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Abstract: In this paper, we determine the geometric structures of 3-dimensional weakly 7-Einstein almost contact
metric manifolds and classify 3-dimensional weakly 7n-Einstein simply connected homogeneous contact metric manifolds

based on Perrone’s classification.
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1. Introduction

Let M = (M, g) be an m-dimensional Riemannian manifold. We consider a symmetric (0,2)-tensor field R on
M defined by

R(X,Y)= > Rleiej er, X)R(ei ej,er,Y)

%,7,k=1

forX, Y € X(M) and a local orthonormal frame field {e;}, where X(M) denotes the Lie algebra of all smooth
vector fields on M. Here, the (0,4)-type curvature tensor R is defined by R(X,Y,Z, W) = g(R(X,Y)Z),W)
for X, Y, Z, WeX(M), where R(X,Y)Z = [Vx,Vy]Z—V|x y]Z with respect to the Levi-Civita connection
Vofg.

In [9], Euh, Park, and Sekigawa defined a weakly Einstein manifold which is an m-dimensional Rieman-
nian manifold (M, g) satisfying the following condition:

2

m

9(X,Y). (1.1)

They showed that a 4-dimensional Einstein manifold necessarily satisfies (1.1), but the converse does not hold.
They provided interesting examples of 4-dimensional weakly Einstein not Einstein manifolds [10]. A weakly
Einstein manifold can be regarded as a generalization of an Einstein manifold in dimension 4. Weakly Einstein
manifolds have been studied by many authors [1, 2, 5, 8, 14]. In particular, Arias-Marco and Kowalski [1]
classified 4-dimensional homogeneous weakly Einstein manifolds and showed that there are just two spaces

illustrated in [10]. On the other hand, the n-FEinstein structure is one of the most important geometric structures
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in almost contact geometry, that is, the Ricci tensor p is of the form p(X,Y) = ag(X,Y) + pn(X)n(Y) with
a and S being smooth functions. Cho, Chun, and Euh [6] defined a weakly n-Einstein structure as analogues
of a weakly Einstein structure on almost contact metric manifolds. An almost contact metric manifold M with

dimension m = 2n + 1 is said to be weakly n-Einstein if the symmetric (0,2)-tensor R satisfied
R(X,Y) =ag(X,Y) + Bn(X)n(Y)

for smooth functions @ and B on M. They showed that a 3-dimensional 7n-Einstein almost contact metric
manifold is necessarily weakly n-Einstein. In this paper, we shall classify a 3-dimensional weakly n-Einstein
almost contact metric manifold. In section 2, we prepare for some preliminaries on almost contact metric
manifolds. In section 3, we determine the geometric structures of weakly n-Einstein almost contact metric
manifolds with dimension 3. In section 4, we recall Perrone’s classification [13] of 3-dimensional simply connected
homogeneous contact metric manifolds and classify such homogeneous spaces with weakly n-Einstein structures

based on his classification.

2. Preliminaries
All manifolds in this paper are assumed to be connected and of class C°°. We refer to [3] for some preliminaries
on contact metric manifolds. Let M be a (2n + 1)-dimensional differentiable manifold. Let ¢, &, and n be a

tensor field of type (1,1), a vector field and a 1-form on M , respectively. If ¢, £, and n satisfy the conditions

(X)) =-X+n(X)E =1

for any vector field X € X(M), then it is said that M has an almost contact structure (n,¢,&) and M =
(M,n,p, &) is called an almost contact manifold. If an almost contact manifold (M, 7, ¢, ) admits a Riemannian
metric ¢g such that
9(eX,9Y) = g(X,Y) = n(X)n(Y)

for any X and Y € X(M), then M = (M,n,p,&,g) is said to be an almost contact metric manifold. We
define the fundamental 2-form ® on M by ®(X,Y) = g(X,¢Y). An almost contact metric manifold M with
® = dn is called a contact metric manifold, where d is the exterior differential operator. Given a contact metric
manifold M = (M,n,¢,&,g), we define the tensor fields h and 7 by h = 1(Le¢p) and 7 = Leg, where L is
the Lie derivative in the direction of £. It is easily checked that h and 7 are symmetric operators and satisfy

the following conditions:
he =0, hyp = —ph, (2.1)

Vxé=—pX — phX, Vep =0, (2.2)

7(£,X) =0, 7(X,Y) =2¢9(pX,hY).

