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Abstract: One nonlocal boundary value problem for the Laplace equation in a bounded domain is considered in
this work. The concept of a strong solution to this problem is introduced. The correct solvability of this problem in
the Sobolev spaces generated by the weighted mixed norm is proved by the Fourier method. In a classic statement,
this problem has been earlier considered by E.I.Moiseev [34]. A similar problem has been treated by M.E.Lerner and
O.A.Repin [30].
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1. Introduction

Consider the following (formal for now) nonlocal boundary value problem for the Laplace equation:

Upw +Uyy =0, 0<z <21, O0<y<h, (1.1)
u(z,0) =¢(z), ulx,h)=v (), 0<z<2m, (1.2)
ugy (0,y) =0, w(0,y)=u(2my), 0<y<h (1.3)

Such problems have specific peculiarities compared to the ones with local conditions. Earlier, F.I.Frankl
[21]; [22, p.453-456] considered the problem with nonlocal boundary conditions for a mixed-type equation.
Bitsadze-Samarski problem [13] for elliptic equations is also nonlocal with supports on the part of the boundary
of the domain, and these supports are free of other boundary conditions. In [28], N.I. Ionkin and E.I. Moiseev
solved the boundary value problem for multidimensional parabolic equations with nonlocal conditions, whose
supports are the characteristic and the improper parts of the boundary of the domain. In a classic statement,
the problem (1.1)-(1.3) has been considered in [34] and [30].

In this work, we consider the problem (1.1)-(1.3) in a weighted Sobolev space with the weight belonging
to the Muckenhoupt class. We define a concept of a strong solution to this problem. And, using the Fourier

method, we prove the correct solvability of this problem.
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Note that the study of solvability of elliptic equations regarding so-called nonstandard function spaces
and also in the weighted Sobolev spaces faces some difficulties compared to the weightless case. That is why the
number of research works dedicated to this field has been growing in recent years (see, e.g., [2, 3, 7-10, 12, 14—
17, 19, 31, 35]), and the elaboration of a corresponding theory is far from complete. Note also that the same

problem was considered in the work [31] regarding unbounded rectangular.

2. Auxiliary concepts and facts

We will use standard notations. N will be the set of positive integers, while a = (aq; a2) € Z1 x ZT will
denote a multiindex, where Z* = N|J{0}. Denote 0%u = %, where |a| = a1 + a2. By |M| we will
denote the Lebesgue measure of the set M ; M will be the closure of M. C* (]\7[ ) will stand for the infinitely
differentiable functions on M, and C§° (M) will denote the infinitely differentiable and finite functions on M .

Throughout this paper we will assume that p’ is a conjugate number of p, 1 < p < +oo: ﬁ + % =1. do is an

area element.
Let us define our weighted Sobolev space. Let v : [0, 2] — (0,+00) be some weight function,

IT = (0, 2m) x (0,h). Denote by Ly, (II) a Banach space of functions on II with the mixed norm

h 2m %
iy = [ ([ V@l v@an) ay, 1<p< o

Denote by W7, (IT) a Sobolev space with the norm

|u||w2 Z ||aaUHLp1(H)

|| <2

Now denote by L, , (I), where I = (0, 27), a weighted Lebesgue space with the norm

e = ( Jir )

We will also consider the weighted Sobolev space W;V (I), with the norm
1wz, oy = Wflle, ) + N, 1, ) -

We will need the class of Muckenhoupt weights A, (I). This is a class of 27— periodic functions (i.e.

the class of functions v periodically extended to the real axis with period 27 ), satisfying the condition

1 p—1
sup dt) ( / v(t)| 1 dt) < 400,
S (u J o) (g

where sup is taken over all intervals J C I, and |J| is a length of the interval J.
We will also need some concepts and facts from the theory of bases in a Banach space. Related to these

facts and concepts one can see [4] and references therein. Let X be a Banach space.
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Definition 2.1 A system {un}, .y C X is called a basis if any element f € X is uniquely represented as a

series

oo
f = Z Cnuna
n=1

convergent in the norm X .

