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Abstract: In this paper, we introduce the fibonomial sequence spaces br,s,Fp and br,s,F∞ , and show that these are BK-
spaces. Also, we prove that these new spaces are linearly isomorphic to ℓp and ℓ∞. Moreover, we determine the α -, β -,
γ -duals for these new spaces and characterize some matrix classes. The final section is devoted to the investigation of
some geometric properties of the newly defined space br,s,Fp .

Key words: Fibonomial sequence spaces, Schauder basis, α -, β -, γ -duals, matrix transformations, geometric proper-
ties

1. Introduction
The theory of sequence spaces can be regarded as a fundamental subject in summability that has many important
applications, mainly in functional analysis. The classical summability theory deals with the generalization of
the convergence of sequences or series of real or complex numbers. The idea is to assign a limit of some sort to
divergent sequences or series by considering a transform of a sequence or series rather than the original sequence
or series. One can ask why we employ the special transformations represented by infinite matrices instead of
general linear operators? The answer to this question is, in many cases, the general linear operators between
two sequence spaces is given by an infinite matrix. So, the theory of matrix transformations has always been of
great interest in the study of sequence spaces. The study of the general theory of matrix transformations was
motivated by special results in summability theory [6].

Indeed, the theory of matrix transformations deals with establishing the necessary and sufficient con-
ditions on the entries of a matrix to map a sequence space X into a sequence space Y . This is a natural
generalization of the problem to characterize all summability methods given by infinite matrices that preserve
convergence.

In this study, N = {0, 1, 2, ...} and R denotes the set of all real numbers. For simplicity in notation, here
and in what follows, the summation without limits runs from 0 to ∞ , if not stated.

A sequence space is a linear subspace of the set of all real-valued sequences ω. As well known examples,
we give ℓ∞, c, c0 and ℓp as the set of all bounded sequences, the set of all convergent sequences, the set
of all convergent to zero sequences and the set of all sequences constituting p−absolutely convergent series,
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respectively. These are Banach spaces with the following norms

∥x∥ℓ∞ = ∥x∥c = ∥x∥c0 = sup
k∈N

|xk| and ∥x∥ℓp =

( ∞∑
k=0

|xk|p
)1/p

,

respectively. A Banach space with all coordinate functionals pk denoted by pk(x) = xk are continuous is
referred as a BK-space.

Let T = (tnk) be an infinite matrix with real entries tnk and Tn be the sequence in the nth row of the
matrix T for each n ∈ N. The T−transform of a sequence x = (xk) ∈ ω is the sequence Tx obtained by the
usual matrix product and its entries are stated as

(Tx)n =
∑
k

tnkxk

provided that the series is convergent for each n ∈ N. The matrix T is called as a matrix mapping from a
sequence space λ to a sequence space µ if the sequence Tx exists and Tx ∈ µ for all x ∈ λ. The collection of
all infinite matrices from λ to µ is denoted by (λ, µ) .

Recall that the set
λT = {x ∈ ω : Tx ∈ λ}

is called the domain of the infinite matrix T in the space λ. For the last two decades, the concept of domains
of special triangular matrices has attacted many scholars. One may refer to these nice articles [2–5, 7, 9–
12, 14, 16, 31, 32] and the textbook [6] for relevant studies.

The Euler sequence spaces erp = (ℓp)Er , er0 = (c0)Er , erc = cEr ,and er∞ = (ℓ∞)Er are introduced by
Altay et al. [1, 2], where Er = (ernk) denotes the Euler means of order r defined by

ernk =

{(
n
k

)
(1− r)

n−k
rk, if 0 ≤ k ≤ n;

0, if k > n;

for all k, n ∈ N. Apart from the papers [1, 2], the studies concerning the construction of new sequence spaces
by employing Euler matrix via the matrix domain of a particular limitation method have been considered by
Altay and Polat [3], Kara and Başarır [14], Karakaya and Polat [15], Polat and Başar [26], and Mursaleen et
al. [23].

Bişgin [9, 10] gave further extension of Euler sequence spaces by introducing binomial sequence spaces
br,sp = (ℓp)Br,s , br,s0 = (c0)Br,s , br,sc = cBr,s and br,s∞ = (ℓ∞)Br,s by means of the binomial matrix Br,s = (br,snk)

br,snk =


1

(s+ r)
n

(
n
k

)
rksn−k, if 0 ≤ k ≤ n;

0, if k > n.

The author discussed various topological and geometric properties in [9]. It was shown that the spaces br,sp and
br,s∞ are BK-spaces and linearly isomorphic to ℓp and ℓ∞, respectively. Also, the Schauder basis and α -, β -
and γ -dual of these spaces were determined.