If the vector field & on a contact metric manifold (M,n,p,&,g) is a Killing vector field (i.e. 7 = 0), then
M is called a K-contact manifold. This is the case if and only if h = 0. For an almost contact manifold
(M2, p,€), we consider the manifold M2"*+! x R. We define a vector field on M+ x R by (X, f4),
where X is tangent to M?2"*1, ¢ the coordinate on R and f a smooth function on M?"*! x R. Define an

almost complex structure J on M?"T! xR by J(X, f%) = (X — f€, n(X)%). If J is integrable, we say that
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an almost contact structure (7, ¢, &) is normal. A normal contact metric manifold is called a Sasakian manifold.
It is well-known that a Sasakian manifold is necessarily a K-contact manifold. In dimension 3, the converse is
true.

3. Three-dimensional almost contact metric manifolds

Let (M,g) be a 3-dimensional almost contact metric manifold. Then we see that the following equation is

satisfied on M :
R(X,Y, Z,W) =p(Y, Z)g(X, W) — p(X, Z)g(Y,W)

+g<Y7Z)p(X,W) —g(X,Z)p(Y,W) (31)
— S(9(Y. 2)g(X, W) = (X, Z)g(Y, W)

for X, Y, Z, W e X(M), where p is the Ricci tensor on M and r is the scalar curvature of M. From (3.1),

we have the symmetric (0,2)-tensor R as follows:

3
R(X,Y) = Z R(e;,ej,ex, X)R(e;,e5,e5,Y)
ij k=1

3
= (2||p|]> - ) g(X,Y) + 2rp(X,Y) — 2_Zp<X, e)p(Y,e;)

for any orthonormal frame field {e;} on M. Now, we suppose that M is weakly n-Einstein. We define the Ricci
operator @ of M by g(QX,Y) = p(X,Y) and consider the orthonormal frame field {e;} = {e1,eq,e3 = £} as
eigenvectors of @, that is, Qe; = A\je; (i =1,2) and Q& = A3€. Then we have

2/lpl* = 7% + 20 (r = A1) =@, (3.2)
2(|pl|* — % + 2Xa(r — X2) =@, (3.3)
20p|I* — %+ 2X3(r — \3) =a + B. (3.4)

From (3.2) and (3.3), we have
(/\1 — )\2)(7“ — ()\1 + /\2)) =0. (35)

From (3.2) and (3.4), we have
(s = A)(r = O+ 2g)) = 5. (3.

From (3.3) and (3.4), we have
(s = Xa)r = (o + ) = 5. (3.7

Then from (3.5) we obtain A\; = A2 or A3 = 0. (Similarly, from (3.6) and (3.7), we have the same result.) If
A1 = A2, the Ricci operator @ of M has two eigenvalues of multiplicities (2,1). Then, we see that M has an

n-Einstein structure [7]. If A3 = 0, M satisfies Q€ = 0 and hence R is given by R = (A2 + \3)g — 2\ \an @ 1.

Therefore, we have the following theorem.
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Theorem 3.1 Let M be a 3-dimensional almost contact metric manifold. If M 1is weakly n-Einstein then

either it is n-Finstein or it satisfies Q€ = 0.

Remark 1 ([6]) A 3-dimensional contact (0,2)-space satisfies Q€ = 0 and it is an example which is weakly

n-Einstein but not n-Einstein.

Let M = (M,¢,£,1n,9) be a 3-dimensional contact metric manifold. Now, let U be the open subset
of M on which h # 0, and V be the open subset of M on which h is identically zero. Then U UV is
open and dense in M. If U is not empty for any point p € U we can choose a local orthonormal frame field

{e1,e2 = pe1,e3 = £} on a neighborhood of p in such a way that
hey = peq, hes = —pes, (3.8)

where p is a smooth positive function on U. We note that if V' is not empty, then V is a Sasakian manifold.
Now, we assume that U is not empty. Then by making use of (2.1), (2.2), (3.1), and (3.8), we have the Ricci

operator Q on U as following formulas [13]:
r
Qer = (5 - 144+ 2/W) er + &(n)ez + pisé,
T
Qez = E(per + (5 —14p° - 2,UV> ez + pasé, (3.9)

Q¢ = pizer + pazes + 2(1 — p?)¢,

where v = —g(Veer, e2). We suppose that a 3-dimensional contact metric manifold (M, ¢,&,7,g) has a weakly
n-Einstein structure. From Theorem 3.1, taking account of (3.9), we get v = 0 if it is n-Einstein or we have

the positive smooth function g =1 if Q¢ = 0. Then, we have

Corollary 3.2 Let (M,¢,&,m,9) be a 3-dimensional contact metric manifold. If M is weakly n-Einstein, then

either v =0 or h has eigenvalues 1, —1, and 0.