Definition 2.2 A system {un},cny C X is called complete in X if Sp{u,} = X and minimal in X if

It is known that each basis of the space X is a complete and minimal system in X , the converse is not
true in general.

Minimum criterion. The system {u,}, ., is minimal in X if and only if there exists a biorthogonal
system, i.e. there exists a system {v,},.n C X* such that (u,,vr) = vp(up)=0nk , Where 6,; is the
Kronecker symbol.

Basis criterion. The system {u,},.ny C X is a basis of the space X if and only if the following

conditions are satisfied:
1) {un},cn is complete and minimal in X;

2) uniformly bounded projectors

where {vp},cn is a biorthogonal system.

Definition 2.3 A system {un}, .y C X is called a basis with brackets in X if there erists a sequence of

integers 0 = ng < ny < ng < ... such that each element of f € X is uniquely represented as a series

[ee] NEk+1

F=3 ) cu,

k=0i=np+1

convergent in the norm X .

To obtain our main results, we will use the basicity of the classical trigonometric system in the weighted Lebesgue

spaces. From the results obtained by R.A.Hunt, W.S.Young in [27], the statement below follows immediately:

Proposition 2.4 Trigonometric system {1; cosnx; sinnx}, .\ forms a basis for the weighted Lebesgue space

Ly, (I),1<p<+4o0 & veA, ().

Note that the basicity problems of perturbed trigonometric systems have been also studied in [5, 6, 25].
The same problems have been studied in [4, 11, 24, 26, 36] for the eigenfunction systems of some differential

operators.
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It is known that if v € A, (I), 1 < p < 400, then C§° (I) is dense in L, , (I). In fact,
veA,(I) = Ipo€(1,+0) = veL, )

(see, e.g., [18, 20, 23]). We have

/I\f|puda:§ (/I|f|pp6d93)pl6 (/IV”"dx)plo.

11, < C UL, 1y (2.1)

where p; = ppj and C' > 0 is a constant independent of f, i.e. the continuous embedding L,, (I) C L, (I)
is true. As C§°(I) is dense in L,, (I), from the inequality (2.1) it follows that it is also dense in Ly, (I).
Consequently, L,, (I) is densely embedded into L, , (I).

Hence it follows that

To obtain our main results we will extensively use the following Minkowski inequality (see, e.g., [29, p.24])

for integrals.

Proposition 2.5 [29] Let (My; o, ), k = 1,2, be measurable spaces with o -finite measures py and

F (x;y) be a p1 X po-measurable function. Then

F (z;y)dp (x)

< F(x;- dp (),
/Mll (2 ),y s ()

H M, Lp(ug)

1l ey = </M f1P du2> .

From v € A,(I), 1 < p < +o00, it is obvious that L, , (I) C Ly (I). Then, the continuous embedding

where

W2, (II) ¢ W (M) is also true. Consequently, every function u € W72, (II) has traces ulon and ug|on as
functions of space L1(09Q;do) on the boundary JII (correctly defined with respect to the Lebesgue measure on
OIl).

Let u € W7, (II), and & € [0,h] be an arbitrary number. Denote I = {(x,&) : x € I'}. Obviously,
u € W (II). Denote the trace of the function u (z,y) on I¢, & € (0,h), by Fe(z) : Fe(z) = u(z,£), 0 <
x < 2m. Let us show that Fy € L, ,, (I). Assume Il = {(z,y) : x €I, y € (0,§)}. It is absolutely clear that
u e W2, (Ilg). From the condition v € A, (I) it follows that v € Aj, (Il¢) (can be verified directly), and so
C* (Il) is dense in W2, (Il¢). Let us first assume that u € C* (IL¢). Without loss of generality, we suppose
that u (z;0) =0, V 2 € I. Then, we have

¢ Ou(,y)

Fﬁ(x):u(x;f):/o Tydy, ae x€l.

