.’£+/|v u€5|d.’£—1

we get the result. O

The following lemma is used in proving the existence of extremal functions of the Trudinger-Moser

inequality. Due to it providing the asymptotic behavior of u., we include it here.

Lemma 3.2 There holds

€ v + L k
X Pﬁ a,,(1+ ,3 )|u | L n—1 |an ﬁ — E) |

Ae
/ |z[PP dz + lim sup .

e—0 C:71
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The proof is similar to the proof of Lemma 4.8 in [34], so we omit here. It follows from Lemma 3.2 that

n
n—1

Ce
lim

lim=— = 0. (3.5)

In order to investigate the convergence behaviour of u. away from the blow-up point, we need the

following lemma;

Lemma 3.3 For any ¢ € C(B), we have

n_

lim/—c6 T gom (14 B —ejul'” |€F|pﬁ (w)dz = (0).

e—0

Proof We divide B into three parts as follows:
B = ({ue > 6c} \BRrZ™) ) U fu < e} UB(RrE™),

where 6 € (0,1). Denote the integrals on the above three domains by I, Iy and I3 respectively. Letting

B(RT?fpﬂ) C {ue > de.}, we have

1 L 1 ey
11| < Slip|<p|>\* / coul Leon (57 —e)ue |x|p’8dx _ / coul Leon (57 S—e)ul” |x|p’8dx
B € {ue>6ce} n (xe)

RTEW,+:D[3

1 w21 wE AR
< suple| (5_/ eon (B = (e (TP @)=l 1)|x|p6dw>
B B(R)

1 n
= sup|¢y| (5 - / eﬁo‘”’(l+%)“p|x|p6dx + 0(1)) — 0.
B B(R)

Recalling the definition of u. s, we obtain
1 n
|12‘ < sup|g0|/\ /{ ., }uenfleom(l#»ﬂ 6)ug ‘;dpﬁdl.
ue<dce

< suplpl= [[uyTe 4T o,
B € JB

Ei

From Lemma 3.1 and (3.5), we conclude that Iy — 0. Finally, making the change of variable y = re’“”’ﬁx, we
get
B= [ ey TTen (0@ g,
IB(RTE"erﬁ) )\6

- <1+06<1>>/B<R>so<r:+p%> on (=0T (T =) |4 gy

= (¢(0) 4 0.(1)) (/IB(R) e om (1452 6)“’|x|pﬁdx + 05(1)> ]
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Letting ¢ — 0, we have I3 — ¢(0). Combining all the above three estimates, we conclude the result. O

The following statement is similar to Lemma 3.10 in [41]:
Lemma 3.4 If f € L'(B), and u € C*(B) N Hy™(B) satisfies the following equation
—Ayu = f+afulp PP

where o < (14 %B)"‘H%)\Z,(IB%) is a constant. Then for any 1 < s < n, we have |Vulls < C||f|l1 for some

constant C depending only on p, s, o, n, Ap(B).

We omit the proof here. The interested readers can refer to [34] and its corrigendum in [34] to get the

detailed process of argumentation. Using Lemma 3.4, we can prove the following:

1
Lemma 3.5 Forany 1 <s<n, ¢ "u. is bounded in H)*(B).

1

n—

Proof We denote w. = ¢/ ' u, then it is easy to verify that

1 L AT A

“Awe = a|x|pﬁ\|we||g’pwf*1 + )\7|x|pﬁceu:_1ean(H%Bfe)ue ' )\—|z|p6h’m(w5)cs. (3.6)
€ €

We assert that ||we||, is bounded. Suppose not, we can assume that [|we|l, — +oo as € — 0. Letting

We = We/||wellp, we have ||@.||, =1 and

n

_1 =1
L|z|Peul T ean(+Ep=ul !

—Apie = alzPPoPt + + o(1). (3.7)

leoellp =

It can be deduced from (3.7) that A,&. is bounded in L'(B). By Lemma 3.4, we get &, is bounded in H*(B)
for any 1 < s < n. Assume @w. — @ weakly in H&’S(B) for any 1 < s < n, and @, — @ strongly in LP(B).
Testing (3.6) with ¢ € C¢(B) and letting ¢ — 0, we obtain

/V@V@dm:a/ﬂﬂpﬁd}p*ld‘r. (3.8)
B B

One can derive from (3.8) that w = 0, which contradicts the fact that ||@|, = 1. Hence |jwe||, is bounded.

Again by using Lemma 3.4, we complete the proof. O

The following lemma reveals how u. converges away from zg = 0:

1
Lemma 3.6 ¢/ 'u. — G, weakly in HV*(B) for any 1 < s <n, where G, is a Green function satisfying

—AnGo — al|Go|ln7PGE 2P = 6 in B
(3.9)

Go=0 on OB.

