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Abstract: This paper establishes an identity for the case of differentiable s—convex functions with respect to the
conformable fractional integrals. By using this identity, sundry trapezoid-type inequalities are proven by s—convex
functions with the help of the conformable fractional integrals. Several important inequalities are acquired with taking
advantage of the convexity, the Holder inequality, and the power mean inequality. Moreover, an example using graph is
given in order to show that our main results are correct. By using the special choices of the obtained results, we present

several new results connected with trapezoid-type inequalities.

Key words: Trapezoid-type inequality, fractional conformable integrals, fractional conformable derivatives, fractional

calculus, convex function

1. Introduction & preliminaries

The theory of inequalities has a significant place in the literature. One of the most well-known inequalities for the
case of convex functions is the Hermite-Hadamard-type inequality. Thus, a large number of mathematicians
has studied Hermite-Hadamard-type inequalities and related inequalities such as trapezoid, midpoint, and
Simpson’s inequality.

Hermite-Hadamard-type inequalities were first introduced by C. Hermite and J. Hadamard for the case
of convex functions. Let F : I — R be a convex function on the interval I of real numbers and o0, € I with
o < §. Then, the double inequality

5
o446 1 F (o) + F (9)
< de < ———~ 1.1
F(550) < 525 [ Foa < T (1)
is valid. If F is concave, then both inequalities in (1.1) hold in the reverse direction.

The theory of convexity stages a central and attractive role in numerous fields of research. This theory
derives us with a powerful tool in order to solve a large class of problems that arise in applied and pure

mathematics. Moreover, the concept of convexity has been extended and improved in many directions.
Definition 1.1 [25] Let I be an interval of real numbers. Then, a function F : I — R is said to be convez, if

Fpr+ 1 —p)y) <pf(x)+(1—p)F(y)
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is valid Vx,y € I and Vu € [0,1].

Definition 1.2 A function F : [0,00) — [0,00) will be called s— convex in the second sense if the following
inequality

Fluz+ 1 —p)y) <p°F(z)+ (1 —p) Fy)

is valid for all x,y € [0,00) with p € [0,1] and for some fized s € (0,1].

The s-convex function was introduced in [7] and several properties and connections with s-convexity in
the first sense were proven in [14]. Furthermore, it can be easily seen that for s = 1, s-convexity reduces to
the ordinary convexity of functions defined on [0, 00).

Dragomir and Fitzpatrick [11] investigated a variant of Hermite-Hadamard-type inequalities which are

valid for the case of the s-convex functions.

Theorem 1.3 [11] Suppose F : [0,00) — [0,00) is a s-convez function in the second sense, where s € [0,1)
and suppose also 0,8 € [0,00),0 < . If F € L1]0,1], then the following inequalities hold:

§
28*;(“42”5) < 5;/0 ]—'(x)dxgw. (1.2)

For recent results and generalizations associated with s-convex functions see [3, 11, 21].

If we choose s = 1 in inequalities (1.2), then inequalities (1.2) reduces to the classical Hermite-Hadamard-
type inequalities (1.1).

Fractional calculus, which is calculus of integrals and derivatives of any arbitrary real or complex order,
has grown in popularity over the last three decades. It gives some potentially valuable tools in order to solve
differential and integral equations. In recent decades, it has piqued the curiosity of mathematicians, physicists,
and engineers [4, 28]. Fractional derivatives are also used to model a wide range of mathematical biology, as
well as chemical processes and engineering problems [5, 12].

For establishment our main results, we introduce the basic definitions of Riemann-Liouville integrals and

conformable integrals, which are well known in the literature.

Definition 1.4 The gamma function and beta function are defined
oo
I(z):= /,u“'_le_“du
0

and

1
B (r,y) = /u‘”‘l (1—pw? " dp,
0

respectively for 0 < xz,y < co.

In paper [20], Kilbas et al. described fractional integrals, also called Riemann-Liouville integrals as

follows:
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Definition 1.5 [20] The Riemann-Liouville integrals Jf+}‘(sc) and Jf_]-"(as) of order B >0 are given by

IeF @) = g [ @m0 Fdn, 2> 0 (13)
and
4
7F@) = g [ =2 P, @ < (1.4)

respectively for F € Lq[o,0]. The Riemann-Liouville integrals coincides with the classical integrals for the case

of B=1.

