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Abstract: We give a new way to obtain the standard isomorphisms of complex Clifford algebras, known as the tensor
product of Pauli matrices, by representing the complex Clifford algebras on the space of complex valued functions defined

over a finite subset of the Cantor set.
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1. Introduction

Clifford algebras (also known as “geometric algebras”) are introduced (1878) by W. K. Clifford as a general-
ization of Grassmann algebras, complex numbers, and quaternions. In the area of mathematical physics, the
representations of Clifford algebras are important for determining the topological and geometric structures of
manifolds [8].

The idea that the Clifford algebras could be represented on fractals is discussed in the paper [7], where
the envisaged representation of Clifford algebras is undertaken via Cuntz algebras (For representations of Cuntz
algebras on fractals, see also [9]). In [2, 3], the authors give a direct realization for this pretty idea of representing
Clifford algebras on fractals, without any use of Cuntz algebras. They represent the infinite dimensional complex
Clifford algebra Cl,, on L?K which is the complex Hilbert space of square integrable, complex valued functions
on K, where K is the Cantor set.

In this note, we first present a representation for even complex Clifford algebra Cls,, using a special 2" -
element subset of the Cantor set, by the analogue of the representation for infinite-dimensional case [3]. Next,
we show that the matrix for any image of the standard Clifford generator under this representation emerges as
the tensor product of the standard Pauli matrices with respect to a suitable base of the representation space.
In the case of the odd dimension, we can see easily from [7].

We will consider a special finite subset of I, which is the attractor of the iterated functions system on
R consisting of the functions ¢ and ¢ such that go(z) = 3z, p1(x) = 3z + 2, with 2" elements. Let V,,
denote the set of left endpoints of the nth stage of K. The first three sets of endpoints illustrated in Figure 1

are as follows:
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Figure 1. The finite subsets of the Cantor set Vi, V2, and V3.

Note that these endpoints are obtained by applying the transformations g and ¢; to the point x =0,

successively. Thus, the first two sets Vi and V5 are also written as follows:

Vi = {p0(0),¢1(0)}
Vo = {po(90(0)), 00(1(0)), ¢1(¢0(0)), ¢1(¢1(0))}

We denote the set of complex-valued functions on V,, by F,, and algebra of bounded linear operators on
F,, by B(F},). In our representation, we will construct an algebra homomorphism from Cly, to B(F}).

The rest of this paper is organized as follows. In Section 2, we will introduce special transformations
that will be used in the construction of our representation, which we will call the tilt and switch operators here
and illustrate their geometric behaviour with some examples. In Section 3, we will present our representation
for Cly,,n € Nt. In that section, we will also construct a base for the representation space F, by using
symbolic notations of the elements of V;, and determine the matrix of any Clifford generator’s image under the

representation with respect to this base constructed.

2. Tilt and switch operators on F,,

In [3], tilt and switch operators on L?K, which are used to represent infinite dimensional complex Clifford
algebra, were defined. We will define similar operators on F,, which will be used to construct the representation
of Cly, and call them tilt and switch operators too. We use the symbolic dynamics of these endpoints in
V., to describe these transformations. For any element x in V,,, it has unique address which are finite words

WiWs . ..wy, such that

T = Puyws...wn (0) = (Puwy ©Puw, 0+ 0 0, )(0),

where each of the letters w; belongs to {0,1} (See [1] and [6] for symbolic dynamics of the points of an attractor.)
We identify a point x € V,, with its address wyws...w, and write £ = wjws...w,. For some fixed n

and for all 1 <7 < n,j €N, one can decompose V,, with respect to the address-letter at a specific slot j:
ViVi={z eV, |r=wws wj_10wji1- wp}

and

Viti={zeV,|z=wiws - wj_1lwjt1 - wy,}
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V, = VIO vl

Now we define the operators T} and S;,7 =1,2,...,n on F, for n € N*. For a given f € F,,, T, f and

S;f are defined as follows:

and

where

T;’s are the “tilt” operators

(T f)(x) = { i(f()x) : ig “2(1)

(Sif)(x) = f(@) for x = wiws ... w, € Vi,
7 = { wiwg ... wj—10wjqpr .. wy for w; =1

wiws ... wij—ilwjgrccow, o, forw; =0.

as they tilt the portion of the graph on VJ'' and S;’s are the “switch” operators

as they switch the portions of graphs on V7:* and V7! like the tilt and switch operators defined on L?K in

[3]. We note that as n changes, the tilt and stitch operators will also be different, as the domains will change.

We write T; and S; without n in order not to cause indices confusion.

Example 2.1 Let a function f on Vs be given as in Figure 2. We illustrate T1(f), S1(f), Ta(f), and Sa(f)

as in Figures 3—6, respectively. Note that the elements in Vo have been shown with their address representations.