For more details about binomial sequence spaces and their generalizations, the readers can consult the
studies [13, 20–22, 29, 30].
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Let (Fn) denote the sequence of Fibonacci numbers defined by the recurrence relation Fn+2 = Fn+1+Fn

with the initial conditions F0 = 0 and F1 = 1. Thus 0, 1, 1, 2, 3, 5, 8, 13, 21, . . . are the first few Fibonacci
numbers. In recent years, few authors discussed Fibonacci (or F -) or Golden calculus in their papers [18, 19,
24, 25].

The Fibonomial coefficient (cf. [19]) is defined by(
n

k

)
F

=
Fn!

Fk!Fn−k!
,

where 0 ≤ k ≤ n and
Fn! = FnFn−1 . . . F1, F0! = 1

denotes the F -factorial. Note that
(
n
0

)
F
= 1 and

(
n
k

)
F
= 0 for n < k.

The followings are some properties (cf. [19]) sufficed by fibonomial coefficients:(
n

k

)
F

=

(
n

n− k

)
F

,

(
n

k

)
F

(
k

i

)
F

=

(
n

i

)
F

(
n− i

k − i

)
F

,

(x+ y)
n
F =

n∑
k=0

(
n

k

)
F

xkyn−k. (Fibonomial Theorem)

In this paper, motivated by [10], we introduce the Fibonomial sequence spaces br,s,Fp and br,s,F∞ which

include the spaces ℓp and ℓ∞ , respectively. Also, we demonstrate that the sequence spaces br,s,Fp and br,s,F∞

are BK-spaces and linearly isomorphic to the spaces ℓp and ℓ∞, respectively. Furthermore, we offer α−dual,
β−dual and γ−dual for these spaces and characterize some matrix classes. In the final section, we exhibit some
geometric properties of the space br,s,Fp .

2. Fibonomial sequence spaces

Let s, r be nonzero real numbers such that s+ r ̸= 0 . Then, we introduce fibonomial matrix Br,s,F =
(
br,s,Fnk

)
defined by

br,s,Fnk =


1

(s+ r)
n
F

(
n
k

)
F
rksn−k, if 0 ≤ k ≤ n;

0, if k > n.

One can easily verify that the following properties are valid for rs > 0 :

i)
∥∥Br,s,F

∥∥ < ∞,

ii) limn→∞ br,s,Fnk = 0 for each k,

iii) limn→∞
∑
k

br,s,Fnk = 1.

This leads us to the fact that the fibonomial matrix is regular for rs > 0. Here and henceforth, we assume
that rs > 0 unless otherwise stated.
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By taking into consideration the fibonomial matrix, let us introduce the fibonomial sequence spaces br,s,Fp

and br,s,F∞ as follows:

br,s,Fp =

{
x = (xk) ∈ ω :

∑
n

∣∣∣∣ 1

(s+ r)
n
F

n∑
k=0

(
n

k

)
F

rksn−kxk

∣∣∣∣p < ∞
}
,

br,s,F∞ =

{
x = (xk) ∈ ω : sup

n

∣∣∣∣ 1

(s+ r)
n
F

n∑
k=0

(
n

k

)
F

rksn−kxk

∣∣∣∣ < ∞
}
.

That is to say that
br,s,Fp = (ℓp)Br,s,F and br,s,F∞ = (ℓ∞)Br,s,F .

Define a sequence y = (yk) by

yk =
(
Br,s,Fx

)
k
=

1

(s+ r)
k
F

k∑
i=0

(
k

i

)
F

risk−ixi, (2.1)

which shall be known as Br,s,F -transform of the sequence x = (xk) in the rest of the paper.
It is worth notable that with the help of Theorem 4.3.2 of Wilansky [28], the fibonomial sequence spaces

br,s,Fp and br,s,F∞ are BK-spaces depending on the norms ∥x∥br,s,Fp
=
∥∥Br,s,Fx

∥∥
ℓp

=

(∑
n

∣∣(Br,s,Fx
)
n

∣∣p)1/p

and∥x∥br,s,F∞
=
∥∥Br,s,Fx

∥∥
ℓ∞

= supn∈N
∣∣(Br,s,Fx

)
n

∣∣ , respectively, where 1 ≤ p < ∞.

Theorem 2.1 The fibonomial sequence spaces br,s,Fp and br,s,F∞ are linearly isomorphic to ℓp and ℓ∞, respec-
tively.