Applying Minkowski’s inequality (Proposition 2.5), we obtain

ou

oy < ||U||sz,y(ng)-

1Fell, < '
Epar () Ly, (1)
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Using this estimate and the fact that C'*° (1:[5) is dense in Wﬁ,,, (II¢) , absolutely similar to the weightless case

we can prove that the trace of V u € WE’V (IT) on I¢ satisfies the estimate
IFellz, oy < lullwe -

If u satisfies (1.1), then it is known that v € C*° (Il) = F, (z) =u(z,y), Yz € 1.

So let us introduce the following

Definition 2.6 A function u € W2, (I1) is called a strong solution of the problem (1.1)-(1.3) if the equality
(1.1) is satisfied for a.e. (x;y) € Il and its trace u|on satisfies the relations (1.2), (1.3).

Introduce the systems of functions {u, () },,c,+ and {9, (z) }, o+, where

nez
Ugy () = cosnx, n € ZT, wug,_1 (z) = zsinnz, n € N, (2.2)
1 1 .
Yo (z) = 32 (27 — 2) ,09p (7) = —5 (27 — 2) cosnw, ¥y 1 (¥) = —; sinnz, n € N. (2.3)
s ™ ™

Note that these systems are biorthogonal, which can be verified directly. To obtain our main result, we will

significantly use the following theorem.

Theorem 2.7 Let v € A, (I), 1 <p < +oo. Then the system (2.2) forms a basis for L, , (I).

Proof Conjugate space of L., (I) is L, , (I). It is absolutely clear that the system (2.3) belongs to Ly, (I)
and is biorthonormalized to the system (2.2) (see [34]). It follows that (2.2) is minimal in L, , (I). On the other
hand, from [1] it follows that the system (2.2) forms a basis with brackets for L, (I) for every p € (1,+00),
and, consequently, it is complete in Ly, (I), where the number p; is the same as in inequality (2.1). Then from
the embedding L,, (I) C L, , (I) it follows that (2.2) is complete and, consequently, complete and minimal in
L,,((I).
Let us prove the basicity of the system (2.2) for L, , (I). Consider the projectors
n
Po(f) =Y _(f0x)ur,¥ne Zt¥f €Ly, (1),

k=0

where
27

(9= [f(z)g(z)de
0
From the basicity with brackets of the system (2.2) for L, , (I) it follows that
3C > 05 1Pan (1, 1) < O, 1y ¥ 7 € N, (2.4

On the other hand, from (2.2), (2.3) we have

M >0 funlly, iy <M, Wally, <M, YneN. (2.5)
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Considering the relations (2.4), (2.5), we obtain
||P2n+1 (f)HLp,,,(I) = ||P2n (f) + <f, 792n+1> “2n+1HLp1V(I) < ||P2n (f)”Lp,l,(I) +

+ H<f7 792n+1> U2n+1||Lw,(1) <C Hf”Lp,,,(]) + Hf”Lp,,,(]) ||u2n+1Hva,,(1) ||192n+1HLp,,V(I) <
< (CH+M) | flle, - (2.6)

From (2.4), (2.6) it follows that the projectors { P, },.,+ are uniformly bounded, and, according to the criterion

for basicity, this means that the system (2.2) forms a basis for L, , (I). The theorem is proved. O

3. Main results
In this section, we will study the existence and uniqueness of strong solution of the problem (1.1)-(1.3) in the
sense of Definition 2.6. First, denote T'o = {(0; y) : 0 <y < h} and 'y = {(2m; y) , 0 <y < h}. Consider
the following nonlocal problem

Au=0, (z;y) €ll, (3.1)

u|10 =¥, U‘Ih =1, U|F0 = u|F27r ) uﬂE'Fo =0. (32)

By the solution of this problem, we mean a function u € Wg;u (IT), which satisfies the equality (3.1) a.e. in II
and whose traces satisfy the relations (3.2) on the boundary OIl = Iy |JIn|JTo U2z Let us first prove the

uniqueness of the solution. The following theorem is true:

Theorem 3.1 Let v € A,(I), 1 < p < +oo, and the functions ¢, 1 € W7, (I) satisfy the conditions
@ (2m) — ¢ (0) = ¢’ (0) = 0, ¥ (2m) — ¥ (0) = 4" (0) = 0. If the problem (3.1),(3.2) has a solution in W7, (IT),

then it is unique.

