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Abstract: Let F4[z] be the ring of polynomials over a finite field F, and Fq(z) its quotient field. Let P be the set of
primes in Fq[z], and let Z be the set of all polynomials f over Fq(z) for which f(P) C Fq[z]. The existence of a basis for
T is established using the notion of characteristic ideal; this shows that Z is a free Fq[z]-module. Through localization,
explicit shapes of certain bases for the localization of Z are derived, and a well-known procedure is described as to how

to obtain explicit forms of some bases of Z.
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1. Introduction
Let D be an integral domain and K its quotient field. Let E be a subset of D. Denote the set of all

integer-valued polynomials on E by
Int(E, D) = {£(t) € K[{] | f(E) € D}.

If E = D, write Int (D) instead of Int (D, D). In the classical case where D is the ring of rational integers Z, it
is well-known that Int(Z) is a free Z-module. Indeed, for a number field K with the ring of integers O, one
can show that Int (Ok) is a free Ok -module [3, Chapter II, Section 3]. In 1997, Chabert et al. [5] proved that
the set Int(P,Z) is a free Z-module, where P C Z is the set of all primes, and described an algorithm which
constructs such a free basis. There is a recent work in [6] which gives an interesting application of Int(P,Z).
Our objective here is to prove results analogous to those in [5] in the function field case. Throughout,
we take the domain D to be Fy[z], the ring of all polynomials over F,, a finite field of ¢ elements, so that its
quotient field K is Fy(z). In [4, Section 3], it is shown that any polynomial in Fy[x] is uniquely expressible
with respect to a certain basis, and, consequently in [4, Theorem 9-10], any element in Int (F,[z]) is uniquely
expressible with respect to such basis with suitably chosen coeflicients, and so Int (F,[x]) is a free F,[x]-module.
Let P be the set of all monic irreducible polynomials, i.e., primes, in Fy[x]. Using the idea of characteristic

ideal, we prove in the next section that the set Z :=Int (P,F,[z]) is a free F4[z]-module. In the third section,
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we establish certain properties of the module Z. In the fourth section, the localization Z,) (p € P) of Z is
investigated, and employing the notion of p-ordering in [2], a basis for the module 7,y is derived. Globalizing

the localized bases, a procedure to compute explicit bases of the module Z is described in the last section.

2. Existence of a basis

We first introduce the notion of characteristic ideal, [3, Chapter II, Section 1]. For brevity, let Ng := N U {0}.

Definition 2.1 Let B be a domain such that F,[z][t] C B C Fy(x)[t]. For n € Ny, we define the set Ig(n) to

be the union of the element 0 € F, and the set of leading coefficients of all polynomials in B of degree n:
Ig(n) = {0} U{A € Fy(z)\ {0} | 3f € B such that f = At" + A,_1t" ' + -+ A} .

One can show that if B C Int(F,[z]), then Ig(n) is a fractional ideal of F,[z], [3, Proposition II.1.1], so that
there exists d(z) € Fy[z] \ {0} such that d(z)Ip(n) C Fylz]. We call Ip(n) the n-th characteristic ideal of B.
To prove the existence of a basis for Z, we make use of the following result, [3, Proposition II.1.4].

For a domain B such that F,[z][t] C B C F,(z)[t], we note that, [3, Definition II.1.3], a basis {f,}n>0

of the Fy[z]-module B is said to be a regular basis if, for each n, the polynomial f,, has degree n.

Proposition 2.2 Let B be a domain such that Fy[z][t] C B CFy(x)[t]. A sequence {fn}n>0 C B is a regular
basis of B if and only if, for each n € Ny, the polynomial f, is of degree n whose leading coefficient generates

Ig(n) as an Fylz]-module.

Taking B to be Z = Int(P,F,[z]) which is easily checked to be a domain, the set Iz(n) has a simple structure.

Proposition 2.3 The set Iz(n) is a principal fractional ideal of Fy[z].

Proof By [3, Proposition II.1.1], the set Iz(n) is a fractional ideal of F,[z]. To check that it is principal, let
ft)=Ag+ At +-- -+ Apt" €Z, A, #0.

For p; € P with degp; =7 (1 <i<n+1), we have

Ao f(p1) r p - Py

Ay f(p2) I py - py
n . = . P where An = . . . .

