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Abstract: In this paper we consider the monoid DPC,, of all partial isometries of an n-cycle graph C,,. We show that
DPC,, is the submonoid of the monoid of all oriented partial permutations on an n-chain whose elements are precisely
all restrictions of a dihedral group of order 2n. Our main aim is to exhibit a presentation of DPC,, . We also describe

Green’s relations of DPC,, and calculate its cardinality and rank.
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1. Introduction

Let © be a finite set. As usual, let us denote by PT(Q) the monoid (under composition) of all partial
transformations on Q, by 7(Q) the submonoid of PT7(2) of all full transformations on Q, by Z(Q) the
symmetric inverse monoid on €2, i.e. the inverse submonoid of PT () of all partial permutations on 2, and

by S(Q) the symmetric group on 2, i.e. the subgroup of P7(Q2) of all permutations on §2.

Recall that the rank of a (finite) monoid M is the minimum size of all (finite) generating sets of M, i.e.
the minimum of the set {|X|: X C M and X generates M }.

Let Q be a finite set with at least 3 elements. It is well-known that S(2) has rank 2 (as a semigroup,
a monoid, or a group) and T (), Z(2), and PT(2) have ranks 3, 3, and 4, respectively. The survey [13]
presents these results and similar ones for other classes of transformation monoids, in particular, for monoids
of order-preserving transformations and for some of their extensions. For example, the rank of the extensively
studied monoid of all order-preserving transformations of an n-chain is n, which was proved by Gomes and
Howie [23] in 1992. More recently, for instance, the papers [5, 16, 17, 19, 21] are dedicated to the computation

of the ranks of certain classes of transformation semigroups or monoids.

A monoid presentation is an ordered pair (A | R), where A is a set, often called an alphabet, and
R C A* x A* is a set of relations of the free monoid A* generated by A. A monoid M is said to be defined
by a presentation (A | R) if M is isomorphic to A*/pgr, where pr denotes the smallest congruence on A*
containing R.

Given a finite monoid, it is clear that we can always exhibit a presentation for it, at worst by enumerating

all elements from its multiplication table, but clearly this is of no interest, in general. So, by determining a
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presentation for a finite monoid, we mean to find in some sense a nice presentation (e.g., with a small number
of generators and relations).

A presentation for the symmetric group S(§2) was determined by Moore [29] over a century ago (1897).
For the full transformation monoid 7 (), a presentation was given in 1958 by AizensStat [1] in terms of a
certain type of two-generator presentation for the symmetric group S(€2), plus an extra generator and seven
more relations. Presentations for the partial transformation monoid P7(£2) and for the symmetric inverse
monoid Z(£2) were found by Popova [31] in 1961. In 1962, Aizenstat [2] and Popova [32] exhibited presentations
for the monoids of all order-preserving transformations and of all order-preserving partial transformations of
a finite chain, respectively, and from the Sixties to the present day, several authors obtained presentations for

many classes of monoids. See also [33], the survey [13], and, for example, [8-12, 14, 20, 25].

Now, let G = (V, E) be a finite simple connected graph, where V is the set of vertices and E is the list
of edges. The (geodesic) distance between two vertices z and y of G, denoted by dg(z,y), is the length of a
shortest path between z and y, i.e. the number of edges in a shortest path between x and y.
Let a € PT(V). We say that « is a partial isometry or distance preserving partial transformation of G
if
dg(za, ya) = da(z,y)
for all z,y € Dom(«). Denote by DP(G) the subset of PT (V) of all partial isometries of G. Clearly, DP(G)

is a submonoid of PT (V). Moreover, as a consequence of the property
dg(z,y) =0 ifandonlyif z=y

for all z,y € V, it immediately follows that DP(G) C Z(V). Furthermore, DP(G) is an inverse submonoid of
Z(V) (see [18]).
Observe that if G = (V, E) is a complete graph, i.e. E = {{z,y}:z,y € V,z # y}, then DP(G) =Z(V).
On the other hand, for n > 2, consider the undirected path graph P, with n vertices, i.e.

P,={1,...,n},{{i,i+1}:i=1,...,n—1}).
Then, obviously, DP(FP,) coincides with the monoid
DP, ={acI({1,2,...,n}): lia — ja| = |i — j| for all i,j € Dom(«) }

of all partial isometries on {1,2,...,n}.

