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Abstract: In this study, the effect of fractional derivatives, whose application area is increasing day by day, on curves
is investigated. As it is known, there are not many studies on a geometric interpretation of fractional calculus. When
examining the effect of fractional analysis on a curve, the Caputo fractional analysis that fits the algebraic structure of
differential geometry is used. This is because the Caputo fractional derivative of the constant function is zero. This is an
important advantage and allows a variety of fractional physical problems to be based on a geometric basis. This effect is
examined with the help of examples consistent with the theory and visualized for different values of the Caputo fractional
analysis. The difference of this study from others is the use of Caputo fractional derivatives and integrals in calculations.
Fractional calculus has applications in many fields such as physics, engineering, mathematical biology, fluid mechanics,
signal processing, etc. Fractional derivatives and integrals have become extremely important as they give more numerical
results than classical solutions in solving various problems in many fields. In addition, many problems that cannot be
answered by classical analysis have been solved by Caputo fractional analysis. In this context, the curvatures of a curve
are calculated by Caputo fractional analysis and obtained differently from the classical result. It is aimed to characterize

the curve more accurately with the numerically more accurate calculation of the curvatures.

Key words: Fractional derivative, Caputo fractional analysis, special curves, curvatures, Frenet frame

1. Introduction

Fractional derivative and integral are generalized version of classical derivative and integral concepts that
emerged as a result of studies by Leibniz and Newton. What is meant to be expressed in fractional derivatives
is actually derivative of any rank. The concepts of fractional derivatives and integrals are as old as integer
derivative and integral concepts, and fractionally derivative expression is mentioned in many sources. From this
topic first mentioned in Leibniz’s letter to L'Hospital in 1695 [11]. In addition to Leibniz, many mathematicians
studied the same subject, including Liouville, Riemann, Weyl, Lagrange, Laplace, Fourier, Euler, and Abel [22].
Various definitions are given in the literature for fractional derivatives. Some of these fractional derivatives are
Riemann Liouville (R-L), Caputo, Griinwald-Letnikov, Wely, and Riesz [18, 24, 25]. The definition of Caputo
fractional analysis proposed by the Italian mathematician M. Caputo in the 1960s to eliminate the problem of
calculating or measuring the initial values that arise in Laplace conversion applications of the Riemann-Liouville
fractional analysis. The main advantage of the Caputo approach is that the initial conditions defined for Caputo-
derived fractional differential equations are the same as the initial conditions defined for integer-level differential

equations. Therefore, in recent studies in the literature, Caputo fractional derivative operator is preferred over
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Riemann-Liouville fractional derivative operator in analytical and numerical solutions of fractional differential
equations.

One of the biggest problems with fractional calculus is that a geometric or physical interpretation is not
yet complete. In fact, fractional derivatives are expected to give more detailed geometric and physical results
since they give more numerical results than integer derivatives. Therefore, this topic has been studied by many
authors recently [3, 4, 8, 12]. Especially recently, the focus has been on whether any geometric approximation
can be made for fractional derivatives with differential geometry and vector analysis [13, 21, 27]. In addition,
some special curves and characterizations of curve pairs are also investigated with fractional analysis [15, 16].
Moreover, the effects of fractional analysis on magnetic curves, which is an important application area in physics,
are investigated [14, 30]. Although there are many types of fractional derivatives, the geometry of curves and
surfaces can be explained more clearly thanks to the Leibnitz rule in the Caputo fractional derivative. Also,
since the Caputo fractional derivative of the constant is zero, the Caputo fractional derivative is more open to
geometric interpretation.

In this study, some special curves which are very important for differential geometry are recharacterized
with the help of Caputo fractional analysis. The main purpose of this study is to determine the effect of
fractional analysis on curves and to reveal a certain geometric interpretation. In addition, it is desired to
determine the different aspects of classical analysis and fractional analysis based on curves. As mentioned in
the conclusion of the article, fractional analysis does not give a different result from classical analysis on the
Frenet frame at any point of the curve. However, as it can be easily seen in Theorem 2.7, the difference of
fractional analysis from classical analysis on the curve is to make the curvature and torsion dependent on an «
variable. As is known, from the definition of curvature of the curve, curvature measures the deviation from the
tangent. Therefore, since fractional analysis gives the curvature of a curve dependent on the variable o, we can
analyze the deviation from the tangent more numerically and interpret it geometrically more easily. Torsion
of a curve measures how much the curve deviates from the plane. Similarly, since Caputo fractional analysis
gives the torsion of a curve dependent on the variable «, we can analyze the deviation from the plane more

numerically and interpret it geometrically more easily.