Ay f(pn+1) 1 ppyr -+ szrl

Since A, is a Vandermonde matrix, we have det A, = [, ;<41 (Pj — pi) € Fglz] \ {0} yielding

poo p?‘i f(p1)

I po - py f(p2)
Andet A, =|. . 7 | €F,al,

L pugr -+ vyt f(ns1)

and so Iz(n)det A, C F,[z]. Next, it is easily checked that Iz(n)det A, is an ideal of F,[z]. Since F,[z] is a

principal ideal domain, Iz(n)det A,, is a principal ideal implying that Iz(n) is a principal fractional ideal. O
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Remarks. In passing, we make some observations about the shape of each Iz(n). Clearly, the sequence
{Iz(n)}n>0 is increasing with respect to set inclusion. For degree 0, the set of all polynomials of degree 0 in
7 is Fylz]. For degree 1, consider f(t) = Ao+ Ait € Z; its leading coefficient is A1 = f(x+1) — f(z) € Fqlz].
So, I7(0) = Iz(1) = Fy[z]. In general, for degree n > 2, the set Iz(n) depends on ¢, the cardinality of F,. For
example, if ¢ = 2, we have 1/z € I7(2) because f(t) = t(t —1)/z € Int(P,Falx]), but if ¢ > 2, it is checked
that 1/x & Iz(2); for otherwise, 1/x € I7(2). Then there exists

1 a(x) c(x)

f@) = ;t + Mt + (@) €Z (a(x),b(z),c(zx),d(x) € Fylz] and b(z),d(x) # 0).

Substituting t =z, 2+ 1, z+«a € P with a € F,\ {0,1}, we have f(z), f(z+1), f(z+ ) € Fy[z]. It follows
that @ =flz+a)—af(x+1)+ (a—1)f(z) € Fy[z], which is a contradiction.

From Proposition 2.3, we know that Iz(n) is a principal fractional ideal so that for each n € Ny, there
i an(7)/bn(z) € Fy(w) \ {0} such that Iz(n) = {29 F,[z]. Thus, 22& I7(n) = F,[z] = Iz(0) C Iz(n) showing
that by, (z)/an(x) € Fy[z], and so there exists d,, € F,[x] such that

Iz(n) = d;'F,[z]. (2.1)
We are now ready for our first main theorem.

Theorem 2.4 The set T is a free Fylx]-module with a reqular basis.

Proof From (2.1), let Iz(n) = d,;'Fy[z] (n € Ng). Let B = {fn(t)}nen, € Z be a sequence of polynomials
such that deg f,,(t) = n and the leading coefficient of f,(t) is 1/d,. By Proposition 2.2, the set B forms a
regular basis of Z. O

3. Auxiliary results

We shall make use of the following function field analogue of Dirichlet’s theorem taken from [9, Theorem 4.8].

Lemma 3.1 For a(z),b(z) € Fylz], if ged(a(z),b(x)) = 1, then there exists c(x) € F,lz] such that a(z) +
b(x)e(x) € P has degree n for a sufficiently large n € N.

We next describe a classical algorithm to construct a basis for Int (Fy[x]).

Set F,:={ap =0, a1,...,a4-1}. For n € N, n > ¢, with its unique base-¢q representation being
n=mnp+nig+---+nq® (0<n; <gq, ns#0),

define
Gp = Qpg + Apy T+ -+ + ap, 2°.

The sequence {an}n>0 so defined is referred to as a polynomial ordering with respect to the base x. From the

sequence {an}n>0, define the Lagrange type interpolation polynomials {C,,(¢)}n>0 by

n—1
Co) =1, Cu(t)=]] at _f‘; (n>1). (3.1)
i—g 4n %
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The sequence {C,,(t)}n>0 forms a basis for Int (Fy[z]) as a F4[z]-module, [3, Chapter II, Section 2].
For each ¢ € P, define the ¢-adic ordinal v, : Fylz] — RU {oco} by
v(0) =00, yla)=a fora=0*-f(aeN, felFyz], £1f),
and extend it to Fy(z) in the usual manner. Connecting the sequence {C,,(t)},>0 with Lemma 3.1, we get:

Proposition 3.2 Let {C,(t)}n>0 be a sequence of polynomials as defined in (3.1), and for a given n € Ny, let
A, € Fy(z) be such that A,C,(t) € Z. If n # —1 (mod q) then, A, € F,[z].