The study of partial isometries on {1,2,...,n} was initiated by Al-Kharousi et al. in [3, 4]. The first
of these two papers is dedicated to investigating some combinatorial properties of the monoid DP,, and of its
submonoid ODP,, of all order-preserving (considering the usual order of N) partial isometries, in particular,
their cardinalities. The second paper presents the study of some of their algebraic properties, namely Green’s
structure and ranks. Presentations for both the monoids DP,, and ODP,, were given by the first author and
Quinteiro in [20]. Moreover, for 2 < r < n — 1, Bugay et al. in [6] obtained the ranks of the subsemigroups
DP,,={a € DP, : |Im(a)| <r} of DP, and ODP,,, = {a € ODP,, : |[Im(a)| < r} of ODP,,.

The monoid DPS,, of all partial isometries of a star graph with n vertices (n > 1) was considered
by the authors in [18]. They determined the rank and size of DPS,, and described its Green’s relations. A
presentation for DPS,, was also exhibited in [18].
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Now, for n > 3, consider the cycle graph
Cn={12,...;n}{{i,i+1}:i=1,2,...,n =1} U{{l,n}})

with n vertices. Notice that cycle graphs and cycle subgraphs play a fundamental role in Graph Theory.

This paper is devoted to studying the monoid DP(C,,) of all partial isometries of C,,, which from now
on we denote simply by DPC,,. Observe that DPC,, is an inverse submonoid of the symmetric inverse monoid
Z,.

In Section 2, we start by giving a key characterization of DPC,,, which allows for significantly simpler
proofs of various results presented later. Also in this section, a description of the Green’s relations of DPC,,
is given and the rank and the cardinality of DPC,, are calculated. Finally, in Section 3, we determine a
presentation for the monoid DPC,, on n+ 2 generators, from which we deduce another presentation for DPC,,
on 3 generators.

For general background and standard notations, we refer to Howie’s book [24] for Semigroup Theory, and
[34] for Graph Theory.

We would like to point out that we made use of computational tools, namely GAP*[22].

2. Some properties of DPC,,

We begin this section by introducing some concepts and notations.

For n € N, let 2, be a set with n elements. In general, without loss of generality, €2, is considered
the chain Q, = {1 < 2 < --- < n} and PT(Q,), Z(,) and S(Q,) are denoted simply by PT,, Z, and
S, respectively. For any « € PT,,, the domain and the image sets of « are denoted by Dom(«) and Im(a),
respectively. Also, the cardinality of the set Im(«) is called the rank of «.

A partial transformation a € PT,, is called order-preserving [order-reversing] if < y implies za < ya
[z > ya], for all z,y € Dom(a). It is clear that the product of two order-preserving or of two order-reversing
transformations is order-preserving and the product of an order-preserving transformation by an order-reversing
transformation, or vice-versa, is order-reversing. We denote by POD,, the submonoid of P7T,, whose elements
are all order-preserving or order-reversing transformations.

Let s = (a1,a2,...,a:) be a sequence of ¢ (¢ > 0) elements from the chain Q,. We say that s is
cyclic [anticyclic] if there exists no more than one index i € {1,...,t} such that a; > a;4+1 [a; < a;y1], where
a;+1 denotes ay. Notice that, the sequence s is cyclic [anticyclic] if and only if s is empty or there exists
i€{0,1,...,t — 1} such that a;41 < a2 < - <ar<a1 < < a; [Gip1 S Qea =2 a = a1 =+ = a
(the index i € {0,1,...,t — 1} is unique unless s is constant and ¢ > 2). We also say that s is oriented if s
is cyclic or s is anticyclic (see, for example, [7, 26, 28]). Given a partial transformation « € PT,, such that
Dom(a) = {a; < -+ < a;} with ¢ > 0, we say that « is orientation-preserving [orientation-reversing, oriented]
if the sequence of its images (a1q,...,ara) is cyclic [anticyclic, oriented]. It is easy to show that the product
of two orientation-preserving or of two orientation-reversing transformations is orientation-preserving and the
product of an orientation-preserving transformation by an orientation-reversing transformation, or vice-versa,
is orientation-reversing. We denote by POR,, the submonoid of PT,, of all oriented transformations.

Notice that POD,, N1, and POR, NI, are inverse submonoids of Z,, .