2. Preliminaries
2.1. Some basic definitions and theorems of fractional calculus

This section provides definitions and properties of fractional calculus. In the context of fractional calculus, the

description the definition of Caputo is widely used as a fractional operator.

Caputo fractional derivative of order 0 < @ <1 for a smooth function f(¢) is given by [5, 9, 17];

1 o1 df(n)
C Nna — -«
CD5 N0 = 120 O = sy | e o (21)
The relationship between the Caputo fractional derivative and the Riemann-Liouville fractional derivative is as
follows;

C na a 2

D t) = (D t)— ——— . 2.2
(D8P0 = (D5 1O ~ =/ O) (22)

The Leibniz product rule for the Caputo fractional derivative is written by [6]:
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[e%S) a k —a
5100 =3 () G D500 - 090 (2.3

k=0

By using relation (2.3), the fractional derivative of composite function f(¢(s)) is given by [6]:

s)) — = /a sh—e k S
©Dg. f)te)) = LI L ey 37 (1) e, (2.4)
k=1

In the equation above, it is seen that the Leibnitz product rule and the fractional derivative of the composite
function are given by the infinite series.

In terms of physical applications, the use of the Caputo fraction variant has two advantages, as can be
seen from equation (2.1). The first is that the initial conditions of Caputo fractional derivatives and fractional
differential equations are in the same form as integer-order differential equations. The other advantage is that
the derivative of the constant is zero in the Caputo fractional derivative as mentioned earlier. Especially as
mentioned in the second feature, the fact that the constant derivative of the Caputo derivative is zero is very
important for its use in differential geometry. For this reason, Caputo derivative is used in this study. Finally,
the following notation will be used for the representation of Caputo fractional derivative, as
d* f(t)

gt =

2.2. Some basic definitions and theorems of differential geometry of curves
In this section, the curves in R? will be introduced in a nutshell.

Let {.,.) and |.|| respectively, be scalar product and norm in the n-dimensional Euclidean space R™. If
the curve y : I — R™ verifies ||| # 0 for each t € I and y is called the regular curve. Then there exists a unit

reparameterization = of curve y, £ = yowu~!: I — R, such that

t
d ~
u(t) = / yH do, toel, (2.5)
t || do
and H%H = 1. The parameter u is said to be arc-length.

Let = z(u) be a regular unit speed curve in the Euclidean 3—space where s measures its arc length.

Also, let t = 2’ be its unit tangent vector, n = t:\l be its principal normal vector and b = ¢t X n be its binormal

[E
vector. The triple {¢,n,b} be the Frenet frame of the curve x. Then the Frenet formula of the curve is given
by

t'(u) 0 k() 0 t(u)
n'(u) | = —r(u) 0 7(u) n(u) (2.6)
b (u) 0 —7(u) 0 b(u)

where k(u) = ‘ % and 7(u) = (9%, b) are curvature and torsion of z, respectively [26]. For an arbitrary

parameter s, £ and 7 are calculated by

_ lE(s) x @)

{@(s) x &(s), T(s))
()11

l(s) > &(s)]”

K(s) , T(s) =
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Definition 2.1 Let x : I C R — E? be a unit speed curve in Buclidean 3-space E®. If any U fized direction
with the unit tangent vector of the curve x makes a fixed angle, the curve x is called the general helix [7]. The

most well-known characterization of the heliz curve is T = constant for each u € I (Lancret theorem)[26].

Definition 2.2 Let = : 1 CR — E3 be a unit speed curve in Euclidean 3-space E>. If any U fized direction
with the unit principal normal vector of the curve x makes a fized angle, the curve x is called the slant helix.
Tzumiya and Takeuchi obtain a necessary and sufficient condition to be become slant heliz for a curve: a curve

is an oblique propeller if its geodetic curvature and the principal normal satisfy the expression

2
.-l

is a constant function [19].

Definition 2.3 Let x : I C R — E? be a unit speed curve in Euclidean 3-space E*. The curve x is called
rectifying curves for all u € I if the orthogonal complement of n(u) contains a fized point. Since the orthogonal
complement of n is nt = {v € TL,E® | (v,N) = 0} the position vector of rectifying curve x in E> can be
written as

x(u) = Mt(u) + pb(u),

where A, p are differentiable functions [10].

Definition 2.4 Let z : I C R — E? be a unit speed curve in Euclidean 3-space E*. Then it is said that  is
an osculating curve if its position vector is in the orthogonal complement of the binormal vector for all u € I

such as,

z(u) = At(u) + pn(u),

where \, p are differentiable functions [20].