00

-— - — = -— - — = — — — = -— — — —

01 10 11

Figure 2. The graph of f on V5.

00

-— — — — -— — — — -— — — — -— — — —

01 10 11

Figure 3. The graph of 71 f.
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-— - — = -— - — = — - — = -— — — —

00 01 10 11

Figure 4. The graph of Sif.

-— - — = -— - — = — — — = -— — — —

00 01 10 11

Figure 5. The graph of Taf.

-— - — = -— - — = — — — = -— — — —

00 01 10 11

Figure 6. The graph of Saf.

We now give a lemma about commutation properties of tilt and switch operators on F),.

Lemma 2.2 For a fized integer n > 1 and p,q € N;1 < p,q < n, the following equalities hold:

i) 1,1y =141,

i) SpSq =545y
iti) TpSq =S4T (p # q)
w) TpSp = —SpT,

Proof Let f € F,, be given. Then,
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(Tyf)(x) , e VPP
(T,T)(f)z) = (2.1)
—(Tef)(@) , xe VPt
f(x) , x¢€ VPQand V20
—f(z) , x€ VPOand V!
= (2.2)
—f(x) , xe€ VPland V20
f(x) , x€ VPland Vol
(T,T,)(f)(z) has the same explicit expression.
i) (S,5)(N(@) = (S,N)(@) = (@) = F(@)") = (5,1)(@) = (54,) () ().
iii)
asane@ = { G e 23
- { Sy e 24
For p # ¢, we have x € VPV & 77 € VP? and z € VP! & 37 € VP1. Hence, we can write:
@msane = {1 L (25)
= (L)E") (2.6)
= (54Tp)(f)(=) (2.7)
iv)
(SpTp)(f)(x) = (T,f)(@") (2.8)
(s, e
(s ae
Spf)(x) ze Vp!
- { G rE 210
= (LS (f)(@). (2.12)
O
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3. Representations of complex Clifford algebras on F),

It is well known that the structures of finite-dimensional real and complex Clifford algebras for a nondegenerate

quadratic form have been completely classified [4]. In this section, we construct representation for complex

Clifford algebra in even dimension via tilt and switch operators and show that the matrix representation of

every Clifford generator is the form of the tensor product of the Pauli matrices.

Let us denote the generators of the complex Clifford algebra Cls, by e; (j = 1,2,...,2n) with ;2 =

1 and ejer, = —epe; for j # k. We map these generators in the following way into B(F),):
Yo e1 = 1
€9 — Sl

(I1<k<n)

where ¢ is the imaginary unit.

: (3.1)
eak—1 > i(kJrl)z(Tka—lsk—lTk—st—Q - T181)
ek o i) (S T 1 Sk—1Tk—2Sk—2 - - T1S1),

Theorem 3.1 )y, , defined above, induces an algebra homomorphism from Cla,, to B(F,), i.e. a representation

of Cly, on F,.

Proof

For all 1 <p,q < 2n, p # q, we have to check that both

and

(Y2n(ep))? =1

Yan(ep)than(eq) = —tan(eq)han(ep).

We first show that (¢2,(ey))? = I. For p =1 and p = 2, it can be easily verified from the following

equalities:

and

Now let p=2k—1 (k> 1):

(than(e26-1))?

(by Lemma 2.2)

For p = 2k, we obtain

(Y2n(e2r))? =

80

(w2n(61)>2 =TT =1

(1/)271(62))2 =515 =1.

= (T Sk - 'T151)(i(k+1)2Tka715k71 - TSh)

20D ()Y (T T T 1 T 1Sk 1Sk—1 -+ TiT1S1.5)

_ (71>(k+1)2(71)k71] _ (71)k(k+3)1 - I.

(D S, T 1 Spm - T1S1) (Y S, T 1 Sp—y - - T S1)

i2(k+1)2(_1)k71(SkSkaflkalskflskfl - TT15151)
1.
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Let us now check the anticommutativity relations. By Lemma 2.2,

Yan(e1)V2n(e2) = —tan(e2)an(er).

Likewise, t2,,(e1) and o, (e2) anticommute with all 19, (e;) for j > 2 by Lemma 2.2.

Now we consider various cases:
i) Let p=2k—1,¢g=2l—1for k>1,1>1and k <.

Yan(ep)an(eq) = (i(k+1)2Tka—1Sk—1 -T1Sh)(1 1T 18, - - T1S1)
(k+1)2+(l+1)2( TiT-1S1-1 - Thp1Sk41) (T Th—1Sk—1 - - T151)

(Ti Sk Ty—15k—1+--T151)

= DO (~D)* YT 1S 1 - TS (T T 1Sk—1 - T1S1)

= —tan(eq)tan(ep).

i) Let p=2k, ¢g=2lfor k> 1,1 >1 and k <.