1

Furthermore, ¢ "ue — Go in CY(B') for any domain B’ cC B\ {0}.
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n—1

Proof Assume ¢/ "u, — G, weakly in H*(B). Testing equation (2.4) with ¢ € C§°(Q), we have
1 1 » T
—/goAnwedx :/ ((p)\|x|p'8c€u€"leo‘"(l"'n’g_e)ue ' +a||we|z_p/§0wf_1|m|pﬁ) dx + o(1)
B B € B
= ¢(0) + | Gally P GE a7

Hence

/ Vo |VGa|"?VGada = (0) + af|Galln PGE PP
Q

Then there holds
—A, G, =0 + a||Ga||Z_pGg_1|m|pﬁ.

The usual elliptic estimates give the second assertion of Lemma 3.6.

According to Kichenassamy and Veron [17], G, can be represented by
n
Go(x) = —a—ln|x\ + Ay + o),
where A, is a constant, ¥, (z) € C¥(B) for some 0 < v < 1 and 9,(0) = 0.

4. The estimate of upper bound

In this section, we use the capacity estimate, which was inspired by [28, 37], to derive an upper bound of Ay 4, -

Taking R > 0 and J > 0 small enough such that B(20) C B, for a,b € R, we define the function space

We(a,b) = {u e WH(B(S) \ B(Rr& ™)) : ulons) = a, maMm#pB) = b} )

Let
T = inf Ue, Se = SUP Ue.

8B(Rr€"fpﬁ ) G]B((S)

It follows from (3.8) and Lemma 3.6 that

1 1 o
i6:c€+1<—nlnR— | Wn—1 +0(1)>,

n
e ap an(l—i—%) n+pB
and
1

s, =T <_”1n5+Aa +0(1)> .

Qp

Therefore, i > s.. It is not hard to see that

inf

/ o |Vulda
uEWe (a.0) JB(5)\B(RrI 77 )
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is attained by a function h(z) satisfying

“Auh(z) =0 in B(6)\B(RrI")

h|ag(s)y = se

hl

n = 7, .
OB(RrI PRy €

By the uniqueness of the solution, we obtain

_ ¥pP . _
W) = se(In|z] — In(Rr**7)) I(ln(? In |1'|)’
Ind — In(Rrs+e?)

and hence

IVh|"dx = wn1(ie — 5)

/ SO 19
B(O\E(RrI 77 (Iné — In(Rr 77 ))n—1

Defining @, = max{s, min{u,,i.}}, one gets 4. € Wc(s¢, i) and |Vi.| < [Vu| ae. in B(d )\B(RTW+M3)

Then we have

|V | dx

VA" dx < /

/13(5)\E(Rre"+pﬁ) BO\B(RATTT7)

S/ |Vue|"dx
B(6)\B(Rr "ﬂw)

=1+ alul|? 7/ n <|"d1:f/ |Vue|"de.
0 Ja(re TR B\B(6)

We next estimate two integrals on the right-hand side of the above equation. We have

/ |[Vu|"dx = c. T / V| dx
BRI B(R)

=c. T (/B(R) Vol dz + 06(1)>

—n_fn 1 Wn—1
=c " '| —InR+ In
<C¥n an(1+ %) n+pp

n—1
1_|_P5 Zk+0 >
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Since ||uelly 5 = ce T ([|Gally 5+ o(1)), integrating by parts with Lemma 3.6 leads to

/ Ve = el ™ / VGl dz + o(1)
B\B(J) B\Bs(0)

0G

OB(5)

= c;% (a|lGa|;—PGg—1x|Pﬁ _ aﬁ Ind + A, + 0(1)) .

Combining (4.3), (4.4), and (4.5) together, we obtain

wisilie—s)™r (1 e 6 1w
L e L an R a,1+2) n+pf
n—1 n—1 1 n—1
——A +0(1)>>
72 A
an (14 57) = k
e L d 1 Wn—1
<1+ ce " —1In— — n
- (an R a,1+2) n+pp
n—1
n—1 1
- —A +0(1)>
B (0%
(14 22) —k
From the definition of r., we get
5 Lm0 1 Ao an(L+22)el T
— - nr n— — n—
R +pB € R n+pB et n+ pfs
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(4.6)
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n% 5 1 Wy, —1 n—11 .
Denoting b — 105 T (oZ Ind — %(H_pf)] p; + an(n1+%) b1 % — Aa +o(1)>, we can obtain b — 0.