Proof Suppose u (x,y) € W2, (IT) is a solution of the problem (3.1), (3.2). Consider U, (y) = (u (-,y),n (-)),

i.e.
Uy (y) = # O%u(z,y) 27 —x) dr ,
Ua (y) = % 0%“ (z,y) (2m — x) cosnz dx , (3.3)

Uzn1 (y) = = 27ru(nc,y) sinnxdr, ne N .

72 Jo

From Theorems 1.1.1-1.1.3 of [32, pp. 13-15] it follows that the functions U, (y) are twice differentiable and
they can be differentiated under the integral sign. Since the function wu (z,y) satisfies the equation (3.1),
multiplying it by sinnz (by (27 —x)cosnz ) and integrating over I, we obtain the following relations for

U2n71 (y) (respeCtivelya for U2n (y) ):
1 (y) = n*Uzn—1 (y) =0, y € (0.h), (3.4)

U2Hn (y) - n2U2n (y) = _QnUZn—l (y) ) S (Oh) . (35)

By the Newton-Leibniz formula, we have
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3 €
u(@ &) =u@0+ [ u@y) 4 @+ [ Wu@y) g aewerl.
0 82/ 0 8§
Consequently
¢ Ou (z,y)
lu(z,&) — ¢ (x)| < —— | dy, ae. xz€l.
0 dy
Hence it immediately follows that
¢ du (,y)
lu(z, &) —p(x)] de < dy dx. (3.6)
I 1Jo dy
We have |[II¢| — 0 as £ — 40. Then from (3.6) it follows that
ug (1) =9 (), £ = +0, (3.7)

in the norm of the space L (I).

Similarly, we have

h h
U(xaﬁ)zu(xvh)*/ Mdy: w(x)/g Mdy, ae.x €.

¢ Oy oy
Hence
[meo-—vwias [ [ WD) 4yt 38)
1 I1J¢ Y
As [II\II¢] - 0 when & — h —0, from (3.8) it follows that
ue () =¥ (), =+ h—0, (3.9)

in the norm of the space Ly (I).
On the other hand, it is clear that U, (y) € W2 (0,h). Hence it immediately follows that there exist

limits

lim U, (y) =U, (0), lim U, (y)=U,(h), Vne Z*.
y——+0 y—h—0

By (3.7) and (3.9), from the last two relations it immediately follows that
Un(0)=¢n, Un(h)=1vn, Vne z*, (3.10)

where

27
wo = ﬁ fo o (z) (2 — x) dz,
Pon-1 = 25 fo%ga(:z:) sin na dx, (3.11)

Pon = 2 fOQ”go(x) (2 — z) cosnxdz, n € Nj;
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Yo = # fo% Y (z) (27 — z) dx,

2w

Yon—1 = =z Y (z) sin nz dz, (3.12)

27

Yon = 2 [y (x) (27 — x) cosnzdx, n € N.
The solution of the problem (3.4), (3.10) has the following expression

sinh ny sinhn (h —y)

U'I’L* n— n— .
on—1 (Y) = Yon—1——— + Qan—1 . —

e ,VneN, (3.13)

and the solution of the problem (3.5), (3.10) is

o — ¥o

Uo(y) = =¥+ ¢o, (3.14)
sinhn(h—y) cosh ny coshn(h —y)
P2 Gk Von—1 G sinhnh 72" sinhnh V€N (3.15)

Now we can proceed to the proof of the uniqueness of the solution. For this, it suffices to prove that
the corresponding homogeneous problem has only a trivial solution. In fact, if ¢ (x) = ¢ () = 0, then
on =1, =0, VYn € Z*t, and from the formulas (3.13)-(3.15) it follows that U, (y) =0, Yy € (0,h), Vn € Z*.
As u, € L,, (I), Yy € (0,h), the basicity of the system (2.2) for L, , (I) implies u, (z) =0 a.e. z € I and
Vy € (0,h). Hence it follows that u (z;y) = 0 a.e. (z;y) € II. Consequently, the homogeneous problem has

only a trivial solution, and this completes the proof of uniqueness. O

Now let us prove the existence of the solution. The following theorem is true.