*https://www.gap-system.org
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Let us consider the following permutations of €, (for n > 2) of order n and 2, respectively:
1 2 - n—-1 n 1 2 - n—1 n
9‘(2 3 - m 1> and h_<n n—1 - 2 1>'
It is clear that g,h € POR, NZ,. Moreover, for n > 3, g together with h generate the well-known dihedral
group Dy, of order 2n (considered a subgroup of S, ). In fact, for n > 3,

Doy, = (g,h | g" =1,h* =1, hg=g" " 'h) = {1,9,9%,...,9" ", h,hg, hg®, ..., hg" "'}

and we have

E 1 2 v n—k n—k+1 --- n . T B 1<i<n—k
9 =\1+k 24k - n 1 e k)M T itk n—k+1<i<n,
and
pk (1 k kLl - m D R R 1<i<k
9 =\k - 1 0 o k1) M YT prk—itl k+1<i<n,

for 0 <k < n—1. Observe that, for n € {1,2}, the dihedral group D, = {g,h | g" = 1,h? = 1,hg = g" " *h)
of order 2n (also known as the Klein four-group for n = 2) cannot be considered a subgroup of S,,. Denote
also by C, the cyclic group of order n generated by g, i.e. C, = {1,9,¢% ...,9" '}.

Until the end of this paper, we will consider n > 3. Moreover, for convenience, we will denote o« € PT,,

. L ‘ AT
with Dom(«) = {i1,...,ix} (k> 1) by a_<i104 ika>'

Now, notice that,

|z — vy if |z —y| <

de (o) =minfle — gl o -yl = { 7MY

[SIRINT

and so 0 < dg, (z,y) < § forall z,y € {1,2,...,n}.

From now on, for any two vertices  and y of C,,, we denote the distance d¢, (z,y) simply by d(z,y).
Observe for z,y € Q, that

n n n
dz.y)=35 & lk-yl=5 & n-jr—yl=5 & |z —yl=n—|z -y,

\]

in which case n is even, and

) B 1 ifd=73
|{z€{1,2,...,n}.d(m,z)—d}|—{2 ifd < (2.1)

forall 1 <d< % Moreover, it is a routine matter to show that

D={z€{1,2,....n}:d(z,2) =d} ={z € {1,2,...,n} : d(y,2) = d'}

implies

_J O0(ie.xz=y) if|D =1
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forall 1 <d,d' < 2.

Recall that DP,, is an inverse submonoid of POD,, NZ,. This is an easy fact to prove and was observed
by Al-Kharousi et al. in [3, 4]. A similar result is also valid for DPC,, and POR, NZ,, as we will deduce

below.
First, notice that it is easy to show that both permutations g and h of 2, belong to DPC,, and so the

dihedral group Ds, is contained in DPC,,. Furthermore, as we prove next, the elements of DPC,, are precisely
the restrictions of the permutations of the dihedral group Ds,. This is a key characterization of DPC,, that

will allow us to prove in a simpler way some of the results that we present later in this paper. Observe that
o= 0|D0m(a) s a= idDom(Q)J s o= Uidlm(a),

for any a € PT,, and o € Z,,, where 0|pom(a) denotes the restriction mapping of o to Dom(a) and idy , with

U C Q,, denotes the restriction map of the identity mapping id of 2, to U.

Lemma 2.1 For any o € PT,, a € DPC, if and only if there exists o € Da, such that & = 0|pom(a) -
Furthermore, for a € DPC,, :

1. if either |Dom(a)| = 1 or |Dom(a)| = 2 and d(min Dom(a), maxDom(a)) = 5 (in which case n is

even), then there exist exactly two (distinct) permutations 0,0’ € Doy, such that o = 0|pom(a) = 0’ |Dom(a) 5

2. if either | Dom(c)| = 2 and d(min Dom(a), max Dom(a)) # § or |Dom(a)| > 3, then there exists exactly

one permutation o € Do, such that & = 0|pom(a) -

Proof For any o € PT,, if & = 0|pom(a), for some o € Dy, , then a € DPC,, since Dy, C DPC,, and,
clearly, any restriction of an element of DPC,, also belongs to DPC,,.

Conversely, let us suppose that o € DPC,,. First, observe that, for each pair 1 < ¢,j < n, there exists a
unique k € {0,1,...,n—1} such that ig¥ = j and there exists a unique ¢ € {0,1,...,n—1} such that ihg’ = j,
where g and h are the permutations defined above. In fact, for 1 < i,7 < n and k,¢ € {0,1,...,n — 1}, it is
easy to show that

1. if i < j then ig*® = j if and only if k = j —1;

o

if 4 > j then ig® = j if and only if k =n +j — i;

3. if i +j < n then ihg’ = j if and only if £ =4 +j — 1;

4. if i +j > n then ihg’ = j ifand only if =i+ j — 1 —n.
Therefore, we may conclude immediately that:

1. any nonempty transformation of DPC,, has at most two distinct extensions in Ds,, and, if there are
two distinct, one must be an orientation-preserving transformation and the other an orientation-reversing

transformation;

2. any transformation of DPC,, with rank 1 has two distinct extensions in Ds, (one is an orientation-

preserving transformation and the other is an orientation-reversing transformation).
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n

Notice that, as g" = ¢~ = 1, we also have ig? % = j and ihg't/~! = j, forall 1 <i,j < n.