4. Three-dimensional weakly 7-Einstein homogeneous contact metric manifolds

In this section, we consider the weakly 7-Einstein structure on 3-dimensional homogeneous contact metric
manifolds. A contact manifold is said to be homogeneous if there exists a connected Lie group G acting
transitively as a group of diffeomorphisms on it which preserves the contact form 7. If g is a metric associated
to 7 and G is a group acting transitively as isometries which leave n invariant, then (7,g) is said to be
a homogeneous contact metric structure on M. Perrone [13] showed that 3-dimensional simply connected
homogeneous contact metric manifolds are Lie groups with left invariant contact metric structure. Furthermore,
he classified such homogeneous spaces using the result of Milnor [12] and taking account of the Webster scalar
curvature W and torsion invariant ||7|| introduced by Chern and Hamilton (see [4], p. 284). Here, the Webster
scalar curvature W is given by
2
W= Lo pe0)+ 0= 1 (re2+ 10,

Proposition 4.1 [13] Let (M,n,p,&,g9) be a 3-dimensional simply connected homogeneous contact metric

manifold. Then M is a Lie group G together with a left invariant contact metric structure (n,¢,€,g).
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(1) If G is unimodular, then G is one of the following:

(1.a) the Heisenberg group Hs when W = ||7|| =0;
(1.b) the 3-sphere group SU(2) when 4/2W > ||7||;

(1.c) the group E(2), universal covering of the group of rigid motions of Euclidean 2-space, when 4v/2W =
Il > 0;

(1.d) the group SL(2,R) when —||7|| # 4V2W < ||7||;
(1.e) the group E(1,1) of rigid motions of Minkowski 2-space when 4+/2W = —||7|| < 0.

The Lie algebra g of G is generated by an orthonormal basis {e1,ea = pey,e3 = £} with commutation
relation:
[e1, ea] = 2e3, [e2, e3] = aey, [es, e1] = bes. (4.1)

is nonunimodular, then the Lie algebra g o is given by
2) If G i imodul hen the Lie algeb f G is gi b
le1, ea] = cea + 2es, le2,e3] =0, [e3, e1] = dea, (4.2)

where ¢ # 0, e1,ea = pey € kern and 4V2W < ||7||. If d = 0, then the structure is Sasakian and

C2

W=——.
4

First, we consider the weakly n-Einstein unimodular Lie group G with a left invariant contact metric
structure. Then by Proposition 4.1, we can choose an orthonormal basis {e1,es = pe1,e3 = £} which satisfies
(4.1).

3
We set V,e; = Zf‘ijkek 1 <4,5 £3. Then we get I';j;, = —I';;; and further from (4.1) we obtain the
k=1
coefficients {I';;1} as follows:

1 1 1
F123:§(2—a+b), F213: 5(—2—a—|—b), F312=§(—2+a—|—b) (43)
and otherwise being zero up to sign. From (4.3), by direct calculations, we have

R(el, 62)61 = —A€2, R(el, 82)62 = Ael, R(el, 62)63 = 07

R(e1,e3)e1 = Bes, R(e1,e3)ea =0, R(ey,e3)es = —Bey, (4.4)
R(ez,e3)e1 =0, R(ez,e3)es = Ces, R(ez,e3)e3 = —Cleg,

where the coefficients are as follows:

A:i(afb)2+(a+b)f3,

1 2 1 2 2
Bzz(a—b) —E(a —-b°)+(a—0b)—1,
C:i(a—b)Q—i—%(aQ—b2)—(a—b)—1.
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By using (4.4), we have the following Ricci operators:
Loy o
Qe = (fg(b —a )72+2b)61,

Qes = (%(b2 —a?) -2+ 2a)62, (4.5)