Dragomir and Agarwal first proved trapezoid inequalities for the case of convex functions in [10], while
Kirmac first established inequalities of midpoint-type for the case of convex functions in [22]. Igbal et al. and
Sarikaya et al. presented several fractional midpoint and trapezoid-type inequalities for the case of convex
mappings in papers [16] and [26], respectively. Moreover, several Hermite-Hadamard-type inequalities for
the fractional integrals were presented in [16]. In addition to these, twice differentiable functions have been
considered in order to obtain important inequalities. For example, Barani et al. [6] established inequalities for
the case of twice differentiable convex mappings which are connected with Hermite-Hadamard-type inequalities.
Several generalized fractional integral inequalities of midpoint-type and trapezoid-type inequalities for the case
of twice differentiable convex functions were proven in [24]. For more information connected with fractional
integral inequalities, see [8, 9, 13] and the references cited therein.

By using the derivative’s fundamental limit formulation, a newly well-behaved straightforward fractional
derivative known as the conformable derivative is improved in paper [23]. Several significant requirements that
cannot be fulfilled by the Riemann-Liouville and Caputo definitions are fulfilled by the conformable derivative.
On the other hand, in [2], the author proved that the conformable approach in [23] cannot yield good results if
compared to the Caputo definition for specific functions. This flaw in the conformable definition is avoided by
several extensions of the conformable approach [15, 29]. Upon this, Jarad et al. [19] introduced the fractional
conformable integral operators. They also derived particular characteristics and relationships between these
operators and several other fractional operators in the literature. The fractional conformable integral operators
are defined as follows:

Definition 1.6 [19] The fractional conformable integral operator P J& F(x) and PJ& F(x) of order B € C,
Re(B) >0 and o € (0,1] are given by

s g0 my— L [T (=) = (=0T F(w) .
S ( )_F(ﬁ)/a ( - ) (u—o)“‘du’ > (1.5)
and
S S A R et T G N 1)
770 =575 | ( z ) e ws o

respectively for F € Li[o,0d].
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If we choose a = 1, then the integral in (1.5) and (1.6) equals the Riemann-Liouville integral in (1.3) and
(1.4), respectively. See [1, 18, 27] and the references cited therein for several recent results regarding fractional
integral inequalities.

With the help of the continuing studies and mentioned papers above, we will prove several trapezoid-
type inequalities for the case of differentiable s—convex function including conformable fractional integrals.
The entire form of the study takes the form of four sections including introduction and preliminaries. In
Section 2, an equality will be established for the case of differentiable s—convex functions with respect to the
conformable fractional integrals. By using this equality, several trapezoid-type inequalities will be given by
s—convex functions with the help of the conformable fractional integrals. Moreover, example will be given by
using graph in order to show that our main results are correct. In Section 3, we will present the special cases
of the main results, and we prove that our results generalize several well-known trapezoid-type inequalities.
Namely, sundry corollaries and remarks will be presented. Finally, summary and concluding remarks are given

in Section 4.

2. Main results

Lemma 2.1 Consider that F : [0,0] = R is a differentiable function on (0,6) such that F' € Ly [0,0]. Then,
the following equality holds:

F(o)+F () 20 1afT(B+1)

af
. G {Ay — A} (2.1)

o —
{ PT8 F(o)+ T8k  F(0)] = %

Here,

A =

O — e

[(1—“;%))’3 - ;ﬁ} F'(pb+ (1= p)o)dp,

3/ e B
Ay = [ {(1 (1a2“) ) —alﬁ} F' (pa + (1 — ) d) du.
0

Proof From the fact of the integrating by parts, it yields

1
2

ay\ B
n= [ (Y - L s - woa 22
0

[e%
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1
2

_ _ ay B-1
- !y /(l a 2")) (1= 20" F (b + (1 — ) o) d.

«

1
2

- 1 28 [ (1-(1—2p)"\"" a1
As = mf(5)+ o ( o (1=2p)" " F (pa+ (1 - p)d)dp.
0
If we subtract from (2.2) to (2.3), then we have
A=Ay = (F (o) + F (5))
! T (5-0)af 7

o ay B-1
S [ (R e s - o) dn

«

.

28 2(1—(1—2ma

0—o o
0

B-1
) ) F G (- )

If we use change of variables in (2.4), then equality (2.4) is converted as follows:

1

A= Aa = (0 —0)ab

(F (o) + F(9))

-0 d—0o T(B)

()T :/2<<5;>“<0;6x>“>ﬁ‘1( FO

(2 )Treey 1 f ) )T Fw)
(6—o> i r(ﬁ)/( o (x_g)l,a}'(z)dx

o @+ 7o) - (5

ap
2 ) Fc(sﬁfgl) [PTLF (o) + PTZLF (9)]

— 0

(6=0)
2

If the equality (2.5) is multiplied by o’ , then the proof of Lemma 2.1 is finished simultaneously.