Proof Note that if
Cn (t) Un (JI) tn + u’ﬂ—l(x) tn—l + . + Uo (.13)

v () Vp_1() vo(z)’

where u;(x),v;(z) € Fylz], then LCM (v, ..., v0)Cy(t) € Fy[z][t], which assures the existence of A, . Let

LeP. Set r=1+ sup {ve(an —a;)}. If £1a,, then, by Lemma 3.1, there exists p = arpl” + a,, € P for some
0<i<n

ay € Fy[z]. Then,

n_lp—a- el + an — a;
C _ i k n z'
n(p) H n — Q5 H an — a;
1=0 1=0
Since ve(agl”) > ve(an — a;), we have vg(arl” + an — a;) = ve(a, —a;) for 0 < i < n, and so v(Cy(p)) = 0.
On the other hand, if ¢ | a,, let al, = a,, — an, + aq—1 where ng is first digit in the g-adic expansion of
n=mng+nq+---+nsq°. Let
=1+ sup {w(al, —a;)}.
0<i<n
Since —an, +a,_1 € F,, we have £{a/,. By Lemma 3.1, there exists p = ap£" +al, € P for some aj € Fy[z].

If n/g > 1, then for 0 < j < [n/q] we have

(j+1)g—1 (j+1)g—1
Il @-a)= ][ (a,—a); (3.2)
1=jq i=jq

because a,, and a), differ only by a constant term and both products in (3.2) run over a complete residue class
modulo z. Since n # —1 (mod q), a,, — an, + ag—1 # a; for all 0 < i < n. Note that a), —a; # 0. As

ve(apl™) > vg(al, — a;) for all 0 <i<n,

(j+1)g—-1 (j+1)g—1 (J+1)g—-1
vy H (apl™ +al, —a;) | =ve H (al, —a;) | = v H (an — a;)
i=jq i=jq i=jq

Moreover, a,, —a; and a], — a; are elements in F, \ {0} for all n —ny < i < n. This implies that

w( 1:[ (akﬁr/—l—ail—ai)):ue( 1:[ (a;—ai)>=0=w< 1:[ (an—ai)>.

i=n—ng i1=n—ng i=n—ng
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Thus,
n—1 ’
_ apl” +a, —a; \
ve(Cn(p)) = v (H w) = 0.
=0
Since vp(A,Cn(p)) > 0, we conclude that v4(A,) > 0 for all £ € P. O

Since Proposition 3.2 indicates that the sequence {C,,(t)}n>0 is a basis of Z over F[x], and since the coefficients
of each C,(t) are of certain special kind, it is then natural to ask for properties that the coefficients of any basis

element must have, and this is answered in the next proposition.

Proposition 3.3 Let n € N and {m1,ma,...,m,} CFy[z]. If A € Fy(x) is such that AT[,_,(t—m;(x)) € T,
then for all £ € P with degl > log,n, we have v, (A) > 0.

Proof Let £ € P be such that deg? > log,n. We consider two possible cases.

Case 1: vp(m;) =0 for all 1 <i<n. Then vy(A) =vy(Al —mq)---({ —my)) > 0.

Case 2: there exists m; for some 1 < j < n such that vy(m;) > 1. Since the number of elements in F[z]/(¢)
is gde&* > n, there exists s € Fy[z] such that vy(s—m;) =0 (1 <i<mn). As vy(m;) > 1 and vy(s—m;) =0,
we obtain that 14(s) = 0. By Lemma 3.1, there exists p = k¢ + s € P for some k € Fy[z]. So,

0 <ve(Alp—ma)---(p—mn)) = ve(Alkol + 5 —ma) - (kol + 5 —mn)) = ve(A).

4. Localization

For each p € P, set
o Xp = (Fqlz] \ pFqlz]) U {p}
o Flal = {a/b € Fy(z) | a € Fylz] and b € F,[z] \ pF,[z]}
o Int(Xp, Fola] () = {f(1) € Fo(@)[t] | F(Xp) € Fylz]p }-

The set Fy[z](,) is called the localization of Fy[z] at the prime p. The next proposition gives a basic result

connecting Z with T[] .