Definition 2.5 Let x : I C R = E? be a unit speed curve in Euclidean 3-space E*. The curve x for which the
position vector always lie in their normal plane, is for simplicity called normal curve. The following equation

is provided in normal curves for each u € I,
2(u) = An(u) + ib(u),

where A, p are differentiable functions [20].
2.3. Curvatures of curves in Euclidean 3-space with fractional-order
In this section, some concepts for differential geometry, which have been rebuilt with fractional derivatives, will

be summarized.

Let x : I — R? be parameterized by the arc-length u. Consider another parameter s given by

U s = {P(a)u] ; : (2.8)
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where T' is the Euler gamma function and 0 < a < 1. Due to (2.5), s is also a function of ¢. Let us put
s = h(t). Then (2.8) gives,

0[2 t dx é
h(t) = | =— —||d . 2.
0=(ro=a [ %] ®) 29
From equation (2.9), we get
. dh  ahtTo(t)
— = 4 2.1
= T el (210)

which implies that A is positive for each ¢ and so its inverse function ¢ = h™! (s) exists. If a fractional derivative

of the composite function is applied here, taking into account equation (2.4), the following equation is obtained
as [28]

d*xz(h(t))  ah'=(t) ,, 1\ .
ds*  T(2—a) (h77) 4. @11)

If equations (2.9) and (2.10) are replaced in equation (2.11), we get H szf H =1 for each s. This result shows

us that the curve x is unit-speed.

Theorem 2.6 Let © = x(s) be a regular unit speed curve in the Euclidean 3— space where s measures its arc
length. Also, let t, = ‘(Z—f be its unit tangent vector, n, = Hi%\l be principal normal vector and by, = to X Ng

be its binormal vector of x at s. The triple {tq,na,ba} be the Frenet frame of the curve x. Then the Frenet

formula of the curve is given by

t.(s) 0 Ka($) 0 ta(S)
nl(s) | = —rals) 0 Ta () na(s) |, (2.12)
b (s) 0 —Ta(s) 0 ba ()

where Kq(s) = ||tL ]| and 1o(s) = (n,, b,) are curvature and torsion of x with fractional order, respectively [1].

Theorem 2.7 Let © = x(s) be a regular unit speed curve in the Fuclidean 3— space where s measures its
arc length. ko (s) = ||tL]] and 7(s) = (nl,, by) are curvature and torsion of x, respectively. Accordingly, the

following equations of curvatures with fractional order « are available [1],

Ka(s) = %n(s), (2.13)
Ta(s) = %T(S). (2.14)

Conclusion 2.8 Let x = x(s) be a unit speed curve where s measures the arc length. As can be seen from
the equation (2.12), the Caputo derivative has no effect on the Frenet frame, so the Frenet elements do not

undergo any change. However, considering the equations (2.13) and (2.14), the curvature and torsion of the
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x curve changed under the Caputo fractional derivative. As can be seen, curvature and torsion are calculated
based on the numerical value of «. As a result, the curvature and torsion of the curve can be calculated much

more numerically with Caputo fractional analysis.

3. Main results
In this section, some special curves previously obtained with classical derivative will be obtained with Caputo

fractional derivative.

Definition 3.1 Let  : I C R — E? be a unit speed curve in Euclidean 3-space E>. If the unit tangent vector
of the curve x according to Caputo fractional derivative makes a fixed angle with any u fized direction, the

curve x s called a fractional general heliz (F-general heliz).

Theorem 3.2 Let x : I C R — E? be a unit speed curve in Euclidean 3-space E3. If the curve x is the
fractional general heliz according to the Frenet frame defined by the Caputo fractional derivative, the following

equation exists:

Ba _ constant. (3.1)
Ta

Proof Let x : I C R — E3 be a unit speed curve in Euclidean 3-space E>. If any u fixed direction with the
unit tangent vector of the curve = makes a fixed angle, the = curve is called the general helix. Accordingly, the
following equation can be written,

(to, u) = cosé.
If derivative of the above equation is taken according to s,
(t,, u) + {to, u') = 0.

Using the u-direction is fixed, we can see
<tixa u> =0.

If equation (2.12) is used in above equation, we get
Ko (Mo, uw) = 0. (3.2)

When k., =0, Eq. (3.1) will be constant as can be easily seen. For k, # 0, it is clear that (n,, u) =0. If we

take the derivative of equation (3.2) according to s again, we obtain the following
Ko (Nay U) + Ko (L, u) + Ko (Na, u') =0,

Ko (N, u) =0.

If the Frenet formulas in equation (2.12) are used in this equation, we can write
Ka ((—Kata + Taba), u) =0,

and
—K2 (to, u) + KaTa (b, u) = 0.