Next, suppose that Dom(a) = {i; < i2}. Then, there exist 0 € C, and £ € Dy, \ C,, (both unique)
such that i10 = ;a0 = ;€. Take D = {z € {1,2,...,n} : d(i1ra,2) = d(i1,42)}. Then 1 < |D| < 2 and
iaa, 100,19 € D.

Suppose that iso = 3¢ and let j; = i10 and jy = ip0. Then o0 = ¢g/1~% = g/27%2 and & = hghtti1—1 =
hg®2T72=1 Hence, we have j; —i; = jo —ig OF j1 —41 = jo — io £n from the first equality, and i; + j1 = i9 + jo
or i1 + j1 = i2 + jo £ n from the second. Since i1 # io and is — i1 # n, it is a routine matter to conclude that
the only possibility is to have i —i; = % (in which case n is even). Thus, d(i1,i2) = 5. By (2.1), it follows
that |D| =1 and so isax = g0 = i9€, i.e. « is extended by both ¢ and &.

If ix0 # i2€, then |D| =2 (whence d(i1,i2) < %), and so either isar = i30 or ipa = i2€. In this case, «
is extended by exactly one permutation of Dy, .

Now, suppose that Dom(a) = {i; < ia < -+ < i} for some 3 < k <n—1. Since Z];;i(ip“ —ip) =
ix — 141 < n, then there exists at most one index 1 < p < k — 1 such that i, — i, > % Therefore, we may
take i,j € Dom(c) such that i # j and d(i,j) # 5§ and so, as a|y; ;3 € DPC,,, by the above deductions, there

exists a unique o € Dy, such that o[ ;3 = alg ;3. Let £ € Dom(a) \ {4,5}. Then
lolo € {z€{1,2,...,n} : d(ia, 2) =d(i, )} N {z € {1,2,...,n} : d(Ja,z) = d(j,€)} .
In order to obtain a contradiction, suppose that o # ¢o. Therefore, by (2.1), we have
{ze{l,2,...,n}:d(ie, 2) =d(i,0)} = {la, o} = {z € {1,2,...,n} : d(jo, z) = d(4,0)}

and so, by (2.2), d(i,j) = d(ie,jo) = 5, which is a contradiction. Hence, fov = fo. Thus, o is the unique
permutation of Dy, such that a = o|pom(a), as required. O

Bearing in mind the previous lemma, it seems appropriate to designate DPC,, by dihedral inverse monoid
on £2,.

Since Dy, € POR, NZI,, which contains all the restrictions of its elements, we have immediately the

following corollary.

Corollary 2.2 The monoid DPC,, is contained in POR, NL,. O

Observe that, as Dy, is the group of units of POR, NI, (see [14, 15]), then D, also has to be the
group of units of DPC,,.

Next, recall that, given an inverse submonoid M of Z,, it is well known that the Green’s relations &,
Z,and H# of M can be described as follows: for o, 5 € M,

o aZp if and only if Im(a) = Im(p);
o a%p if and only if Dom(a)) = Dom(f);
o asp if and only if Im(a) = Im(8) and Dom(«) = Dom().

In Z,,, we also have
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o a_ ¢f if and only if | Dom(a)| =|Dom(S)| (if and only if |Im(c)| = |Im(B)]).

Since DPC,, is an inverse submonoid of Z,,, it remains to describe its Green’s relation ¢ . In fact, it is

a routine matter to prove the following proposition.

Proposition 2.3 Let a, 3 € DPC,,. Then a_# 3 if and only if one of the following properties is satisfied:
1. |Dom(a)] = | Dom(B)| < 1;
2. |Dom(a)| = |Dom(5)| = 2 and d(i1,i2) = d(¢},5) where Dom(a) = {i1,i2} and Dom(S3) = {i},i%};

-/ -/ .. -/
3. |Dom(a)| = |Dom(5)| = k > 3 and there exists o € Day, such that <i21 ;2 Z.lk
lo 20 ko

> € DPC,, where
Dom(a) = {i1 < ig <--- <k} and Dom(f) = {i} <ih <--- <iL}. O
An alternative description of _# can be found in the second author’s MSc thesis [30].