Proposition 4.1 Let f(t) €Z, p€ P and h € Fylz]. If pth, then f(h) € Fy[z]e).

Proof Let d € F,[z]\ {0} be such that df(t) € F,[z][t]. Then, d = p*»(¥e where p{e. Assume that p{ h.
By Lemma 3.1, there exists © = kp"»(¥ + h € P for some k € F,[z]. Since df(t) € F,[z][t], we can write
df (t) = unt™ + up_1t" '+ 4+ ug (u; € Fylz]). Thus,

d(f(r) = f(h) = un(r" = h") +tpor ("7 = A7) 4 b ua (r = h) € (r = h)Fgla],

and so ep”»(D(f(r) — f(h)) € kp*»(DF,[z]. This implies that f(r) — f(h) € e 'Fy[x]. Since e ¢ pF,[z], we
have f(r) — f(h) € Fy[z]). As f(r) € Fy[z] C Fy[x](,), the desired result follows. O
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Proposition 4.2 Let p:=p(z) € P and define

Ty = t(B, B[]} ) = {/(8)/b() € Fy(@)lt] | £() € T, b(z) € X, \ {p}}. (4.1)
Then I(p) = Int(Xp, IFq [SU] (p))
Proof We first show that 7 C Int(X,,F,[z]y)). Let f(t) € Z. Then f(p) € Fylz] C Fy[z]c, and by
Proposition 4.1, f(h) € Fy[z]q,) for all h € Fy[z] \ pFy[z]. Thus, Z C Int(X,,Fy[z])). This inclusion and [3,
Proposition 1.2.7] show that Z,) C Int(X,, Fy[z] ) () = Int(Xp, Fylx](p)) -

Since P C X,,, we have Int (X, F,[z])) € Int(P,F,[z])). By [3, Proposition 1.2.7] again, we obtain
Int (P, F, [l‘] (p)) = I(p) . Thus, Int (Xp, F, [l‘] (p)) - I(p) . O

4.1. Localized bases
Throughout this subsection, let p := p(x) be a prime of degree d. Let

(p) _ ) (p)
{cg/ =0,¢3 3 Cody
be a complete set of residue classes of Fy[zr] modulo p. Define the sequence {cﬁf’ )}nzqd by

Cglp) =Py ey Cglzz)pns,

no ni

where n = ng +n1¢% + - -+ + ngq® > ¢? is the base-q¢ representation of n. Define a corresponding sequence

{5 }nz0 C Fyla] by

bP) —p, P = ) (n>1). (4.2)

T |y

For brevity, throughout this section, since p is fixed, we replace c(p ) by ¢, and bﬁf’ ) by b,. For ease of

comprehension, we list all the elements in the sequence {c,},>0 in the following ordering manner.

0 c1 Cqd_1
Cqa = C1P Cgiy1 =C1P+ 1 s Coqd_1 = C1P + Cqa_1
Coqd = C2P Coqd41 = C2Pp +C1 s C3qd—1 = C2D + Cqa_1
C(qa—1)q? = Cqi—1P Clgi—1)qi+1 = Cqi—1P T C1 e Cq2d_1 = Cqd_1P + Cqa_1
— — 2 — 2
Cq2d = 012p Cq2dyq = cl2p +c1 e Cq2dyqd_1 = 021p + cqiq
Cq2dqqd = C1D 2—!— c1p Cq2dqqip1 = C1P 2—|— cip+c St Cqrdygqd_1 = clp2 +cap+cgaq
Cq2dyoqd = C1P° + C2D  Cq2dyoqdy1 = C1P° +Cap+C1 -+ Cqrdyggd_q = C1P° + C2P + Cya_
C(qd,l)q2d+(qd,1)q C( d_1)q 2d+(qd,1)qd+1 ce Cyg3d_1

= Cyd _1p? + Cgd_1D = Cyd _1p? +cgapt+ca = Cyd _1p? +C —1P + Cga—

From the array, the first line contains all complete residue classes modulo p, while the second and third

parts separated by the following two lines contain all complete residue classes modulo p? and p?, respectively.
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Observe that when we delete the first column of the array, the remaining entries give an ordering of the sequence
{bn}tn>1.