1428
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If the equality (¢, u) = cos@ is used in above equation, we have

Ka
by, u) = — cosd.
(be, u) p cos

If derivative of this expression is taken according to s again, the following equation is obtained

!
—To Ny UY) = (@) cos 0.

To

Because of (n,, u) =0 as previously stated, we can write

K !/
() -
Ta

and

That way, the proof is complete. O

Definition 3.3 Let z : I C R — E? be a unit speed curve in Euclidean 3-space E3. If the unit principal
normal vector of x according to Caputo fractional derivative makes a fixed angle with any fixed direction u, the

curve x 1is called a fractional slant heliz (F-slant heliz).

Theorem 3.4 Let x : I C R — E3 be a unit speed curve in Buclidean 3-space E3. If the curve x is the
fractional slant heliz according to to the Frenet frame defined by the Caputo fractional derivative, the following
equation exists:

!
Ta 1
— | — = constant.
Ra Ko

Proof Let z : I C R — E? be a unit speed curve in Euclidean 3-space E?. If any u fixed direction
with the unit principal normal vector of the curve z makes a fixed angle, the = curve is called the slant helix.

Accordingly, the following equation can be written, as
(N, u) = cosb.
If both sides of the above equation are derivatived according to s,
(nl,, u) + (ng, u')=0.

Since w is a fixed direction, we have
(n,, u) =0.

a?

If Frenet formulas of z is used in above equation, we get

((—Kata + Taba), u) =0

1429
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and
— Ko (tay w) + To (bay, u) =0.

As can be seen from the rotation matrix, (n,, u) = cosf and (b,, u) = sin. If this equation is used in the

above equation, then we have

(ta, u) = 72 Sing.
Ka

If once again derivative is taken in this equation according to s, we can write

!
Ka (Na, w) = <Ta> sin 6.

Ka

If the equality (n,, u) = cos@ is written here in place,

i
1
(7-&) — =cot
Ko ) Ko

is obtained. Because 6 is selected as a constant, following equation can be written,

.\ 1
<a> — =c¢, ceR
Ra Ra
O

Definition 3.5 Let x : I C R — E3 be a unit speed curve in Euclidean 3-space E3. If the position vector of
x always lies in its rectifying plane according to the Frenet frame defined by the Caputo fractional derivative,

the curve x is called the a fractional rectifying curve (F-rectifying curve).

Theorem 3.6 Let x : I C R — E3 be a unit speed curve in Euclidean 3-space E3. If the curve x is the
fractional rectifying curve according to Frenet frame defined by the Caputo fractional derivative, the following

equation exists,

where A, p are differentiable functions.

Proof Let z :I C R — E3 be a unit speed curve in Euclidean 3-space E>. If the curve z is a rectifying

curve, the following equation exists, as previously seen in the definition,
T = Mg + pby,

where A, p are differentiable functions. If the Caputo fractional derivative of the above equation is taken from

the order a—th according to the s, we get the following equations

d“z d*
Jea  dee (Mo + piba) s

1430
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If the classical derivative of both sides of the above equation is taken according to the s, the following equation

is obtained as
d d*
o
t, = I5 da@ (Mo + pbe) -

If the commutative property of the Caputo fractional derivative [23] and Frenet formulas are used

d* d
to = J5% ds (Ao + piba) ,

and necessary arrangements are made, we can write

(03

s Nto + (Moo — pta)na + 1'by) -

RaTla =

From the mutual equalities of the above equation, we can easily see that

[e%

Fo = ds®

(Ao — 4Ta)-

O

Definition 3.7 Let  : I C R — E3 be a unit speed curve in Euclidean 3-space E3. If the position vector of
x always lies in its normal plane according to the Frenet frame defined by the Caputo fractional derivative, the

curve x s called a fractional normal curve (F-normal curve).

Theorem 3.8 Let x : I C R — E3 be a unit speed curve in Buclidean 3-space E3. If the curve x is the
fractional normal curve according to the Frenet frame defined by the Caputo fractional derivative, the following
equation exists:

d® ()x,u)/ — pc
= — | ——— R
Ko o < N , CE€IK,

where A, p are differentiable functions.

Proof Let z : I C R — E3 be a unit speed curve in Euclidean 3-space E3. If the curve x is a F-normal
curve, the following equation exists,
T = Mg + piba,

where A, p are differentiable functions. If the Caputo fractional derivative of the above equation is taken from
the order a—th according to the s, we obtain
d*x d“

dso ~ dga Ma Fitba),

and
(07

t=—
dso‘(

AN, + 1be) -
If the classical derivative of both sides of the above equation is taken according to the s, we get

d da*
t/ = %dsia (A'I’La + /Lba) .
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If the commutative property of the Caputo fractional derivative and Frenet formulas are used, we can write

(e}

e (—Aata + (N — pra)na + (1 + Aa)bs) -

RaTla =

From the mutual equalities of the above equation, we get

a~ .,
and
—da(’+A )=0 (3.4)
Jsa o To) = 0. .