(2.5)

O
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Theorem 2.2 Note that F : [0,5] — R is a differentiable function on (c,0) so that F' € Ly [o,0] and |F'| is
s— convex on [0,0]. Then, the following inequality

]:(U) + .7:(5) 9aB=1,8T (5 4 1) N .
2 T =) [BJUTM_I(U) + BJT+I(5)}‘ (2.6)

(5*0) O‘ﬁ ! !
< 5 (pr(aB8) + o1 (. B,) [|[F7 (o) + |7 (9)]]

1s valid. Here,

21 ane )P
¥1 (04,6,3) = f (%) - % N’sd;ua
0
(2.7)
3 o anB ,
@2(6%633):] (%) 7% (17:”) du
0
Proof Let us consider the modulus of both sides of (2.1). Then, we get
Flo)+F () 297 1aPT(B+1
| 2 5 U G )(fﬂ ) | 7T _Flo)+ PT2 F )] (2.8)
— 0O 2 2

1
2

< (575)045 /
0

1 onan B
(1<1a2u>) ,£ |F (b + (1 — p) o) dp

1
2

o

0

|F' (pa+ (1 = p) 6)| dp

(1 - (1a— 2@")" - %

Since |F'| is s—convex on [o, ], it follows

F@+F(0) 200 T(B+1) 14 .
| 2 B (5_0_)0(,3 [Bj%wif(a)‘i’ ﬁjays+.7:.(5)}|

b o a8
S% /lalﬁ(l(laQu)> ](Ms IF (@) + (1= )" |F (o)) dps
0

o ay B
- (1(1042}L)> 1 (1 |F (o) + (1 = p)* |77 (9)]) dpa
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(6 — 0) O‘B ! /
ST (01 (00 85) + 01 (00 6,9) [F (0)] + 17 B)]]

Theorem 2.3 If F : [0,0] — R is a differentiable function on (0,8) such that F' € Ly o,0] and |F'|? i
s— convex on [o,0] with ¢ > 1, then the following inequality holds:
F(o)+F (@) 20T (B+1) 15,4 8 7o
‘ 2  (0-o) | P72 F(0)+ T2 F0)]

(2.9)

s+ 1)2s+1

FO+ - IF P\ (1@ )1 o
Gz ( |

1,1 _
Here, 5—}—5—1 and

0~ f

0

3 P
1—1—2u L
af|

Proof Cousider Holder inequality in (2.8). Then, we obtain

F(0)+F(0) 27 T(B+1) 4, .
| 2 (-0 VJT“‘””%M”“H

7N
—
|
_
Rl
DO
=
S—
Q
N~~~
®
|
3
=
IS
=
S =
Y=

J17 b (1= o)l
0

1
P py q
P 2

| | 17 a9 d

0

j|(1(1a2u)“>5a16

From the fact that |F'|? is s—convex on [, d], then it yields

Flo)+F @) 20T (B+1) (5 14 o
‘ T oo L T T O+ M5 T )

|
)
I
N Q
S~—
Q
™
o\ -
| — |
2 -
I
N
—
|
_
L1
[N}
=
S~—
N———
™
| E——
bS]
IS
=
S =
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1
q

S [ ersa-wiF @ de]| + | @ F @ 0w 1F o) da
0 0

<|]:/ ((5)|q + (25+1 _ 1) |]:’ (O.)|q><11 . (f_-/ (0')|q + (25+1 - 1) |]:'/ (§)|q> ;]
1 1) 2H (1 1) 2ot :

Theorem 2.4 Assume that F : [0,0] = R is a differentiable function on (o,d) such that F' € Li[o,d] and
|F'|? is s— convex on [o,8] with ¢ > 1. Then, the following inequality holds:

]:(U)-i-]:(é) Qa,@—laﬁr(5+1) N .
2 T 6-0)P [BJUTM_I(U) + BJTJ}(&)H (2.10)
—0)af 1 . o
< %(«m (0,8,5)' 7% { (91 (0,8, 5) |7 ()" + 2 (@, 6,5) |7 (o))

Q=

+ (1 (0, B,) IF (@' + 2 (e, B,5) [ (9)|) 7 }.

Here, p1 (e, B,5) and s (e, B,5) are defined in (2.7).

Proof Let us apply power-mean inequality in (2.8). Then, we obtain

’;(U)Hr@) 2997 T (B +1) [/{7%*]:(0)_‘_ ﬁj%_é+]-“(5)}‘

2 (6 — o)™
, 1-1
-0 [ [lri=t=2m"\" 1|
- 2 @ 5|
0

2

(1 —2)%\"”
(1 (1a ) ) —% F' (b + (1= p) o)|* du

(=)
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1
1
2

+ /(1_(104_2'”0&)6—;[3 F" (na+ (1= p) 0)* du

0
It is known that |F’|? is s—convex on [o,d]. Then, we get

F(o)+F () 29T (B+1) o o

1

1 ay B !
Lzlﬂ - <1(1a2m) ] (1|7 @) + (1= )" |7 (o)) du

([ sy oo usriranal

which completes the proof of Theorem 2.4.