The sequence {by},>1 contains all polynomials which are relatively prime to p. To see this, assume
that there exists n € N such that b, = ¢, |(n-1)/(q¢—1)] s a multiple of p. This implies that the subscript
belongs to the first column of the array, i.e. n+ [(n—1)/(¢® —1)] = ¢%-m for some m € N. If ¢* =1 | n,
then n = (¢* — 1)¢ for some ¢ € N. We then have £ — 1 = |(n—1)/(¢® —1)| = ¢“m — (¢® — 1)¢, and so
¢ = ¢*m +1, a contradiction. If ¢? —1¢n, then n = (¢? —1)¢' +r for some ¢' € N and r € {1,2,...,¢% —2}.
Thus, ¢ = [(n—1)/(¢* = 1)| = ¢*m — (¢* — 1)¢' — r, and so ¢?¢' = ¢*m — r, a contradiction.

A useful characterization of the sequence {by},>¢ is given in the next proposition. To do so, define

n—1
q%(q* - 1)

w0 =0, ()= 3 |

i>0

J (n>1). (4.3)

Proposition 4.3 For each n > 0, we have v, (Hz;é (b, — bk)> = wp(n).

Proof Since b, # by = p (mod p), we have v,(b, —by) = 0. This implies that

n—1 n—1
vy (H (b — bi)> =, <H(bn - bi)> . (4.4)

i=0 i=1
Note that the sequence {b;};<;<4a_1 contains all residue classes modulo p except the class 0. Moreover, for

each i € {1,...,¢% — 1}, we have
b =c¢; = Citrqd = bi+r(qd71) (mod p) (re NQ)

This implies that the {b;}1,(qd—1)<i<(r+1)(g¢—1) also contains all residue classes modulo p except the class 0.
Thus, the number of factors (b, —b;) in (4.4) satisfying v, (b, —b;) > 1 (1 <i<n—1)is [(n—1)/(¢" = 1)|. In
general, consider the case of the modulo p™ (m € N). We first observe that {c¢;}o<;<,ma_; is a complete set of
residue classes modulo p™ . Since {co, cga, ..., C(gom-1a_1)qa} is the set of all elements in {c;}o<j<gma_1 each of

(m—-1)d _ q(mfl)d( d

which is a multiple of p, we deduce that there are ¢ — ¢ q“ — 1) elements in {c;}o<j<gma_1

that are relatively prime to p which in turn shows that {b;},<;<n-14(ge_1) contains all residue classes which

are relatively prime to p modulo p™ . Note also that, for each i € {1,2,..., qd(m_l)(qd— 1)} and r € N, modulo

p™ we have

Cit| 3L | T G| A | brame T Ciprqtm—na(gi-1)¢ | 22 |4 e )l

c , _ = b4 pgm— .
i+rq(m—1)d(qd71)+{H—m“” ld)d(lqd—l)—lJ H‘Tq( 1)d(qd_1)
7d—

It follows that {b;}1 4 qom-1a(gi_1)<i<(r+1)qtm-Dd(gi—1) contains all residue classes relatively prime to p modulo

p™ . Thus, the number of factors (b, — b;) in (4.4) such that v, (b, —b;)) >m (1 <i<n-—1) forall meN is
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equal to |(n —1)/q™ Vd(¢? —1)], and so

= n—1
o ([ -0) = 5 [t -

k=0 k>0

O

Now, we recall the notion of p-ordering due to Bhargava and one of its important consequences, [1], [2],
(7, [8]-

Definition 4.4 A sequence {sy}n>0 of elements of X, is a p-ordering of X,, if for all a € X,,, one has

i=0 =0

n—1 n—1
Vp (H(S” — sl)> <y, (H(a - sz)> (n>1), (4.5)

and so can be chosen arbitrarily in X,,.

Proposition 4.5 [7, Section 4.1, Obs 1] Let p € P. Any two p-orderings {sn}n>0 and {s) }n>0 of X, result

in the same minimal condition:

n—1 n—1
vy <H<sn - >> v, (H@; - sz>> (n>1).

i=0 =0

Our sequence {b,}n>0 so constructed in (4.2) above is indeed a p-ordering as we now verify.

Proposition 4.6 The sequence {by}n>0 is a p-ordering of X,.