Yan(ep)han(eg) = (i(k+1)QSka—1Sk—1 : "Tlsl)(i(l+1)zslﬂ—15l—1 - Ty Sy)
DD (G TSy -+ Ty 1 Sk (SkThm1Sk—1 - TiSh)
(T4 SkTy—1Sk—1---T151)
A (1) (=) NS T—1 -1 - T1S)(TeTe-1Sk—1 - T1S1)
= —Yan(eq)ihan(ep).
iii) Let p=2k —1<q=2, k>1,0> 1.
Yanlep)anleg) = GV TSy - TS (Y S TS - T15h)
= DG 1Sy Thg1 Sk ) (TuToo1Sper -+ T1S1)
(T Sk -+ - T151)

= GEEDTHOEDT )21 Gy 6 TSy ) (T Teo1 St - - T1S1)

= —Pan(eq)Pan(ep).
It can be shown similarly in the remaining cases with the help of Lemma 2.2. O
Our current aim is to determine the corresponding matrix for all ta,(e;),s = 1,2,...,2n. We present

the base for F),, denoted by
E,={fj1j=0,1,...,2" — 1}

that we use to determine the matrices such that

. — L, $:¢i1i2~win(0)7j = (anl)Q
fi(w) = { 0 , otherwise (3.2)

As an example for n = 1 each of the base functions f; and f; can be thought of an element of C? such as
fo=(1,0), fi = (0,1) and the base functions for F» will be the following elements of C* :

f0:(170a070)a fl :(0307170)7 f2:<031a0,0)7 f3:(07030’1)' (33)
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With these definitions, we can now state our main theorem.

Theorem 3.2 For each e;, 1 < i < 2n, the matriz of an(e;) with respect to E, is obtained by the tensor

product of Pauli matrices such as

1/)271(61) N IZ®IQ®"'®IQ®U,
n—1
an(€2) D LheLb® LoV,
A<k<n) Gomleam) : -bo  0hLalUsJo J (3.4)
>~ 2n\€2k—1 . 2 2 )
n—k k—1
wZn(GQk) N 7[2®®I2®V®J®®J7
—_—— —_———
n—k k—1

where

o<(35) (1) o= (2 7))

Proof We prove this theorem by the method of induction. In the first step, we show the result is true for

n = 1; in the second, we suppose that the result is true for n and prove it for n + 1.

It can be easily verified that the matrices of ¥9(e1) and 1a(e2) with respect to Eq are as follows:

1 0 0 1
=0 5) =)
Let us assume the claim is true for n and determine the matrix corresponding to o, 2(e;) with respect to

Epiq1 forall i =1,...,2n + 2. By definition, 9,2 is as follows:

Yony2: Clagpgs —  B(Fnq1)

€1 — T1

€9 — 51
(I<k<n+1), eyp1 = i(k+1)2(TkaqSqukfszﬁ - Ty S1)
e — iR (ST 1Sk 1T 28k 2---T1S1).

At this point, we need the transformation that gives the identification between the algebras B(F),) and
B(F,+1) defined in the following way:

on: B(Fy) _>B(Fn+1)7 (UnT)(f)(x) = (Tfan)(w/)

for T € B(F,),f € Fop1 and @’ = wjws ... w, where £ = wiws...wpwnt1. One can check that the following

diagram is commutative:

Clon % B(F,)
L] Lon

Clongs 2% B(Foi1),
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where ¢ is the inclusion map. With the help of this diagram, we now identify the restriction of 9,412 to
Cly, with t),. We know from the assumption that for all j = 1,...,2n the matrix of 19, (e;) relative to

E, ={fo, f1,-.., fan_1} is given as in 3.4.
We will use the following property given in [5] and apply this to 12, and s:

Property: Let f: A — End(V) and g : B — End(W) be representations and a € A, b € B be given. The
matrix of (f ® ¢g)(a ® b) with respect to

{U1®w17"'31}1 ®wn7v2 ®w1,...,v2 ®wnvvm®wla---7vm®wn}

is C ® D such that C is the matrix of f(a), D is the matrix of g¢(b) with respect to {vi,va,...,v,},
{w1,wa,...,wy} basis for V and W, respectively [5].

If we consider the following isomorphism with F,, ® Fy and Fj, ;1 as

@ : Fn®F1—>Fn+1
a®b—>b®a

then the base E,, 41 of Fj, 1 emerges as the image of the ordered base of F, ® F}

{fo® fo, fo® f1, /1 ® fo, f1 ® f1,..., fan—1 ® fo, fan—1 @ f1}.