Then putting (4.6), (4.7), and (4.8) together, we have

(14+b)In

; ' § 1428 — o' 2
n<—ec€"1+(an(1+pﬁ) < )nln—i—an(”e)

n—1
Ce

€ Wn—1 pﬁ
+ <1+ TR T 1)) (mnﬂ)ﬁ +an(1+ n)Aa> +o(1)

n—1
B € n. 4 ozn(1+pf —€) 1
- <an(1—|— )b n—l) anlnR+ an(l—f—ﬂ) Zk

€ Wn—1 pﬁ
+ <1+ ot %)(n_ 1)) (mnﬂ)ﬂ + o (1 + n)Aa> +o(1),

which implies that

n—1
: )\e Wn—1 pﬁ 1
lim supln —— < In +a,(1+—)A, +
€—>0p el n+ pp ( n ) kZ:l k

Therefore, we conclude by (3.4),

w1 n(1 —eul |k
Axa, _hm/|x|P5< n(1+2B—e)|u | 7T _ Zla 1+ ﬁk' )ud | )dz

k=0 (4.9)

</|£Zf|pﬁdx+7wn_1 o (I ED Aat gttty
e n+pp

5. The existence result

In this section, we will construct a blow-up sequence @.(x) € H such that when e is small enough, there holds

n k
/|x|p/3 < an(1+28)[pe| 7T _ Z jam (1 + 5) = >d$

/|w|pﬁdﬂc+ Wn—1 on(1+27)A

We first establish several properties of G, as following:

Lemma 5.1 Let G, be the n-Green function in the above (3.9).

_1
(a) The sets {Gqo >t} form a sequence of approzimately small balls of radii p; = en (A=) [ other words,

By,—r,(p) C{Gqo >t} C By, 4r,(p), with r¢/py — 0 as t — +oo. In particular, t_l}ggoea"(l‘“l )t S o 2P da =

W1 pon(1422)A,
n+pB
(b) fGa<t VG, |"dr =t + aHGaHZ*pGQ’HxPB + O(t"’le*“"(HpT?t)) as t = 4+00.
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(¢) [o _|IVGa|"tdx =1+ Ot te=an(1+5)t) as ¢ — fo00.
‘z|pﬁ

(4) [g, _ fobrds > wifeon(+EDAa=0 (1 4 O(n—te=an(IH5DY) a5t — +oo.

The proof is similar to [34] so we omit the process of proof here. Then we take

nips _ on(+22)

o1 _ S T an(+57)
c+c 1 (—Mln(l—l—(w L)n—Te -l e~ n-1 t)+b> for t>t.

fe(t) =

1
c 1t for t<t.,

with t. = = 1In i, R, b, and c are constants to be chosen later such that R — +oco and Re — 0 as ¢ — 0.

Let G, be as above. Set
Pe(z) = fe(Gal()).

1
To ensure ¢, € Hy""(B), we assume

_ 1 n—1 Wp—1 1 _ntpB 70‘"(1'*'%)15 __1
et [T 4+ e et em  amT ) 4 b | = AT 5.1
( an(1+ 22) ( (n+pﬁ) ) (51)

We have by Lemma 5.1(b),

! TReT - L n n 1 n—1
/cm( (Ve"de =72 <%ln&+allaallp,5+0((Re) 9 (0n =) )

€

An elementary calculation shows

an M n
+oo " “+o0 (70')"71 )ﬁe_ nntplﬂ e (:jln )t
| nra=ces | e o
£ t. wWnog L _ntps _onUF7),
1+(n+p6)n_1€ n-1 e n—1
w1\ giy P8
n—1 . (Gt TR gned
= 7cfﬁ/ ——ds
an(1+422) 0 (1+s)"
n—1
__n_ n 1 Wn—1 n—1 1 _n+pB
=c 1| —InR+ In - —+O(R 1)].
<an an(L+2) " n+pB  a,(1+20) ;k ( )>
Hence we have by Lemma 5.1(c),
“+o0 1
V| de = / |fL ()™ (/ VG, |" ds) dt
/Ga>t€ te Go=t VG|
n—1
__n_ n 1 Wn—1 n—1 1 _n+pB
=c 1| —InR+ In — —+O(R 1) ].
(an an(1+22) " n+pp an(1+%);k ( )>
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Therefore,

Wn—1

n n 1
Vo "de =c »-1| — Ine+ In
/B| @l (an an(1+22) " n+pp

— 1 n n+pB
ZE al|Gall? 5+ O( ))

n k:

Since [[pell,y 5 =¢” 1 (|| Gy 5.5+ O( )) then we have

o n 1 Wn—1 n—1 — 1 _n+pﬁ
cn-1T=——Ine+ In - n=1 ),
o, an(1+2) " n+pB  a,(1+ ) Zk )