Proof We present that br,s,Fp linearly isomorphic to ℓp for 1 ≤ p < ∞. To do this, we must provide that there
exists a linear transformation between these spaces which is injective, surjective and norm-preserving. For any
x ∈ br,s,Fp , let L : br,s,Fp → ℓp be a transformation such that L (x) = Br,s,Fx. The linearity of L is clear by
using the fact that any matrix transformation is linear. Also, the transformation L is injective by employing
that if L (x) = (0, 0, ..., 0, ...) , then x = (0, 0, ..., 0, ...) . For any sequence y = (yk) ∈ ℓp, if the sequence x = (xk)

is denoted for n ∈ N by

xk =
1

rk

k∑
i=0

(
k

i

)
F

(−s)
k−i

(s+ r)
i
F yi, (2.2)

then, we have

∥x∥br,s,Fp
=
∥∥Br,s,Fx

∥∥
ℓp

=

( ∞∑
n=1

∣∣(Br,s,Fx
)
n

∣∣p)1/p

=

( ∞∑
n=1

∣∣∣∣ 1

(s+ r)
n
F

n∑
k=0

(
n

k

)
F

rksn−kxk

∣∣∣∣p)1/p

=

(
∞∑

n=1

∣∣∣∣ 1

(s+ r)
n
F

n∑
k=0

(
n

k

)
F

sn−k
k∑

i=0

(
k

i

)
F

(−s)
k−i

(s+ r)
i
F yi

∣∣∣∣p
)1/p

1918



DAĞLI and YAYING/Turk J Math

=

( ∞∑
n=1

|yn|p
)1/p

= ∥y∥ℓp = ∥L (x)∥ℓp < ∞.

Thus, L is norm-preserving and x ∈ br,s,Fp , consequently, L is surjective. The other case of the theorem can
be verified analogously. Hence, the proof is completed. 2

Before determining the Schauder basis for the matrix domain of our special triangular matrix, we recall
the definition of Schauder basis. The sequence (δn) is called a Schauder basis for the space λ if given any
x ∈ λ, there exists a unique sequence of scalars τn such that∥∥∥∥x−

n∑
k=0

τkδk

∥∥∥∥→ 0, as n → ∞

for a normed space (λ, ∥.∥) and a sequence δn in λ . Then, we write

x =
∞∑
k=0

τkδk.

Theorem 2.2 Let µk =
{
Br,s,Fx

}
k

be given for all k ∈ N. Let the sequence s(k) (r, s, F ) =
{
s
(k)
n (r, s, F )

}
n∈N

be denoted as the elements of the binomial sequence space br,s,Fp by

s(k)n (r, s, F ) =

{
1
rn

(
n
k

)
F
(−s)

n−k
(s+ r)

k
F , if 0 ≤ k ≤ n;

0, if k > n.

Then, the sequence
{
s(0) (r, s, F ) , s(1) (r, s, F ) , ...

}
is a basis for the space br,s,Fp and any x in br,s,Fp is uniquely

determined as x =
∑
k

µks
(k) (r, s, F ) , where 1 ≤ p < ∞.

Proof Given any x = (xk) ∈ br,s,Fp for 1 ≤ p < ∞. Then, we consider for all non negative integer m that

x[m] =
m∑

k=0

µks
(k) (r, s, F ) .

Now, applying the fibonomial matrix Br,s,F =
(
br,s,Fnk

)
to x[m] leads to

Br,s,Fx[m] =
m∑

k=0

µkB
r,s,F s(k) (r, s, F ) =

m∑
k=0

(
Br,s,Fx

)
k
e(k)

and {
Br,s,F

(
x− x[m]

)}
n
=

{(
Br,s,Fx

)
n
, if n > m;

0, if 0 ≤ n ≤ m;

for all n,m ∈ N. For any given ε > 0 , there exists a non-negative integer m0 such that

∞∑
n=m0+1

∣∣(Br,s,Fx
)
n

∣∣p ≤
(ε
2

)p
1919
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for all m ≥ m0. So, we have

∥∥∥x− x[m]
∥∥∥
br,s,Fp

=

( ∞∑
n=m+1

∣∣(Br,s,Fx
)
n

∣∣p)1/p

≤
( ∞∑

n=m0+1

∣∣(Br,s,Fx
)
n

∣∣p)1/p

≤ ε

2
< ε, for all m ≥ m0,

which concludes that
x =

∑
k

µks
(k) (r, s, F ) .

To prove the uniqueness of this representation, let

x =
∑
k

µ′
ks

(k) (r, s, F )

be another representation of x. Then, it is readily seen for every n ∈ N that(
Br,s,Fx

)
n
=
∑
k

µ′
k

{
Br,s,F s(k) (r, s, F )

}
n

=
∑
k

µ′
ke

(k)
n

= µ′
n,

which contradicts the representation
(
Br,s,Fx

)
n
= µn for every n ∈ N. So, the proof is completed. 2

Combining the fact that br,s,Fp is Banach space for 1 ≤ p < ∞ together with Theorem 2.2, we get the
following corollary.

Corollary 2.3 The fibonomial sequence space br,s,Fp is separable for 1 ≤ p < ∞.