Remark 3.3 Note that the functions fo and fi1 in both basis are not the same. We will use the same notation

to avoid indices confusion and distinguish these functions by looking at the spaces to which they belong.

We now consider the isomorphism p between Cla, 2 and Cl,, ® Cly given in [4].

p:Clyo — Cl, ® Cly
e1—~ 1®e;
es— 1®es
ez — 1e1 ® ejes
e4 — 16y ® eqes

k>5, e — —ieg_o®ees.

Using our assumption for n and the isomorphism p, if we apply the above property mentioned in [5] to g,
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and o, then we obtain the matrices from the following equalities:
(Y2n @ 2)(1 @ e1) = Yon(1) @ Ya(e1)
=LRLR - LU

n

(Yan @ 1¥2)(1 ® e2) = P2, (1) ® P2(e2)
=LRXILR---RILRV
—_——

(Y2n ® o) (ie1 ® erez) = itha,(e1) @ ha(ere2)
=(LeLe - RLU)®(-J)

n—1
=—0LR - RLRIURJ
(han ® 12)(ies @ eren) = ithan(e2) @ Ya(e1ea)
=—0LRLR - VLRVEJ

(than @ V2)(—iegk—1 ® ere2) = —itha, (€25—1) ® 2(e1e2)

= (LR - LOURJ®---®J)®J
n—k k-1

=L - QLRIURJR---RJ
n—Fk k

(Yan ® V2)(—tear @ ereg) = —ithap (e2r) ® Y2(er1e2)

=(-L® - LRIVRJ® --0J)xJ
—— —
n—=k k—1

LR - RLIIVRIIR® - ®J
n—k k

which completes the proof. We note that the identification between the spaces B(F, ® Fy) and B(F,41) is
given as follows:

h:B(F, ® F1) = B(Fui1), h(T)(g) = (¢T¢ " )(9).

O
To understand the dynamics of the generators’ image better, we present the case n = 2 in Example 3.4.

Example 3.4 Let us consider the transformation 14 and the corresponding base {fo, f1, f2, f3} given in 3.3
such that

Yy : Cly — B(F3)
e1— Ti
es — S
es — 1115,

€4 —r iSQTlSl.
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T1(1,0,0,0) = (1,0,0,0)
11(0,0,1,0) = (0,0, -1,0)
71(0,1,0,0) = (0,1,0,0)
71(0,0,0,1) = (0,0,0,—1),

the matriz of ¥4(e1) is obtained as follows which is equal to Io @ U :

Similarly since

1 0 0 O
0 -1 0 O
0 0 1 0
0 0 0 -1

$1(1,0,0,0) = (0,0,1,0)
$1(0,0,1,0) = (1,0,0,0)
$1(0,1,0,0) = (0,0,0,1)
$1(0,0,0,1) = (0,1,0,0),

we obtain the following matriz which is equal to I ® V' as the matriz of 4(es):

Since

iTyTy 51 (1,0,0,0)
iTyTy 51 (0,0,1,0)
iTyTy51(0,1,0,0)
( )

iT»T151(0,0,0,1

0100
100 0
000 1
0010
= iTyT1(0,0,1,0) = iT5(0, ,0) = (0,0,—4,0)
= iTyTy(1,0,0,0) = iT5(1,0,0,0) = (i,0,0,0)
= iTyT1(0,0,0,1) = iT5(0,0,0, —1) = (0,0,0,4)
= iTyT4(0,1,0,0) = iT5(0,1,0,0) = (0, —i,0,0),

we obtain the following matriz which is equal to —U ® J as the matriz of ¥a(es):

And using the following equalities

z'Sngsl(l,0,0,0 :iSQTl 0,0,1 0 —ZSQ

0 ¢« 0 O
- 0 0 0
0 0 0 —2
0 0 ¢« O

,0) = (0,0,0,—1)

iS>T151(0,0,1,0) = iS,T:(1,0,0,0) = iS2(1,0,0,0) = (0,4,0,0)

)

( )
i85T151(0,1,0,0)
( )

(
(

= i5,71(0,0,0,1
(

) (0,
) (1,
) =i55(0,0,0,—1) = (0,0, —,0)
) (

1527151(0,0,0,1) = 45273 (0,1,0,0) = i52(0,1,0,0) = (4,0,0,0),
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we obtain the following matriz which is equal to —V & J as the matriz of ¥4(eq):

0 0 0 =
0 0 — 0
0 ¢« 0 0]’
- 0 0 O

which is equal to —V ® J.

Remark 3.5 So far, we have verified our claim in every even dimensional case. The odd case of the theorem

follows immediately from the results of [7].
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