From equation (3.4), we have

W+ Ay =c, cER,

and

o
S A“, (3.5)

If equation (3.5) is used in equation (3.3) and the necessary arrangements are made,

_de () = pe
R = dgia <<>\ , CE R.

O

Definition 3.9 Let x : I C R — E? be a unit speed curve in Buclidean 3-space E3. If the position vector of
x always lies in its osculating plane according to the Frenet frame defined by the Caputo fractional derivative,

the curve x is called a fractional osculating curve (F-osculating curve).

Theorem 3.10 Let = : I C R — E? be a unit speed curve in Euclidean 3-space E3. If the curve x 1is
the fractional osculating curve according to the Frenet frame defined by the Caputo fractional derivative, the

following equation exists:

- -
Ka:(()\’u))\c>7 CER,
ds® 1

where A, p are differentiable functions.

Proof Let z :I C R — E? be a unit speed curve in Euclidean 3-space E3. If the curve x is a osculating
curve, the following equation exists,
T = Mg + png,

where A, p are differentiable functions. If the Caputo fractional derivative of the above equation is taken from

the order a—th according to the s, we get

(a3

to = —
o dsa(

Mo + png) -

1432
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If the classical derivative of both sides of the above equation is taken according to the s,

d d*

If the commutative property of the Caputo fractional derivative and Frenet formulas are used, we can write

dOé

dsio‘ (()‘/ - /“{oc)toc + (//', + )\Ha)noz + /-”'aba) .

RaTla =

Using the mutual equalities, we have

a®
Roq = dST(M + )\Kla) (36)
and
LV (3.7)
ds® fifta) =1 '

If equation (3.7) is edited, we can say

)\/*,L“fa:cv C€R7

Ko = (3.8)
1
If equation (3.8) is used in equation (3.6) and the necessary arrangements are made, we get
d () — A
H/oz:<( 'LL) C), ceR.
ds® W
O

Example 3.11 Let z : I CR — E3be a regular with arbitrary speed fractional curve in R® parameterized by

I'(2 —
z(s) = % (—/310‘ sins,/slfa coss,431°‘> .

The view of the curve for different o values are given in Figures 1 and 2.

Figure 1. Fractional curve z(s) for a — 1(Black), o = 0.9(Blue) and a = 0.7(Red), respectively.

1433
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Figure 2. Fractional curve z(s) for « = 0.5(Orange), o = 0.3(Purple) and o = 0.1(Green), respectively.

Let x : I CR — E3be a reqular with arbitrary speed fractional curve in R3 parameterized by

re-— 4
x(s) = % (—%/sla sin s, o s17%cos s, 19 510‘> .

The view of the curve for different o values are given in Figures 3 and /4.

espectively.

003 qp

Figure 4. Fractional curve z(s) for o = 0.5(Orange), a = 0.3(Purple) and o = 0.1(Green), respectively.
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4. Conclusion

The study areas of fractional derivatives and integrals are increasing day by day. Today, fractional analysis
is preferred in the solutions of differential equations encountered in many fields of physics, chemistry, biology,
and engineering. The reason for this is the claim that the solutions obtained by fractional analysis give a
more precise numerical solution. As mentioned above, no results have been obtained yet regarding the effect of
fractional analysis, which has found its place in many fields, on geometry. Studies in this area are still very new.
For example, one of these studies examined the effect of fractional analysis on geometry [27], while another
study investigated the effect of fractional analysis on electromagnetic curves in fiber optic [29]. It should be
taken into account that fractional analysis, which is claimed to give clearer solutions numerically, can also give
clearer information geometrically. As seen in the article, Caputo fractional analysis helps us to calculate the
curvature and torsion of a curve more numerically. Thus, as can be clearly seen from the curvature and torsion
definitions, the tangent deviation and plane deviation amounts, respectively, can be calculated more numerically.
In addition, its ability to be calculated more numerically provides us with a geometric interpretation. In this
article, only the effect of Caputo fractional analysis on curvature and torsion and its effect on special curves
are examined. However, many more geometric problems remain unanswered. For example, can the motion or
characteristic of a curve be more clearly explained by fractional analysis? This work is a pioneer in geometric

problems. Future studies in this field will make many contributions to geometry.
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