3. α-, β -, γ -duals

This section is devoted to present α -dual, β -dual and γ -dual of fibonomial sequence spaces br,s,Fp and br,s,F∞ .

The multiplier space of λ and µ is the set S (λ, µ) defined by

S (λ, µ) = {u ∈ ω : zu ∈ µ for all z ∈ λ} .

By adopting this notation, the α -dual, β -dual and γ -dual of a sequence space λ are defined by

λα = S (λ, ℓ1) , λβ = S (λ, cs) and λγ = S (λ, bs) .

Here, cs and bs denote the spaces of all convergent and bounded series, respectively.
We begin with the following lemma, which is an effective tool to discover the α -dual, β -dual and γ -dual

of the fibonomial sequence spaces br,s,Fp and br,s,F∞ . Note that 𝟋 denotes the family of all finite subsets of N

and 1
p + 1

q = 1 for 1 < p ≤ ∞.
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Lemma 3.1 ([27]) T = (tnk) ∈ (ℓ1, ℓ1) if and only if

sup
k∈N

∑
n

|tnk| < ∞.

T = (tnk) ∈ (ℓ1, ℓ∞) if and only if
sup

n,k∈N
|tnk| < ∞. (3.1)

T = (tnk) ∈ (ℓ1, c) if and only if (3.1) holds and

lim
n→∞

tnk exists (3.2)

for each k ∈ N. T = (tnk) ∈ (ℓp, ℓ∞) if and only if

sup
n

∑
k

|tnk|q < ∞, (3.3)

where 1 < p < ∞. T = (tnk) ∈ (ℓp, c) if and only if (3.2) and (3.3) hold for 1 < p < ∞. T = (tnk) ∈ (ℓp, ℓ1) if
and only if

sup
K∈𝟋

∑
k

∣∣∣∣∣
∞∑

n∈K

tnk

∣∣∣∣∣
q

< ∞ for 1 < p < ∞.

T = (tnk) ∈ (ℓ∞, ℓ∞) = (c, ℓ∞) if and only if (3.3) holds for q = 1. T = (tnk) ∈ (ℓ∞, c) if and only if (3.2)
holds and

lim
n→∞

∞∑
k=0

|tnk| =
∞∑
k=0

∣∣∣ lim
n→∞

tnk

∣∣∣ . (3.4)

Theorem 3.2 Define the sets

σr,s,F
1 =

{
b = (bk) ∈ ω : sup

K∈𝟋

∑
k

∣∣∣∣ ∑
n∈K

(
n

k

)
F

(−s)
n−k

r−n (s+ r)
k
F bn

∣∣∣∣q < ∞

}
,

σr,s,F
2 =

{
b = (bk) ∈ ω : sup

k∈N

∑
n

∣∣∣∣(nk
)

F

(−s)
n−k

r−n (s+ r)
k
F bn

∣∣∣∣ < ∞

}
.

Then,
{
br,s,F1

}α

= σr,s,F
2 and

{
br,s,Fp

}α
= σr,s,F

1 , where 1 < p ≤ ∞.

Proof For any b = (bn) ∈ ω , one can write from (2.2) that

bnxn =
n∑

k=0

(
n

k

)
F

(−s)
n−k

r−n (s+ r)
k
F bnyk =

(
Gr,s,F y

)
n

for all n ∈ N. So, we have bx = (bnxn) ∈ ℓ1 whenever x = (xk) ∈ br,s,F1 or x = (xk) ∈ br,s,Fp if and

only if Gr,s,F y ∈ ℓ1 whenever y = (yk) ∈ ℓ1 or y = (yk) ∈ ℓp, respectively, for 1 < p ≤ ∞. This tells us
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b = (bn) ∈
{
br,s,F1

}α

or b = (bn) ∈
{
br,s,Fp

}α if and only if Gr,s,F ∈ (ℓ1, ℓ1) or Gr,s,F ∈ (ℓp, ℓ1) , respectively,

for 1 < p ≤ ∞. Combine the relevant part of Lemma 3.1 and these facts to get

b = (bn) ∈
{
br,s,F1

}α

if and only if

sup
k∈N

∑
n

∣∣∣∣(nk
)

F

(−s)
n−k

r−n (s+ r)
k
F bn

∣∣∣∣ < ∞

or
b = (bn) ∈

{
br,s,Fp

}α
if and only if

sup
K∈𝟋

∑
k

∣∣∣∣∣∑
n∈K

(
n

k

)
F

(−s)
n−k

r−n (s+ r)
k
F bn

∣∣∣∣∣
q

< ∞,

respectively, where 1 < p ≤ ∞. So, the proof is completed. 2

Theorem 3.3 Define the sets

σr,s,F
3 =

{
b = (bk) ∈ ω :