L 2
Qes = (— i(b —a) +2)€3.
From (4.1) and by the definition of the tensor field h, we have
1 1
he; = fi(a —b)ey, hes = i(a —b)ea, hes = h& = 0. (4.6)

On the other hand, a (0,2)-tensor R of G is given by

R(X,Y)

3
= Z R(eia €j, €k, X)R(el, €5, €k, Y)
i,7,k=1

3
=2 Z R(elv €2, €c, X)R(eh €2, €c, Y)

c=1
+ R(€17 €3, €c, X)R(ela €3, €¢, Y)
+ R(627 €3, €c, X)R(GQa €3, €c, Y)

:Q{R(el, eaver, X)R(e1, e0,1,Y) + Rley, e2, €2, X)R(e1, €2, €2, Y)
+ R(ej,es,e1, X)R(e1,es,e1,Y) + R(ey,es,e3, X)R(e1,e3,e3,Y)
+ R(es, e3,e2, X)R(ea,e3,e2,Y) + R(ea, e3,e3, X)R(ea, €3, €3, Y)}
=2{ A%g(es, X)gles, Y) + A%gler, X)gler, )
+ B?g(es, X)g(es,Y) + B%g(e1, X)g(e,Y)
+ C2g(es, X)gles, Y) + C2g(ea, X)g(ea, y)}
—2{ A2(g(X,Y) = n(X)n(Y)) + B9(X,Y)
+ CI(Xn(Y) + (C? = BYg(ea, X)glea. V) |
=2{ (A2 + BYg(X, V) + (C? = A2)n(X)n(Y)
— (B? = C?)gle2, X)glea,Y) }

If G is weakly n-Einstein, then B? — C? = 0. Therefore in the case of B = C we have a = b or a +b = 2
or in the case of B = —C' we have b = a = 2. Here, we note that if a = b, by (4.6), we get h = 0 and hence
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we see that G is Sasakian. In addition, from (4.5), G has an n-Einstein structure. If a +b =2 (a #b), G
is non-Sasakian n-Einstein from (4.5). By Milnor’s classification of 3-dimensional homogeneous spaces [12], we
see that the following structures are admissible.

(1) If a =b, M is isometric to one of

Hj with an n-Einstein Sasakian structure
SU(2) with an n-Einstein Sasakian structure

(2)If a+b=2(a#0b), M is isometric to one of

SU(2) with a non-Sasakian 7-Einstein structure

SL(2,R) with a non-Sasakian n-Einstein structure
E(2)

with a non-Sasakian n-Einstein structure
(3) If a—b=+2, M is isometric to one of

SU(2) with a contact metric structure
SL(2,R) with a contact metric structure
E(1,1) with a contact metric structure

E(2) with a contact metric structure

Now, if we consider the weakly n-Einstein nonunimodular Lie group G with contact left invariant metric
structure, from Proposition 4.1, then there exists an orthonormal basis {e1,es = pe1,e3 = £} satisfying (4.2).

By using the Koszul formula we have

d+2 d—2 d—2
Iiog = — o1z = —¢, Po13 = 5 [312 = —5— (4.7)

all others are zero. Then, using (4.7), by a direct calculation we get

]’%(617 62)61 = 7Z62 - E@g, R(el, 62)62 = Zel, R(Bl, 62)63 = 561,

R(el, 63)61 = _ECQ - Eeg, R(el, 63)62 = Eel, R(el, 63)63 = Eel, (48)

R(ez,e3)e; =0, R(ez, e3)es = —Ces, R(ez, e3)e3 = Ces,

where the coefficients are as follows:

_ 24+4d—12 —  —3d’+4d+14

gt rdd-12 L, g T3 Addtd
4 4

_ d—2)? _

c-W=2"  p_.

4
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From (4.8), we obtain the Ricci operator as follows:

d2
Qer = (—62 —2+2d- 2) €1,

2

Qex = (—02 -2+ d2) es + cdes, (4.9)
d2

Qe3z = cdes + <2 — 2) es.

From (42) and by the definition of h we have
h =—d h =—=d 2 h =0
€1 €1, €92 €9, €3 .