O
3. Special cases & an example
Corollary 3.1 If we choose s =1 in Theorem 2.2, then Theorem 2.2 becomes
Flo)+F () 2971a°T(B+1) 8 o 5 o
‘ . B (9725 Flo)+ T2 F (6)] (3.1)

<@ - 2a (Lo 1) 17 @+ 6,

where % denotes the beta function.

Example 3.2 Let F : [0,1] — R be defined by F(x) = x%. If we apply Corollary 3.1 with $ € (0,10),
a € (0,1), and then the left hand side of (3.1) reduces to

FOLEW _momraor g41) [y 00+ 237, (1)
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SRRl |

The right hand side of (3.1) becomes
[1 1 (1’ 1)] .
! !

[ The left term
The right term 0.45

N | =

0.4
0.35

0.3

\\\\\ 0.25
s
\\ 0.2

0.15
0.1

0.05

Figure. An example to the inequality (3.1) depending on « and /3, computed and plotted with MATLAB.

Remark 3.3 If we set « =1 and s =1 in Theorem 2.2, then we have

Flo)+F(©) 2°7'T(B+1)
2 (6 — o)’

[J%_]—'( o)+ JM f(a)]‘

0—0) B

=3 2B+

I ()] + 17 (9]

which is given by Budak et al. in [8, Corollary 5.4].

Remark 3.4 Let us consider « = 3 =1 and s =1 in Theorem 2.2. Then, Theorem 2.2 becomes

]—"(g);L _U/f

which is proven by Dragomir and Agarwal in [10, Theorem 2.2].

Z1F (@) +1F )]

Corollary 3.5 If we choose a =1 and s =1 in Theorem 2.3, then we derive

Flo)+F () 2°7'0(B+1)
2 (6 —0)°

[J%_f( o) + J(,H f(a)}|

434



HEZENCI and BUDAK/Turk J Math

(;1? (215%‘ (;,p+1>>; [('F (5)|q+43|f’ (U)I">3 . (|f’ (a)\"+43|f’ (5)|q>é]

IA

<Lt (B (G 1)):’ 1F @) + |7 @)1

Proof The last part of the Corollary 3.5 can be easily seen by setting m1 = 3|F (o0)|?, n2 = |F (6)|%,
01 =3|F" (8)|*, p2 = |F' (0)|? and applying the well-known inequality
St er) <Y mi+ Y e

k=1 k=1

k=1

with 0 < s < 1. This completes the proof of Corollary 3.5. O

Remark 3.6 Let us consider 8 =1 in Corollary 3.5. Then, we have

z KIF @'+ 317 <a>|")é (e <6>|Q>$]

I
>,
~| |
[
/N
=3
+ |~
—_
S~
k-

1
0—o 4 \»
< / /
<27 (o) P @I+ IF O,
which is presented by Budak et al. in [8, Remark 5.5].

Remark 3.7 If we assign a« =1 and s =1 in Theorem 2./, then we acquire

|]-'(a) +F() 2T (B4 1)

2 oo ST Jf%“‘””

_(G-0)B <<ﬂ+1>|f'<6>|q+<3/3+7)|f'<o>|q)é
4B+ 4(6+2)

Q=

(B+1)|F (@) + (38+7) |17 (®)|'\*
+< 43 +2) ) }

which is given in [8, Corollary 5.9].
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Remark 3.8 Let us take a = =1 and s =1 in Theorem 2.4. Then, we have

F (o) + F(9) 1
5 5 /]-"(x)dx

. 5;0 l(lf’ (6)] +65|f’ (a)|q>3 . <|]-" (a)\q25|f' (5)|Q>é] |

which is established by Budak et al. in [8, Remark 5.6].

4. Summary & concluding remarks

In this paper, we prove an equality for the case of s—convex differentiable functions. By using this identity, we
established trapezoid-type inequalities for the case of conformable fractional integrals. In addition, an example
is given by using graphs in order to show that our main results are correct. Furthermore, we prove that our
results generalize several well-known trapezoid-type inequalities with the help of the special cases of the obtained
main results.

In future studies, the ideas and strategies for our results about trapezoid-type inequalities by conformable

fractional integrals may open new avenues for further research in this area. Moreover, one can obtain likewise
inequalities of trapezoid-type by conformable fractional integrals for the case of convex functions by using
quantum calculus. Furthermore, one can apply these resulting inequalities to different types of fractional

integrals.
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