∞∑
i=k

(
i

k

)
F

(−s)
i−k

r−i (s+ r)
k
F bi exists for each k ∈ N

}
,

σr,s,F
4 =

{
b = (bk) ∈ ω : sup

n,k

∣∣∣∣∣
n∑

i=k

(
i

k

)
F

(−s)
i−k

r−i (s+ r)
k
F bi

∣∣∣∣∣ < ∞

}
,

σr,s,F
5 =

{
b = (bk) ∈ ω : lim

n→∞

∑
k

∣∣∣∣∣
n∑

i=k

(
i

k

)
F

(−s)
i−k

r−i (s+ r)
k
F bi

∣∣∣∣∣ =
∑
k

∣∣∣∣∣
∞∑
i=k

(
i

k

)
F

(−s)
i−k

r−i (s+ r)
k
F bi

∣∣∣∣∣
}
,

σr,s,F
6 =

{
b = (bk) ∈ ω : sup

n∈N

n∑
k=0

∣∣∣∣∣
n∑

i=k

(
i

k

)
F

(−s)
i−k

r−i (s+ r)
k
F bi

∣∣∣∣∣
q

< ∞

}
, (1 < q < ∞)

σr,s,F
7 =

{
b = (bk) ∈ ω : sup

n∈N

n∑
k=0

∣∣∣∣∣
n∑

i=k

(
i

k

)
F

(−s)
i−k

r−i (s+ r)
k
F bi

∣∣∣∣∣ < ∞

}
.

Then,

1.
{
br,s,F1

}β

= σr,s,F
3 ∩ σr,s,F

4 ,
{
br,s,F1

}γ

= σr,s,F
4 .

2.
{
br,s,Fp

}β
= σr,s,F

3 ∩ σr,s,F
6 ,

{
br,s,Fp

}γ
= σr,s,F

6 , 1 < p < ∞.

3.
{
br,s,F∞

}γ
= σr,s,F

7 .
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Proof We only present the proof of
{
br,s,Fp

}β
= σr,s,F

3 ∩σr,s,F
6 for 1 < p < ∞ to avoid unnecessary repetitions

of similar statements. For any b = (bn) ∈ ω , it follows from (2.2) that

n∑
k=0

bkxk =
n∑

k=0

(
1

rk

k∑
i=0

(
k

i

)
F

(−s)
k−i

(s+ r)
i
F yi

)
bk

=
n∑

k=0

(
n∑

i=k

(
i

k

)
F

(−s)
i−k

r−i (s+ r)
k
F bi

)
yk

=
(
Mr,s,F y

)
n
,

for all n ∈ N. Here, Mr,s,F =
(
mr,s,F

nk

)
denotes the matrix, defined by

mr,s,F
nk =


n∑

i=k

(
i
k

)
F
(−s)

i−k
r−i (s+ r)

k
F bi, if 0 ≤ k ≤ n;

0, if k > n;

for all n, k ∈ N. So, bx = (bnxn) ∈ cs whenever x = (xk) ∈ br,s,Fp if and only if Mr,s,F y ∈ c whenever

y = (yk) ∈ ℓp for 1 < p < ∞, from which one concludes that b = (bk) ∈
{
br,s,Fp

}β if and only if Mr,s,F ∈ (ℓp, c) ,

where 1 < p < ∞. Considering these facts and the related part of Lemma 3.1 yields that

sup
n∈N

n∑
k=0

∣∣∣∣∣
n∑

i=k

(
i

k

)
F

(−s)
i−k

r−i (s+ r)
k
F bi

∣∣∣∣∣
q

< ∞

and
∞∑
i=k

(
i

k

)
F

(−s)
i−k

r−i (s+ r)
k
F bi exists for each k ∈ N

for 1 < p < ∞ and 1
p +

1
q = 1. As a result, we reach that

{
br,s,Fp

}β
= σr,s,F

3 ∩σr,s,F
6 for 1 < p < ∞, as desired.

2

4. Matrix mappings

In the current section, we characterize some class of matrix mappings from the spaces br,s,Fp and br,s,F∞ to the
space µ ∈ {ℓ∞, c, c0, ℓ1}. We begin with the following theorem which is fundamental in our investigation.