Combining (5.1) and (5.2), one gets

n—1
For t > t., one can check that
n _n_ n n Wp—1 1 _ n+pp _“"“*pvfg)t)
6 t n—1 Z cn—1 _|_ b_ ln 1 _|_ n—1¢ n—1 e n—1 .
fe(8) n—1" q,(1+2) ( (n+pﬁ)

Hence we have by Lemma 5.1(d),

n +oo _n B8
/ pan(+2)[p 72T mpﬁdxz/ pon (14 )| £. (1) 72T </ jf” ds) it
Ga>t. e Ga=t |[VGal

> (0 - D)o+ 8 Aa T

2rb) n+pﬁ(1+o(tn 1 7an(1+ B)t ))

(GER) T TR n2
« / S s
0 (1+s)™

> Wnol pan (145D A+ 000 E 4 (R,
n+pB

Ink _, 0, we can obtain 3 < ©Yela,>t < 2c. Then we have

Since

m (1 pB TR o
/ (o (1 + 2 ')|<P 7 T) — O(c™ 2R?).
Gao>te k=0 k!

Moreover, we get

/ |5,3|pﬁ(60471(1+%)W>e|ﬁ1 — han(pe))da > / |$|p6dx_/ |z[PP da
Ga<t B

Ga>te

(an(1 + E2)ym+1
* /G c, (m1)

n(m+1)
n—1

L
cn—1
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Combining the above two estimates, we obtain

/|$|p6(e@n(1+%)|¢€lﬁ — hn(0)) dx>/|x\p5dm+ —1 pan(14+E)Aa+30 20 £
B erﬂ
n(m PBY AT [mt1
+c T / ol n)G i dx
Ga<t (m +

n(m+1) n(m+1)
+ O(c ™% R%?) 4 O(c +D? R~ 7= 1))

Letting R = (—Ine)™ "', we immediately have

m 1 k
/|x|p5<°‘w(1+ L) |p. |71 Z|an (1+ ﬁ) ‘ >d$

Wn—1
zPPde + ——
> [ e+ e

For any A <1, we have

n m P % k
/|£L’|p5 ean(l‘f‘%ﬂ)h&e\ﬁ _ )\Z ‘Oén(l + nﬁ)‘ﬁé | da
B Pt k!
k
/|x|Pﬁ ( an(14+28)|p 7T Z o (1 + pﬂ) | ) dz (5.3)

/|x|pﬂdx+ Wn— 15 eOn (1B A+ 14§ -4ty
n+p

The contradiction between (4.9) and (5.3) implies that c. is bounded and Theorem 1 follows when A < 1. In
the following, we consider the situation when A € (1,1 + €g), €y is a constant. First we claim that Ay, is

continuous with respect to A at A = 1. It is clearly that there exists u; such that

PR ﬁk
At /|x|Pﬂ ( o (142 B s | 7T Z‘O‘” (1+ 5 Jur” | )dx.

, e N
Since [ |z|P? (ea”(HfLﬁ_e)'“l'"l —A> . ‘a”(1+”ﬁk!€)u1 | ) dz is continuous with respect to A at A =1,

for any § > 0, there exists €; > 0 such that

n _ n— 1 k
‘/|x|pﬂ< 1+Pﬁ 5)|u1\n71 Z |0[n ]-+ 5 6) | >dl'—A1,an

where 1 < A <1+ €1, then

<3,

_n_

p , Z (1+28—€uy ' |*
Al,an _§</|m|p,6 (ean(wnﬁ—s)ull n—1 |ozn ﬂ e) | >d$</\1,an+5. (5.4)
B
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Moreover, Ay o, is monotonically decreasing with respect to A. Thus for any 1 < A <1+ €1, we have

ALan o <Ay O <A Qi ®

So our claim is true. If the extremal function of A) o, does not exist when 1 < A <1+ ¢y, then similar to the

proof of the above, we can derive

A)\ N7 /|m‘p5d‘r+ W—Z lﬂ (1+pﬁ)Aa+1+ - +n 17

. P,
but we found that [, |z[P” (ea"(l"‘zﬁ)%“l A>T, Wﬁ“') dr is continuous with respect to A

at A =1, so there exists a constant ez > 0 such that

I (1 2R) eI
/|x|p/3 < (142 B)|pe| 7T )\Z . dx
k=0

>/|w|pgdx+ Wnol on(+22)Ag+14 i+t 1ty
B n+pp

for any A € (1,1 + e2), which contradicts with (5.4). Thus A ,, can be attained if A <1+ €.
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