Next, we count the number of elements of DPC,, .

Theorem 2.4 One has [DPC,| = n2"+1 — %nz —2n+1.

Proof Let A; = {a € DPC, : |Dom(«a)| =i} for i =0,1,...,n. Since the sets Ay, Ay, ..., A, are pairwise
disjoints, we get [DPC,| = > "1, |Ail.

Clearly, Ay = {0}, where @ denotes the empty mapping on €, , and A; = {(;) : 1< 4,5 < n}, whence
|Ao] = 1 and |A;] = n?. Moreover, for i > 3, by Lemma 2.1, we have as many elements in A; as there are
restrictions of rank ¢ of permutations of Ds, , i.e. we have (?) distinct elements of A; for each permutation
of Da,,, whence |A4;| = 2n(’;) Similarly, for an odd n, by Lemma 2.1, we have |As| = Qn(g) On the other
hand, if n is even, also by Lemma 2.1, we have as many elements in Ay as there are restrictions of rank 2

of permutations of D, minus the number of elements of A that have two distinct extensions in Ds, , i.e.
|As| = 2n(%) — | Ba|, where

By = {a € DPC,, : |Dom(a)| = 2 and d(min Dom(«), max Dom(a)) = 5 }.

It is easy to check that

i itz 1 i+ Z n
B = . . % ) n - 2 : ]- < 2, < o 9
: {(; J+2> (J+2 j ) ! 2}

whence |Bs| = 2(%)? = $n?. Therefore,

1+n?+2n>0 5 (7) if n is odd n2"tt —n?2 —2n+1  if nis odd

|DPCy| = =

1+n2+2n>0, (1) — 4n? ifniseven n2"tt —3p? —2n 41 if nis even,

as required. O

We finish this section by deducing that DPC,, has rank 3.
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Let
. 1 - i—=1 i4+1 --- n
e; = idg,\(i} = (1 cee =1 i4+1 .- n) € DPCy,
for i =1,2,...,n. Clearly, for 1 <1i,j < n, we have e? =e; and e;e; = idg,\ (53 = €je;. More generally, for

any X C Q,, we get Il;cxe; = idQn\X.

Now, take a € DPC,,. Then, by Lemma 2.1, o = higj|Dom(a) for some i € {0,1} and j € {0,...,n—1}.
Hence, a = higjidlm(a) = higj]:[kegn\lm(a)ek. Therefore, {g,h,e1,e2,...,e,} is a generating set of DPC,,.
Since e; = g" ‘e,g’ forall i € {1,2,...,n}, it follows that {g,h,e,} is also a generating set of DPC,,. As Da,
is the group of units of DPC,,, which is a group with rank 2, the monoid DPC,, cannot be generated by less

than three elements. So, we have the following theorem.

Theorem 2.5 The rank of the monoid DPC,, is 3. O

3. Presentations for DPC,,

In this section, we aim to determine a presentation for DPC,,. In fact, we first determine a presentation of
DPC,, on n+ 2 generators and then, by applying Tietze transformations, we deduce a presentation for DPC,,
on 3 generators.

We begin this section by recalling some notions related to the concept of a monoid presentation.

Let A be an alphabet and consider the free monoid A* generated by A. The elements of A and of
A* are called letters and words, respectively. The empty word is denoted by 1 and we write AT to express
A*\ {1}. A pair (u,v) of A* x A* is called a relation of A* and it is usually represented by u = v. To avoid
confusion, given u,v € A*, we will write u = v instead of u = v, whenever we want to state precisely that u
and v are identical words of A*. A relation u = v of A* is said to be a consequence of R if upgrv, where
R C A* x A* is a set of relations and recall that pr denotes the smallest congruence on A* containing R.

Let X be a generating set of a monoid M and let ¢ : A — M be an injective mapping such that
A¢p = X. Let ¢ : A* — M be the (surjective) homomorphism of monoids that extends ¢ to A*. We say that
X satisfies (via ¢) a relation u =v of A* if uwp = vp. For more details see, for example, [27, 33].

A direct method to find a presentation for a monoid is described by the following well-known result (see,

for example, [33, Proposition 1.2.3]).