Proof Let a € X,. Since {b,},>0 contains the prime p and all polynomials which are relatively prime to p
and X, = (Fy[z] \ pFq[z]) U {p}, we have a = b, for some m > 0. Let n € N. There are three possible cases.
Case 1: m < n. Then [[/-) (a —b;) = 0 and so v, (Hygol(bn — bl)> <1 (H;:Ol(a - bl)> :

Case 2: m =n. Then H?:_Ol(a —b;) = H;L:_Ol(bn —b;).

Case 3: m > n. Since the elements bg,by,...,b,_1 precede the element a = b,, in the above array, we deduce
that the number of ¢ such that v,(b, —b;) > r (1 < i <n —1) is not more than the number of j such that

vpla—bj) >r (1 <j<n-—1), and so v, (H?;()l(bn - bl)> <y, (H?;Ol(a - bz)) and the result follows from
Definition 4.4. O

Combining Propositions 4.3, 4.5, and 4.6, we immediately obtain:

Proposition 4.7 A sequence {s,}n>0 of elements of X, is a p-ordering if and only if

wy(n) =1y (ﬁ(sn - 5%)) (n>1).

=0
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We are now ready to construct explicit bases of the localized module Z(,) defined in (4.1). For each

p € P, define the polynomials C?(¢) and GE(t) by

1

CyHy =1, Ci)=—rs [[ t=b) (=), (4.6)
pr 0<i<n
and
p t—b;
G =1 =[] ;— w1 (4.7)
0<i<n " v

Theorem 4.8 The sequences {CE(t)}n>0 and {GF(t)}n>0 are two regular bases of the F[x],) -module Ty .

Proof By (4.6) and (4.7), C2(p) = 0 = GE(p). By Proposition 4.3 and the inequality (4.5), C?(a) and G?(a)
are in IFy[x](,) for all a € X,. It follows that CZ(t) and G (t) belong to Int(X,, Fy[z]: ).
Let f(t) € Int(X,,Fy[z]p)) with degree n. Then, we can write

n

f(t) = Z%C’f(t) = Z%‘Gf(t) (viy i € Fy(z)). (4.8)

1=0 1=0

It remains to show that a;,7; € Fg[z](). To do so, consider C?(by) and G (bx). For fixed i € {1,...,n}, we

have
Cf(bk) =0= Gf(bk) (0<k<i).

Since GY(b;) = 1 and 1,(CP(b;)) = 0, we have (G¥(b;))~" and (CP(b;))~" € Fylx],). Substituting ¢ =
bo, bl, b2, o., WE get

ag = f(bo) € Fyl]py, a1 = (CT (b)) (f(b1) — o) € Fylz](y),

ag = (C5(b2)) 1 (f(b2) — g — 107 (b2)) € Fyl] ().
Continuing this process, we obtain that a; € F,[z](, for all 7.

The proof for {G?(t)};>¢ is similar. O

The next theorem provides a method of obtaining a new basis from an old one.

Theorem 4.9 Let p € P, n € N, and let {b;}i>0 be the sequence defined in (4.2). For fired j € Ny with
0 <j<mn, define

max {vp(br —b;) |0<k<n, k#j}, 0<j<n

7n:m@”m%:{a j=0

Let CE(t) be the n-th polynomial as defined in (4.6) in the reqular basis B = {CE(t)}n>0 of the Fylx](,) -module
Tipy - If Bj € X, satisfies v, (B; — bj) > m, then the set

t— B
t— b

¢:= (B\iczoy)u (1= cro)

is also a regular basis of Fg[x],) -module L.
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Proof To show that C is a regular basis whose n-th polynomial is

t—B; t—p;
[ J . P — J _h.
0<i<n
i#J
by Proposition 2.2, we need to check two assertions (i) Cj,(t) € Z¢,) and (ii) the leading coefficient of the
polynomial C/ (t) generates the the n-th characteristic ideal Iz(n).
As v,(b; — Bj) > m, we can write 3; = b; + ep™"! for some e € F,[z]. For each 0 < k <n and j # k,
we get