Theorem 3.2 Let the weight function v (x) belong to the class A, (I), 1 < p < +oo, and the boundary
functions ¢ (x) and ¢ (z) belong to the space W2, (I) and satisfy the conditions

¢ (0) — ¢ (2m) = ¢ (0) = 0, ¥ (0) — 4 (2m) =¥’ (0) = 0.
Then the problem (1.1)-(1.3) has a (unique) solution in W2, (IT).

Proof Consider the function

(2,9) = Uo (y) + D Un (y) un () = Uo (y) +
+Z Uai (y) coskx + Ugi—1 (y) xsinkz) , (x,y) €11, (3.16)
k=1

where the coefficients Uy (y) , Uak (y(U2r(y))) , Uak—1 (y(U2k—1(y))) , k € N, are defined by (3.13)-(3.15). Let
us show that the function w (x,y) belongs to W72, (II). Denote by uq, a, (,y) the sum of the series obtained
by the formal differentiation of the series (3.16), i.e

Ua,an (7.9) = U™ (1) + 3 UL () ul) (), (3.17)
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where a1,0 € Z1, a1 + a2 = 0,1,2; ugo (z,y) = u(z,y) and U,SO‘Q)(y) = d;;(f;" : uﬁfl)(m) = d;;(ﬁ".

Let us first consider the following member of series (3.16)

ur (z,y) = ZUQk,l (y) x sinkzx.
k=1

So, differentiating this series formally term-by-term, we have

62 (o) o0
Tu; = Z Uy._q (y) x sinkx = Z k*Usy_1 (y) z sinka, (3.18)
y k=1 k=1
8 o0 o0
# = Z Usi—1 (y) sinkx + Z kUak—1 (y) x coskz, (3.19)
T k=1
82u1 [e%S) [e%S) 2 .
a2 2 Z kUzk—1 (y) coskx — Z k“Usk—1 (y) = sinkx. (3.20)
k=1 k=1

Denote
(o)
w(z,y) = Z k*Usp_1 (y) x sin k.
k=1
Let us show that the function w (x,y) belongs to Ly, (II). Let

1 27 ) 1 27 )
Oop_q = ;/0 O (z) sinkx dz, vy, | = ﬁ/o " (x) sinkx dx.

From (3.11), integrating by parts, we obtain

1 2 1 2
= —— d k = —_—— 2 _ _ ! k d _
P2k-1 772/6/0 ¢ (z) dcoskx 7 <c,0( ) — ¢ (0) /0 ¢ (z) coskx x)

1 2T

o 7T2k 0

/

2m
1
¢’ (z) coskxdr = —ﬁ/ ¢" (x) sinka dr = ——5 o4

Similarly, from (3.12) we have

_ 1 "
1/}2k:71 — _? 2k—1"

Thus

 ~~{(,, sinhky , sinhk(h—y) ,
w(z,y)_;< 2k_1m+¢2k_1m x sinkzx .

It is known that if v € A, (I), then 3a >1: v € Lo (I) (see, e.g., [23, p. 395]). Let 1 + L =1. Applying

[e3

Holder’s inequality, we obtain

(/ )Py (2) )

< (/ (@dm)‘l" (/:Ww(m,ynm’ d) =(/ o (2, )" dx)pll,

29
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2
e

1
0 (x) dac) “ (consequently, the constant ¢ does not depend on w (z,y)) and p; = pa’. Let us

where ¢ = (

consider the cases p > 2 and 1 < p < 2. Consider the following separate cases regarding p.