Proposition 3.1 Let M be a monoid generated by a set X, let A be an alphabet and let ¢ : A — M be an
injective mapping such that Ap = X . Let ¢ : A* — M be the (surjective) homomorphism that extends ¢ to
A* and let R C A* x A*. Then (A | R) is a presentation for M if and only if the following two conditions are
satisfied:

1. The generating set X of M satisfies (via @) all the relations from R;

2. If u,v € A* are any two words such that the generating set X of M satisfies (via @) the relation u = v

then u = v is a consequence of R. O

Given a presentation for a monoid, another method to find a new presentation consists in applying Tietze

transformations. For a monoid presentation (A | R), the four elementary Tietze transformations are:
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(T1) Adding a new relation v =v to (A | R), provided that u = v is a consequence of R;
(T2) Deleting a relation u = v from (A | R), provided that u = v is a consequence of R\{u = v};
(T3) Adding a new generating symbol b and a new relation b = w, where w € A*;

(T4) If (A | R) possesses a relation of the form b = w, where b € A, and w € (A\{b})*, then deleting b from
the list of generating symbols, deleting the relation b = w, and replacing all remaining appearances of b
by w.

The next result is well-known (see, for example, [33]):

Proposition 3.2 Two finite presentations define the same monoid if and only if one can be obtained from the
other by a finite number of elementary Tietze transformations (T1), (T2), (T3), and (T4). O

. B . N4 9+ (1"
Now, consider the alphabet A = {g,h,e1,e2,...,¢e,} and theset R formed by the following ~——%5———

monoid relations:
(Ry) g" =1, h? =1 and hg = g" 'h;
(Ry) e?=v¢; for 1 <i<my
(R3) eiej =eje; for 1 <i<j<n;
(R4) ge1 = eng and ge;jqy1 = e;g for 1 <i<n—1;
(R5) he; = ep—ip1h for 1 <i < n;
(RR) hgeges---e, = eges---e, if n is odd;

(Rg) hges---enenyo- e, =€y -enenin-- e, and hejeg-- ey, = erez- - ey, if n is even.

We aim to show that the monoid DPC,, is defined by the presentation (A | R).

Let ¢ : A — DPC,, be the mapping defined by g¢ = g, h¢ = h and e;¢p = ¢;, for 1 < i < n, and let
v A* — DPC,, be the homomorphism of monoids that extends ¢ to A*. Notice that we are using the same
symbols for the letters of the alphabet A and for the generating set of DPC,,, which simplifies notation and,

within the context, will not cause ambiguity.

It is a routine matter to check the following lemma.

Lemma 3.3 The set of generators {g, h,e1,ea,...,e,} of DPC,, salisfies (via ¢ ) all the relations from R. O

Observe that this result assures us that, if u,v € A* are two words such that the relation u = v is a
consequence of R, then up = vp.

Next, in order to prove that any relation satisfied by the generating set of DPC,, is a consequence of R,

we first present a series of three lemmas. In what follows, we denote the congruence pg of A* simply by p.
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Lemma 3.4 If n is even, then the relation
ha?—1 e , ) — e , )
g el.-.e]_lej+1..-e]+%_1e]+%+1-..en_el...e]_le]+1-..e]+%_lej+%+1...en
is a consequence of R for 1 <j < 3.

Proof We proceed by induction on j.
Let 7 = 1. Then hges - “r€nenygcci€n = €3cc-€n€nigccc€y iSa relation of R. Next, suppose that
2j—1 .
hg¥ = e1---ej_1€j41- - €jpn_1€j4n 1€y = €10 €j_1€j41 €jpn_1€j1n4q e, forsome 1 <5< 5 —1.
Then

hg?U+D-1¢, . S ej€jya€jineiin g ey

2j+1
hg J+ el...ejej+2...ej+%ej+%+2...en

P h92j€n9€2 T €€t €j4 iR Cpy (by Ry)

p hgg2j716n61"‘ej—lej+1"'6j+%—16j+%+1"'en—lg (by R4)

p g " thg*ler--ejiejiiejpn 1€jinieng  (by Ry and Rg)

pogtler e 1€ ejpn _1ejingy e eng (by the induction hyphotesis)
p gtTlerejo1ei41 €y no1€i1n 11 epm1ge (by Ra)

p g ges ejejiaejinejiniaenel (by Ra)

p €1t €j€jra i €jineiinigey (by Ry and R3),

as required. O

2i—1

Lemma 3.5 The relation hg €1 €i—1€i4+1" " €p = €1°+-€i_1€541" - €y 1S a consequence of R, for 1 <i < n.