Vp(br — Bj) = vp(be — bj — ptle) = min{v (by — b;), Vp(pm+1€)} = vp(br — bj). (4.9)
Consider the sequence {bg,b1,...,bj—1,08;,bj4+1,...,bp}. Since {bg,b1,...,b;_1} contains the first j elements
of some p-ordering of X, it remains to show that {3;,b;41,...,b,} is the set of succeeding elements in a

p-ordering. By (4.9), we have

v | I Bi—v)]=w| JI -0 |=uwy),

0<i<j—1 0<i<j—1

and

v | TI @e—=0) | +vbe=8))=wvp | J] Ge—0) ] =wp(0) (i<t<n).
0<i<e—1 0<i<e—1
i#j
By Proposition 4.7, the set {bg,b1,...,b;—1,08;,bj41,...,by} contains the first n+1 elements of some p-ordering

on X, possibly different from the previous one. This implies that

wp(n) = v H (bn = ;) | + vp(bn — Bj) < vp H (a—=0b;) | +vpla—Bj) (a€Xp).
0<i<n—1 0<i<n—1
i) i#£j
Thus, C} (t) € I, , which proves assertion (i).

The leading coefficients of both polynomials CP(t) and C’,(t) are equal to 1/p*“»(™) which is a generator

of Iz(n), i.e. assertion (ii) holds. O

The proof of Theorem 4.8 immediately yields the following result which provides a convenient checking

whether a polynomial is an integer-valued polynomial.

Corollary 4.10 Let f(t) € Fy(x)[t] of degree n. Then f belongs to Int(P, (Fy[z])(p) if and only if f(b;) belongs
to (Fylz])p) forall i =0,1,...,n.

To illustrate the notation and concepts used in the last section, we work out two examples.

Example 4.11 The following table lists all elements of the bases CE(t) of Int(X,, Fs[z],)) for 1 <n <4 and
p=x, z+1, z+2.
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p=ux p=x+1 p=x+2

Clt)y=t—=x Clt)y=t—z—1 CPt)y=t—oz—2

Cy(t)=(t—=)(t—1) Cyt)=(t—a—1)(t—1) Cit)=(t—a—2)(t-1)

Cg(t) _ (tfm)(t;l)(t72) Og(t) _ (tfzflzu(j_zl)(tfﬂ Cg(f) _ (t7x72)l(j_gl)(t72)
t—x)(t—1)(t—2)(t—x—1 t—x—1)(t—1)(t—2)(t—x—2 —x—2)(t—1)(t—-2)(t—=

OB (1) = (=200 | op(g) _ (me=lE00=20=a=2) | op(y) = (me=2)=D0=2)(=s)

Example 4.12 Keep the above notation and the polynomials in Example 4.11. Recall that m(p,j,n) is defined
as in Theorem 4.9.

1. For each n € N,p € P, since m(p,0,n) =0, we can replace by in the polynomial CE(t) by Bo satisfying
the relation

Bo=bo=p (modp).
2. Since m(x,3,4) =1 , we can replace bz in the polynomial C§(t) by B3 satisfying the relation
Bz=bz=x+1 (mod z?).
3. Since m(x +1,3,4) =1 , we can replace bz in the polynomial CTT(t) by Bs satisfying the relation
Bz=by=x+2 (mod (z+1)?).
4. Since m(z +2,3,4) =1 , we can replace bs in the polynomial C{2(t) by B3 satisfying the relation
B3=bz ==z (mod (z+2)?).

5. Explicit bases

To characterize the characteristic ideal of the set Z, we need the following lemma.
Lemma 5.1 For p € P, one has Iz, (n) = (Iz(n)),) where

(Iz(n))(p) = {? € Fy(x) ‘ A€ Iz(n), beF,lz] \pIFq[x]} , (5.1)

is the localization of the characteristic ideal Iz(n) at p.

Proof Since the characteristic ideal Iz(n) is the set of leading coefficients of all polynomials of degree n in

Z including 0, by (5.1), we get
A n
(Iz(n))p) = {0} U 3 € F,(x) ‘ 3f € T such that f = At" +--- 4+ Ap, b € Fylz] \ pF,[z]

A
={0}u {b € Fy(z) ’ 3% € Z(p) such that f = At" +---+ Ao, b € F,[z] \qu[x]} = Iz, (n).