I. p > 2. Then p; = pa’ > 2. From the previous inequality, we have

([ ey dm)1<cZ|ng1 (/2”|u2k1<x)pldx)p3§

sinh ky , sinhk(h—vy)
b SLI. VA e
Gl kPR k|

o0
§012|U2k—1 |<Clz
k=1

sinhk:y sinhk (h —y)
< _— .
= IZ(W?’“ S 198l

Hence, first integrating with respect to y € (0, h) and then applying Holder’s inequality for any S € (1,00), we

obtain

| " |51 1‘
<c = inh kyd hk(h—y)dy | <
lwlly, , k§—1 (sinhkh | sinhky Y o [ S (h—y)dy | <

|98 | + | 1|
=a Z sinh kh

smh kydy <

cosh kh —
“ Z ksinh kh |¢2k 1‘ + |90/2/k—1 ) <

W=

0 5
N (z wmﬁ)
n=1

Now, assuming 8 > 2 and applying classical Hausdorfl-Young inequality (see, e.g. [37, p.154]), we have

1
[eS) 1 [eS) 1 B’ [eS)
E % [V _1 |+ |ok_1]) < 2 (E kﬁ’) (E |<P;:|ﬂ>
k=1 k=1 n=1

ol < es (18710, 0+ 19", - (3.21)

It is known thatif v € A, (I), 1<p<+4oo,thendg: 1<g<p éueAq(I).Letr:E and g€ L,, (I).
Then 1 < r < p and we have

(/ |9|de>r = (/ |9|Zl/§uﬂlldac> ' < (/|9|pl/dac> " (/V(il dm)w =
I I I I

- (/1 g|p1/dx)é (/I,,—q_ll dm) v

As —%’ = 1%(17 from v € A, (I) it follows that vorT e Iy (I). Then, the last inequality means g € L, (I) and

HgHLT(I) < C”gHLp;V(I) ’
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where ¢ > 0 is a constant independent of ¢g. Also note that the continuous embedding L, , (I) C L, (I) is true
for every « € (1,7). Let us choose § big enough to satisfy the condition 1 < 8’ < r. Then from (3.21) we

obtain

ol < € (1610 + 1" i) -

II. p € (1,2). As in the previous case, note that there exists a number « > 1 such that v € L, (I).
But then v € Ly (I) for every s € (1,a). Therefore, choosing a > 1 close enough to 1, we can provide that
p1 =pa’ > 2 (this is possible, because o/ — 400 as o — 1+ 0). With this, further considerations are carried
out similar to the previous case.

Other series from (3.18)-(3.20), and, consequently, all series from (3.17) are estimated in a similar way.

So, as a result, we obtain
||U||W5;V(H) <c (”SDHWiU(I) + HQZ)HWEU(I)) )

where ¢ > 0 is a constant independent of ¢ and . The fulfillment of equation (3.1) by u (+;-) can be verified
directly. Let us verify the fulfillment of boundary conditions. Denote the trace operators on I'y, I'sr, Iy and I,
by 0y, 02:, To and T}, respectively. Let us show that Tou = ¢. From the boundedness of the trace operator

To € W2, (1) ; Ly, (I)] it follows that if w,, — w in W2, (IT), then /1, — u/1, in Lyy (1).

Now, let us consider the following functions

m

Um (z,y) = Uo (y) + Z (Uan (y) cosnz 4+ Usp—q (y) xsinnzx) , (z;y) € I,m € N.
n=1
We have
Totm, = U, (2,0) = Uy (0) + Z (Uap (0) cosna + Uszp—1 (0) zsinnz) =
n=1

1 27 m
—/0 <p(T)(27T—T)dT+Z

1 2 1 2r . .
= 9m <7r2 / ¢ (1) (27 — 7) cosnTdT cosnx + = / @ (1) sinnrdr xsin nx) .
n=1 0 0

The basicity of the system (2.2) for L., (I) implies Tou,, — ¢, m — 00, in Ly, (I). Consequently, Tou = ¢.
Absolutely similar we can show that Tju,, — ¢, m — oo, in Ly, (I). Consequently, T)u = 1.

Consider the operators 6y and 65, . It is clear that Oyu,, = O2,uy, ¥V m € N. Obviously, Oyu, — Gou
and O, — Oa;u = Ogu = Oy u. Thus, the boundary conditions (3.2) are fulfilled. Other trace relations
can be proved in a similar way.

The theorem is proved. g
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