Proof We proceed by induction on .
Let ¢ = 1. If n is odd then hgeses---e, = ezez---€, is a relation of R. So, suppose that n is even.

Then hges---enenio-- e, =€z €nenis - ey is arelation of R, whence
h962"'6%e%+2"'en6%+1 ,062"'6%6%4_2"'6”6%4_1

and so hgeses---e, = eses---e,, by R3.

Now, suppose that hg? le; --- €i—1€i41" - €Epper - -€i_1€;41 ey for some 1 <i<n—1. Then (with
steps similar to the previous proof), we have

hg2(t1—1¢,

2141
...ei€i+2...en hgl+ el...eiei+2...6n

p hg¥enges---eieipo--en (by Ry4)

p hgg* le,er---ei_1ei41--en_1g (by Ry)

p 9" thg*ter - e;_1e;41---eng  (by Ry and Rs)

p 9" ler e 1€ eng (by the induction hyphotesis)
p gt ter - eimieiq1 - en_1ge (by Ry)

p g lges---eieipo - -ener (by Ry4)

P €1 €i€iioEn (by Ry and Rj),

as required. O

Lemma 3.6 The relation hegmeleg ceeep =e1e9- - €y, 18 a consequence of R for £,m > 0.
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Proof First, we prove that the relation hejes---e, = ejes---e, is a consequence of R. Since this relation
belongs to R when n is even, it remains to show that hejes---e, pejes---e, when n is odd.

Suppose that n is odd. Hence, by Rg, we have hgezes - --epe1 peses---eqeq, 50 hgejes---e, pejeg - ey
(by R3), whence gejes---e, phejes---e, (by Rp) and then (gejes---e,)™ p(hejes---e,)™. Now, by Ry
and Rg, we have gejes---e, pepges---e, peper---ep_1gpeies---e,g and so, by relations Ry, Rs, and
Rs, it follows that (gejea---e,)" pg™(erea---e,)" perea---e,. On the other hand, by R; and Rs, we
have hejeg - e, pepen_1---erthpeies---e,h, whence (hejes---e,)" ph™(eres---e,)™ phejes---e, by rela-

tions Ry, Rs, and Ry, since n is odd. Therefore, hejes - e, peies---ey,.

Secondly, we prove that the relation gejes---€e, =ejes---e, is a consequence of R. In fact, we have

geies e, p gerthges---e, (by Lemma 3.5)
p enghges e, (by R4)
p engg" 'hey---e, (by Ri)
p ephes - e, (by Ry)
p heies---en (by Rs)
p eiex---e, (by the first part).

Now, clearly, for £,m >0, hzgmeleg ceeep peresy - e, follows immediately from gejes---e, pejes---ey

and hejes - --eppees - - - ey, which concludes the proof of the lemma. O

We are now in a position to prove the following result.

Theorem 3.7 The monoid DPC,, is defined by the presentation (A | R) on n+ 2 generators.

Proof In view of Proposition 3.1 and Lemma 3.3, it remains to prove that any relation satisfied by the
generating set {g,h,e1,es,...,e,} of DPC, is a consequence of R.

Let u,v € A* be two words such that uy = vp. We aim to show that upv. Take o = up.

It is clear that relations R; to Rs allow us to deduce that wuph®g™e;, ---e;, for some £ € {0,1},

me{0,1,...,n—1}, 1 <43 < -+ <i, <n and 0 < k < n. Similarly, we have vphelgm/e,;r1 e, for some
0 e{0,1}, m" €{0,1,...,n—1}, 1 <i{ <--- <), <nand 0 <K <n.

Since a = hfg™e;, - - e;, , it follows that Im(a) = Qy, \ {i1, ..., ik} and a = h'g™|pom(a). Similarly, as
also a = vy, from a = hélgm/ei/1 ey, we get Im(a) = Q, \ {#},...,7}/} and a = hé/gm/|D0m(a). Hence,

k' =k and {i},...,d,} = {i1,...,4ix}. Furthermore, if either £ =n — 2 and d(min Dom(c), max Dom(«)) # %

or k <n—3, by Lemma 2.1, we obtain # = ¢ and m’ = m, and so u ph‘g™e;, ---e;, pv.

It h¢g™ = hfg™ (including as elements of Dy, ) then # = ¢ and m’ = m, and so we get again
wphfg™e;, e, pu.