Returning to the module Z, we now prove our final main result.
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Theorem 5.2 For n > 0, the set of leading coefficients of the polynomials in T with degree < n is the fractional

ideal
Iz(n) = [[ o~ Fylz],
p

where the product extends over all p € P such that ¢°8P < n, and w,(n) is as defined in (4.3)

Proof By Theorem 4.8 and Proposition 2.2, the characteristic ideal of the localized module Z, is II(p)(7z) =
p~r™F,[2] (n>0), and so by Lemma (5.1), (Iz(n))q) = p~“»(MF,[z]. Since Iz(n) is generated by the
product of the generators of Z,) for all p € P, noting that w,(n) = 0 when qd°P > n the result follows. O

With the globalization result in Theorem 5.2, we show now how to construct an explicit basis of Z by exhibiting

an algorithm to inductively construct elements belonging to a basis of Z. Let n be a fixed integer > 0, and let
Spi={peP| gleer < n}.

For each p € S,,, let
AP = (P PPy

be the sequence of polynomials as defined in (4.2) (with bgp )

in place of b; as in Subsection 4.1) corresponding
to the prime p, and let C2(t) = p~w»() H0§i<n(t - bl(-p)) be the n-th element, as defined in (4.6), in a basis of
the localized module Z(,). The following algorithm determines the n-th element C,(t) belonging to a regular

basis of the globalized module 7.

STEP 1: Let A, := (s, AP Note that for all v € A, t— is a factor of all the numerators of
CP(t) (p € Sp). Therefore, the product []
forall p € S,.

yeA, (t—7) is the greatest common factor of the numerators of C¥(¢)

STEP 2: If AP\ A, # 0, let
ADN A, = {07 6P 6P),

and let the integer m be as defined in Theorem 4.9. For each i € {1,...,ky}, by the Chinese remainder

theorem, [9, Proposition 1.4], the system of congruences
Bi=6P (mod p™)  (i=1,...,kp)
with the primes p running over the set S, , is solvable for §; € F,[z].

STEP 3: Set
kl’

Cuty =TT p=™ IT = [t - 50,

pES, YEA, i=1

where the last product is taken to be 1 if AP \A, =0.
There remains to check that the so constructed elements C,(¢) form a regular basis of Z. By Theorem

4.9, we have Cy(t) € Z(p) for all p € S,,. Since the denominator of C%(t) is not a multiple of any prime ¢ for
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all £ € P\ S,, it follows that CZ(t) also belongs to Zy for all £ € P\ S,,. Thus, C,(t) € I, for all p € P,
and so Cp(t) € Z. Since the leading coefficient of Cp(t) is [[ cq. p~w»(") | a generator of Iz(n), by Theorem

5.2, the polynomials C,(t) (n > 0) form a regular basis of Z.

We end this paper with an example illustrating our algorithm.

Example 5.3 Keeping the notation of Example 4.11, for n =4, we have
Sy ={z, v+ 1, x +2}.
Thus,
A =z 12,041}, ATV ={a+1,1,2,2+2), AT = {2 4+21,2,2).

STEP 1: We have Ay = {1,2}. The product (t — 1)(t — 2) is the greatest common factor of the numerators
of the polynomials C3(t), CT(t), CTT2(t) displayed in Example 4.11.

STEP 2: Since
AP\ A, = {07 =2, 67 =z +1}
AGHD\ 4 — {5§z+1) S 5£m+1) — 242}
AE+N\ 4, = {6§m+2) — 242, 6£z+2) — 2,

by Theorem 5.2, we have Iz(4) = (x(x + 1)(x + 2)) "' F3(z). Using the results in Example 4.12, the polynomial

Cy(t) takes the form Cy(t) = (tfl)g&i_)g&ég()tfﬁz) , where

fi=xz (modz), fr=xz+1 (modz+1), f=x+2 (modzx+2)
Bo=x+1 (modz?), Bo=x+2 (mod (z+1)?%), o=z (mod (z+2)?).
Solving for B1 and Bz, we get 1 =0 and By =223 +x + 1, and so

-1t -2)(t —22° —x—1)
B z(z+ 1)(x + 2)

Ca(t)

Other globalized polynomials Cy,(t) € Int(P,F3[z]) can be constructed in the same manner. For example, when
1 <n <3, we obtain
tt—1)(t—2)

Gty =t, Gt) =t —1), Cat) = =y e—oy
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