Theorem 4.1 Let 1 ≤ p ≤ ∞ and λ ⊂ ω. Then Φ = (φnk) ∈ (br,s,Fp , λ) if and only if Θ(n) = (θ
(n)
jk ) ∈ (ℓp, c)

for each n ∈ N, and Θ = (θnk) ∈ (ℓp, λ), where

θ
(n)
jk =

{
0 (k > j),∑j

l=k

(
l
k

)
F
(−s)

l−k
r−l (s+ r)

k
F φnl (0 ≤ k ≤ j),

and

θnk =

∞∑
l=k

(
l

k

)
F

(−s)
l−k

r−l (s+ r)
k
F φnl. (4.1)

for all n, k ∈ N.
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Proof The proof is similar to the proof of Theorem 4.1 of [16]. Hence details are omitted. 2

Recalling the well-known results of Stielglitz and Tietz [27] and taking in account Theorem 4.1, we obtain
the following results:

Corollary 4.2 The following statements hold:

1. Φ ∈ (br,s,F1 , ℓ∞) if and only if

lim
j→∞

θ
(n)
jk exists for all n, k ∈ N, (4.2)

sup
n,k∈N

∣∣∣θ(n)jk

∣∣∣ < ∞, (4.3)

sup
n,k∈N

|θnk| < ∞, (4.4)

2. Φ ∈ (br,s,F1 , c) if and only if (4.2) and (4.3) hold, and (4.4) and

lim
n→∞

θnk exists for all k ∈ N, (4.5)

also hold.

3. Φ ∈ (br,s,F1 , c0) if and only if (4.2) and (4.3) hold, and (4.4) and

lim
n→∞

θnk = 0 for all k ∈ N, (4.6)

also hold.

4. Φ ∈ (br,s,F1 , ℓ1) if and only if (4.2) and (4.3) hold, and

sup
k∈N

∞∑
n=0

|θnk| < ∞, (4.7)

also holds.

Corollary 4.3 The following statements hold:

1. Φ ∈ (br,s,Fp , ℓ∞) if and only if (4.2) holds, and

sup
j∈N

j∑
k=0

∣∣∣θ(n)jk

∣∣∣k < ∞, (4.8)

sup
n∈N

n∑
k=0

|θnk|k < ∞, (4.9)

also hold.

2. Φ ∈ (br,s,Fp , c) if and only if (4.2) and (4.8) hold, and (4.5) and (4.9) also hold.
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3. Φ ∈ (br,s,Fp , c0) if and only if (4.2) and (4.8) hold, and (4.6) and (4.9) also hold.

4. Φ ∈ (br,s,Fp , ℓ1) if and only if (4.2) and (4.8) hold, and

sup
N∈N

∞∑
k=0

∣∣∣∣∣∑
n∈N

θnk

∣∣∣∣∣
p

< ∞, (4.10)

also holds.

Corollary 4.4 The following statements hold:

1. Φ ∈ (br,s,F∞ , ℓ∞) if and only if (4.2) and

lim
j→∞

j∑
k=0

∣∣∣θ(n)jk

∣∣∣ = j∑
k=0

∣∣∣∣ limj→∞
θ
(n)
jk

∣∣∣∣ for each n ∈ N (4.11)

hold, and (4.9) also holds with p = 1 .

2. Φ ∈ (br,s,F∞ , c) if and only if (4.2) and (4.11) hold, and (4.5) and

lim
n→∞

n∑
k=0

|θnk| =
n∑

k=0

∣∣∣ lim
n→∞

θnk

∣∣∣ , (4.12)

also hold.

3. Φ ∈ (br,s,F∞ , c0) if and only if (4.2) and (4.11) hold, and

lim
n→∞

n∑
k=0

θnk = 0, (4.13)

also holds.

4. Φ ∈ (br,s,F∞ , ℓ1) if and only if (4.2) and (4.11) hold, and (4.10) also holds with p = 1.

Recently Başar and Altay [7] developed a lemma which is extensively used in characterizing matrix mappings
between two sequence spaces.

Lemma 4.5 [7] Let λ and µ be any two sequence spaces, Φ be an infinite matrix and Θ be a triangle. Then,
Φ ∈ (λ, µΘ) if and only if ΘΦ ∈ (λ, µ).

Using Lemma 4.5 together with Corollaries 4.2, 4.3 and 4.4, we derive following classes of matrix mappings:

Corollary 4.6 Let Φ = (φnk) be an infinite matrix and define the matrix C̃ = (C̃nk) by

C̃nk =

n∑
v=0

qv
Cv(q)Cn−v(q)

Cn+1(q)
φvk, (n, k ∈ N)
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where (Cn(q)) is sequence of q -Catalan numbers, 0 < q < 1. Then, the necessary and sufficient conditions that
Φ belongs to any one of the classes (br,s,F1 , c0(C̃)), (br,s,F1 , c(C̃)), (br,s,Fp , c0(C̃)), (br,s,Fp , c(C̃)), (br,s,F∞ , c0(C̃))

and (br,s,F∞ , c(C̃)) can be determined from the respective ones in Corollaries 4.2, 4.3 and 4.4, by replacing the
entries of the matrix Φ by those of matrix C̃, where c(C̃) and c0(C̃) are q-Catalan sequence spaces defined by
Yaying et al. [32].