Therefore, let us suppose that ht gm/ # h'g™. Hence, by Lemma 2.1, we may conclude that a = ) or
V' =¢—1lor ¥ =0+1. If a=0,ie k=n,then uphegmeleg--~enpeleg-~-enph€/gm/eleg---enpv by
Lemma 3.6.

Thus, we may suppose that a # () and, without loss of generality, also that ¢/ = ¢+ 1, i.e. £ =0 and

¢' =1. Let k =n — 2 and admit that d(min Dom(c), maxDom(a)) = % (in which case n is even).
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Let o = (;1 ;2> with 1 < iy <ig < n. Then iy — iy = 2 = d(i1,ia) = d(j1,J2) = |j2 — 1], and so
1 2

j2 € {j1— %, 71 +%}. Let j =min{j1,j2} (notice that 1 <j < %) and ¢ = jo~'. Hence, Im(a) = {j,j + %}

and o = ¢" " pomia) = hg"H T pom(a) (cf. proof of Lemma 2.1). So, we have

’
m m
upg el"'ej—1€j+1"'6j+g—16j+g+l"'en and 'Uphg 61...ej_1€j+1...ej+g_1ej+g+1...en

and, by Lemma 2.1, m = rn+ j — i for some r € {0,1}, and m’ =i+ j — 1 —7'n for some 7’ € {0,1}. Thus,
we get

g"er e 1€q1 - ejrn €4 ny1- ey

gmhg%—lel S €j_1€j41 €4 n_1€540 41 €p (by Lemma 3-4)
g hg2iT =g, L ej_1€j41 - €jpn_1€ny1 e, (by Ri)
hg"_mg”“rm’el Cej1€j41c i ejpn 1€y ey (by Ry)

hg™ ey - - €j_1€j41" " €jpn 1€ n 41 €p (by R:)

.

DT DT T D

Finally, consider that k =n — 1. Let i € Q,, be such that €, \ {i1,...,9p—1} = {i}. Then Im(a) = {i}
and {i1,...,in_1} ={1,...,i—1,i+1,...,n}. Take a = ia~!. Then ag™ =i = ahg™ . Since ag™ = a+m—rn

for some r € {0,1}, and ahg™ = (n—a+1)g™ =r'n —a+1+m’ for some ' € {0,1}, in a similar way to

what we proved before, we have

U p gmel"'ei—lei—'rl"'en
p g"hg* rer - eieitn ey (by Lemma 3.5)
p g hg2i (=g, ccei_1eip1---en (by Ry)
p hg" gt e e teinr ey (by R1)
p hg™ei-ei1eit1en (by Ry)
p v,
as required. 0

Notice that, taking into account the relation h? = 1 of R;, we could have taken only half of the relations

Rs, namely the relations he; = e, 1h with 1 <@ < [§], where [§] denotes the least integer greater than

or equal to 7.

Our next and final goal is, by using Tietze transformations, to deduce a new presentation on 3 generators
from the previous presentation for DPC,, .

Since we have e; = hg'~te,hg'~! (as transformations) for all i € {1,2,...,n}, we will proceed as follows:
first, by applying T1, we add the relations e; = hg*~le,hg'~! for 1 < i < n; secondly, we apply T4 to each of
the relations e; = hg'~te,hg'~! with i € {1,2,...,n — 1} and, in some cases, by convenience, we also replace
en by hg" le,hg"~!; finally, by using the relations R;, we simplify the new relations obtained, eliminating the
trivial ones or those that are deduced from others. Performing this procedure for each of the sets of relations

2 n
R; to RY/R§, and renaming e, by e, we may routinely obtain the following set @ of % many

monoid relations on the alphabet B = {g, h,e}:

(Q1) g"=1, h* =1 and hg = g" 'h;
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(Q2) € =e and ghegh = e;

(Q3) eg/legn It = gi~teg"Itie for 1 <i < j < m;

(Q4) hg(eg)"2e = (eg)"2e if n is odd;

(@) hgleg)? 'g(eg)22e = (eg)2 'g(eg)? e and h(eg)" 'e = (eg)" ‘e if n is even.

Notice that, the use of the expressions e; = hg‘~le,hg'~! for all i € {1,2,...,n}, instead of those
observed at the end of Section 2, i.e. e; = g" ‘e,g* for all i € {1,2,...,n}, allowed us to obtain simpler
relations.

Now, in view of Proposition 3.2, we have the following theorem.

Theorem 3.8 The monoid DPC,, is defined by the presentation (B | Q) on 3 generators. O
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