We see that G is Sasakian if and only if d =0 (i.e. h =0). If the nonunimodular group (G, ¢, n,&, g) is weakly

n-Einstein, then we have the following:

R(X,Y)

= Z R(eav €b, Ec, X)R(eaa €p, €c, Y)

a,b,c=1

)

2{R(61,62, e1, X)R(e1,ez,e1,Y) + R(ei,e2,e2, X)R(er,e2,€2,Y) + R(ey, e2,e3, X)R(eq,e2,e3,Y)
+ R(ela €3, 617X)R(€17 €3, 617Y)R(€1,€3, €2, X)R(elaei% €2, Y) + R(€17 €3, 637X)R(€17 €3, 637Y)

+ R(€27 €3, 627X)R(627 €3, 627Y) + R(GQ, €3, €3,X)R(627 €3, €3, Y)}

=2{229(627X)g(e2, V) + A Dg(ez, X)g(es,Y) + A Dg(es, X)g(e2,Y)
+D’gles, X)gles, V) + A gler, X)gler, Y) + D gler, X)g(er, ) (4.10)
+D’gles, X)g(ea,Y) + B Dylea, X)gles,Y) + B Dg(es, X)g(ea,Y)
+Bg(es, X)gles,Y) + D gler, X)gler,Y) + B gler, X)gler,Y)
+Cgles, X)gles,Y) + T glea, X)g(ea, Y)}
—2{ A (9(X,Y) = n(X)n(Y)) + D*(9(X,Y) + glex, X)gle, Y)
+ B (9(X.Y) = glez, X)gle2,Y)) + T (9(X.Y) — gler, X)g(e, )
+(A+ B) D (g(e2, X)g(es, V) + gles, X)g(e2,Y))
=ag(X,Y) + Bn(X)n(Y).

From (4.10), we have the following equations:

Rler,e1) =3(A +B +2D)=a,  Rles,es) =2 +C +D)=a

Rles,es) =2(B°+C +D)=a+pB,  Rleses)=2(A+B)D)=0.
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Then, we have the relations:

(A+B) D=0, B +D =C". (4.11)
Therefore, from (4.11) we can consider the two cases:
Case ) A+ B =0 and B+D =0C".
Since A+ B = —%(d —2)2 -2 =0, we have ¢ = 0 and d = 2. Tt is a contradiction for the condition

c#0.

Case II) D =0 and B +D =C"

(II-1) B=C and D =0.
From B = C we obtain d = 0 (Sasakian) or d = 2. Since D = c¢d = 0 and ¢ # 0 by assumption, we
have d = 0.

(II-2) B=—-C and D =0.

om B =—C we get d =42. It is a contradiction for D =0 and ¢ # 0.

e

Then, from (4.8), we have the curvatures Riz3; = Rassz = 1, Rio12 = ¢® + 3 and otherwise being zero
up to sign. Furthermore, since d is identically zero, we easily check that G has an 7n-Einstein structure
from (4.9).

Finally, we have the following theorem.
Theorem 4.2 Let (M,n,¢,£,9) be a 3-dimensional simply connected homogeneous contact metric manifold.

Then M is a Lie group G together with a left invariant contact metric structure (n,¢,&,g). Suppose that G

is weakly n-FEinstein.
(1) If G is unimodular, then M is isometric to one of the following Lie groups:

(1.1) Heisenberg group Hs with an n-Finstein Sasakian structure;

(1.2) SU(2) with either an n-Einstein Sasakian structure, a non-Sasakian n-Einstein structure, or a
contact metric structure;

(1.3) E(2) with either a non-Sasakian n-FEinstein structure or a contact metric structure;
(1.4) E'VL(Q,R) with either a non-Sasakian n-Einstein structure or a contact metric structure;

(1.5) E(1,1) with a contact metric structure

(2) If G is nonunimodular, then M is an n-FEinstein Sasakian manifold whose sectional curvatures containing

the direction € are the same as one.

Remark 2 We summarize the above characterization as the table. Let (M,n,¢,&,g) be a 3-dimensional simply
connected homogeneous contact metric manifold with a weakly n-Finstein structure. Then M is isometric to

one of Lie groups which can admit the following structures:

1255



CHUN and EUH/Turk J Math

Geometric structures | Sasakian non-Sasakian
7 -Einstein Hs, SU(2), nonunimodular | SU(2), E(2) S’E(ZR)
not 7-Einstein none SU(2), E(2) SL(2,R), E(1,1)

Consequently, we see that SU(2), E(2) §i(2,R) , or E(1,1) with only a contact metric structure can be weakly

n-Finstein not n-Einstein.
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