Corollary 4.7 Let Φ = (φnk) be an infinite matrix and define the matrix C(q) = (c
(q)
nk ) by

c
(q)
nk =

n∑
v=0

qv

[n+ 1]q
φvk, (n, k ∈ N)

where [n]q is the q -analog of n ∈ N and 0 < q < 1. Then, the necessary and sufficient conditions that Φ belongs

to any one of the classes (br,s,F1 , Xq
p), (br,s,F1 , Xq

∞), (br,s,Fp , Xq
p), (br,s,Fp , Xq

∞), (br,s,F∞ , Xq
p), and (br,s,F∞ , Xq

∞)

can be determined from the respective ones in Corollaries 4.2, 4.3 and 4.4, by replacing the entries of the matrix
Φ by those of matrix C(q), where Xq

p and Xq
∞ are q -Cesàro sequence spaces defined by Yaying et al. [31].

5. Geometric properties

In this final section, we investigate certain geometric properties of the space br,s,Fp . Before proceeding, we define
certain geometric notions which are the basis for our examination. We use the notation B(λ) to represent the
unit ball in λ.

Definition 5.1 [8] A Banach space λ has the weak Banach-Saks property if every weakly null sequence (tn)

in λ has a subsequence (tnk
) whose Cesàro means sequence is norm convergent to zero, that is,

lim
n→∞

∥∥∥∥∥ 1

n+ 1

n∑
k=0

tnk

∥∥∥∥∥ = 0.

Moreover, λ possesses Banach-saks property if every bounded sequence in λ has a subsequence whose
Cesàro means sequence is norm convergent.

Definition 5.2 [17] A Banach space λ has the Banach-Saks type p, if every weakly null sequence (tn) has a
subsequence (wn) such that, for some J > 0,

∥∥∥∥∥
n∑

k=0

tnk

∥∥∥∥∥ ≤ J(n+ 1)1/p,

for all n ∈ N.

Theorem 5.3 The sequence space br,s,Fp is of Banach-Saks type p.
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Proof We take sequence of positive numbers (τk) satisfying
∞∑
k=0

τk ≤ 1
2 . Assume (hk) to be a weakly null

sequence in B(br,s,Fp ). Fix t0 = c0 = 0 and t1 = cr1 = c1. Then there exists j1 ∈ N such that

∥∥∥∥∥∥
∞∑

k=j1+1

t1(k)ε
(k)

∥∥∥∥∥∥
br,s,Fp

< τ1.

By hypothesis, (hn) is a weakly null sequence, which in turn implies that hn → 0 coordinatewise. Thus, there
exists n2 ∈ N satisfying ∥∥∥∥∥

j1∑
k=0

hn(k)ε
(k)

∥∥∥∥∥
br,s,Fp

< τ1,

whenever n ≥ n2. Again fix t2 = hn2
. Then there exists j2 > j1 with

∥∥∥∥∥∥
∞∑

k=j2+1

t2(k)ε
(k)

∥∥∥∥∥∥
br,s,Fp

< τ2.

Again there exists n3 > n2 (since hr → 0 coordinatewise) such that

∥∥∥∥∥
j2∑

k=0

hn(k)ε
(k)

∥∥∥∥∥
br,s,Fp

< τ2,

whenever n ≥ n3.

Continuing this process, we get two increasing sequences (nk) and (jk) such that

∥∥∥∥∥
jv∑
k=0

hn(k)ε
(k)

∥∥∥∥∥
br,s,Fp

< τv,

for all n ≥ nk+1 and ∥∥∥∥∥∥
∞∑

k=jv+1

tv(k)ε
(k)

∥∥∥∥∥∥
br,s,Fp

< τv,

where tv = hnv
. Thus

∥∥∥∥∥
n∑

v=0

tv

∥∥∥∥∥
br,s,Fp

=

∥∥∥∥∥∥
n∑

v=0

jv−1∑
k=0

tv(k)ε
(k) +

jv∑
k=jv−1+1

tv(k)ε
(k) +

∞∑
k=jv

tv(k)ε
(k)

∥∥∥∥∥∥
br,s,Fp

≤

∥∥∥∥∥∥
n∑

v=0

 jv∑
k=jv−1+1

tv(k)ε
(k)

∥∥∥∥∥∥
br,s,Fp

+ 2

n∑
v=0

τv.
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Since hn ∈ B(br,s,Fp ) and ∥h∥br,s,Fp
=

∞∑
n=0

∣∣∣∑n
k=0 b

r,s,F
nk hk

∣∣∣ , we realise that ∥h∥br,s,Fp
≤ 1. This leads us to the

fact that ∥∥∥∥∥∥
n∑

v=0

 jv∑
k=jv−1+1

tv(k)ε
(k)

∥∥∥∥∥∥
p

br,s,Fp

=

n∑
v=0

jv∑
k=jv−1+1

∣∣∣∣∣
k∑

m=0

br,s,Fkm tv(m)

∣∣∣∣∣
p

≤
n∑

v=0

∞∑
k=0

∣∣∣∣∣
k∑

m=0

br,s,Fkm tv(m)

∣∣∣∣∣
p

≤ n+ 1.

Since 1 ≤ (n+ 1)1/p for all n ∈ N and 1 ≤ p < ∞, we immediately deduce that∥∥∥∥∥
n∑

v=0

tv

∥∥∥∥∥
br,s,Fp

≤ (n+ 1)1/p + 1 ≤ 2(n+ 1)1/p.

Thus, we conclude that br,s,Fp possesses Banach-Saks type p. 2

Now, we give an estimation for Gurarii’s modulus of convexity for the space br,s,Fp .

Definition 5.4 The Gurarii’s modulus of convexity of a normed linear space λ is defined by

βλ(τ) = inf

{
1− inf

0≤ς≤1
∥ςt+ (1− ς)w∥ : t, w ∈ B(λ), ∥t− w∥ = τ

}
where 0 ≤ τ ≤ 2.

Theorem 5.5 The Gurarii’s modulus of convexity of the normed space br,s,Fp is

βbr,s,Fp
(τ) ≤ 1−

(
1−

(τ
2

)p)1/p
, where 0 ≤ τ ≤ 2.

Proof Let t be a sequence in br,s,Fp . Then

∥t∥br,s,Fp
=
∥∥Br,s,F t

∥∥
ℓp

=

( ∞∑
n=0

∣∣(Br,s,F t
)
n

∣∣p)1/p

.

Let 0 ≤ τ ≤ 2 and Dr,s,F be the inverse of Br,s,F . Consider the following two sequences:

t =

((
Dr,s,F

(
1−

(τ
2

)p))1/p
, Dr,s,F

(τ
2

)
, 0, 0, . . .

)
,

w =

((
Dr,s,F

(
1−

(τ
2

)p))1/p
, Dr,s,F

(
−τ

2

)
, 0, 0, . . .

)
.

Then we notice that

∥t∥br,s,Fp
=
∥∥Br,s,F t

∥∥
ℓp

=

∣∣∣∣(1− (τ2)p)1/p
∣∣∣∣p + ∣∣∣τ2 ∣∣∣p

= 1−
(τ
2

)p
+
(τ
2

)p
= 1,
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∥w∥br,s,Fp
=
∥∥Br,s,Fw

∥∥
ℓp

=

∣∣∣∣(1− (τ2)p)1/p
∣∣∣∣p + ∣∣∣∣−τ

2

∣∣∣∣p
= 1−

(τ
2

)p
+
(τ
2

)p
= 1.

∥t− w∥br,s,Fp
=
∥∥Br,s,F t−Br,s,Fw

∥∥
ℓp

=

(∣∣∣∣(1− (τ2)p)1/p − (1− (τ2)p)1/p
∣∣∣∣p + ∣∣∣∣τ2 −

(
−τ

2

)∣∣∣∣p)1/p

= τ.

Eventually, for 0 ≤ ς ≤ 1, we have

inf
0≤ς≤1

∥ςt+ (1− ς)w∥br,s,Fp

= inf
0≤ς≤1

∥∥ςBr,s,F t+ (1− ς)Br,s,Fw
∥∥
ℓp

= inf
0≤ς≤1

{∣∣∣∣ς (1− (τ2)p)1/p + (1− ς)
(
1−

(τ
2

)p)1/p∣∣∣∣p + ∣∣∣∣ς (τ2)+ (1− ς)

(
−τ

2

)∣∣∣∣}1/p

.

= inf
0≤ς≤1

{
1−

(τ
2

)p
+ |2ς − 1|p

(τ
2

)p}1/p

=
(
1−

(τ
2

)p)1/p
.

Consequently, βbr,s,Fp
(τ) ≤ 1−

(
1−

(
τ
2

)p)1/p
. This completes the proof. 2

Corollary 5.6 The following results hold:

(a) If τ = 2, then βbr,s,Fp
(τ) ≤ 1. Hence br,s,Fp is strictly convex.

(b) If 0 < τ < 2, then 0 < βbr,s,Fp
(τ) < 1. Hence br,s,Fp is uniformly convex.

6. Conclusions
The construction of a new sequence space using the domain of a special infinite matrix has attracted by
many scholars. In the present study, inspired by Fibonacci calculus, which has become increasingly popular in
recent years, and motivated by the significant papers concerning binomial sequence spaces, we introduced the
fibonomial sequence spaces, which are Banach spaces, and investigated some properties such as Schauder basis,
special duals and some matrix classes. We concluded the study by examining some geometric properties of the
resulting space br,s,Fp . We expect that our results presented here might be a reference for further studies in this
field.
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