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Abstract: In this work, we determine the structure of the automorphism group of the free metabelian Leibniz algebra

of rank three over a field K of characteristic zero.
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1. Introduction

A Leibniz algebra L over a field K is a nonassociative algebra with multiplication called bracket [,] : LxL — L
satisfying the Leibniz identity

[z, [y, 2] = [[=, 9], 2] = [[, 2], 9]

for all z,y,z € L. If the condition [z,x] =0 for all = € L is satisfied, this identity is equivalent to the Jacobi
identity. Let X be a set, L(X) be the free nonassociative algebra on X over K and I be the two-sided ideal
of L(X) generated by the elements

[a7 [b7 CH - [[a7 b] ’C] + [[a7 C] 7b]

for all a,b,c € L(X). Then the algebra F'(X) = L(X)/Iy is a free Leibniz algebra with the free generating set
X.
In [5], the universal enveloping algebra of the Leibniz algebra L was defined. Let L! and L" be two

copies of the Leibniz algebra L. We denote by I, and r,, the elements of L' and L" corresponding to the

universal operators of left and right multiplication on z, respectively. Let Iy be the two-sided ideal of the

associative tensor K -algebra T(L! @ L") with the identity element corresponding to the relations

T[f%y] = Tm.T'y — ry.rz
l{z’y] = l$.ry — Ty.lz
(ra+1z).ly, = 0

for any x,y € L. Then the factor algebra UL(L) = T(L' ® L")/Ir is the universal enveloping algebra of
Leibniz algebra L.

*Correspondence: zyaptiQcu.edu.tr
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Let M, be the free metabelian Leibniz algebra of finite rank n over a field K. Denote by Aut(M,) the
automorphism group of M,,. The kernel of a natural homomorphism 7: Aut(M,) — Aut(M,/M]) consist
of automorphisms which act identically modulo M/, where M/ derived subalgebra. It is called the group of
I A-automorphisms and denoted by TA(M,,).

In [6], IA-automorphisms of 2-generator metabelian Lie algebras were studied. In [8], the defining
relations of the subgroup of I A-automorphisms of a free metabelian Lie algebra of rank 3 were given. In [7],
generating sets of I A-automorphisms of a free metabelian Lie algebra of rank 3 were investigated. In 1973,
Shmel’kin [9] noticed that all nonlinear automorphisms of a free metabelian Lie algebra of rank two are wild. In
[2], an explicit matrix form for the I A-automorphisms of a free metabelian Lie algebra of rank n was obtained.

Leibniz algebras were first introduced by Loday [5] as a nonantisymmetric version of Lie algebras. In
2001 Abdykhalikov et al. [1] obtained a characterization of tame automorphisms of the free Leibniz algebra of
rank 2. In [4], Papistas and Drensky proved that the automorphism group of free nilpotent Leibniz algebras of
finite rank m, m > 2, is generated by the tame automorphisms and one more given nontame automorphism.
In [3], a description of the free metabelian Leibniz algebras was given.

In the present article, we study the automorphisms of the free metabelian Leibniz algebra Mj. First, we
obtain an explicit matrix form for the I A-automorphisms of M3 and describe a set of generators of the group
TA(Ms3), where our approache is via wreath products. Then our main result states that the automorphism

group Aut(Ms3) is generated by the linear automorphisms and the set of generators of the group TA(M3).

2. Preliminaries

Let F be the free Leibniz algebra with the free generators x1, zo, and xz3. We denote by F’ and F” the
derived subalgebra of F' and F’, respectively and F/F’ is a free K-module. We fix the notation F/F" for the
free metabelian Leibniz algebra. Denote by Aut(F/F") the automorphism group of F/F". By Ann(F/F")
we denote the ideal of F/F" generated by elements {[a,a]:a € F/F"}. It is known (see [5]) that r, =0 <
a € Ann(F/F"). The algebra (F/F")p,e = (F/F")/Ann(F/F") is the free metabelian Lie algebra of rank
three.

By [3], F/F" has a basis

{xih [xil,a:iQ] 5 [Z‘il,l‘iz, ...,xik] ‘ 1 S i1,i2 S 3,1 S i3 S S ik S S,k = 3,4}

We define the wreath product of abelian Leibniz algebras in a standard way, as in the case of Lie algebras
[9]. Let W be the wreath product of F'/F" and F/F’ where F’/F" is an abelian Leibniz algebra that is a
free K-module with the free generating set {a;},.; and F/F’ is a Leibniz algebra over K. We write shortly
W = (F'/F")wr(F/F") and it has the form W = F/F' @ I/ pn, where it is the semidirect sum of F/F"and
In addition, F’/F" is a module on F/F’, is

free F//F'-module Ips pr with the free generating set {a;};.;-

also a U(F/F’')—module and the module action is given by

vxr, = [v,y]

vkl, = [u,v]
for ve F'/F", ue F/F'" and ry, l, € U(F/F'). Denote x; + F" € F/F" by m; and z; + F' € F/F' by T;.
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For our aim, it is sufficient to restrict the automorphism group AutW to its subgroup AutW whose
elements leave I/ pv and F/F' invariant. AutW contains a normal subgroup IA(W) whose elements are
identical on F'//F' and a subgroup P whose elements leave each a; € I/ p invariant having trivial intersection.
Thus, we have AutW is the semidirect product of P and TA(W).

The proof of the next Lemma is the same as in the Lie algebra case [9].

Lemma 2.1 Let L be a Leibniz algebra and S be an abelian ideal of L. Then there exists a semidirect sum
H=L/S+1I, where I is an abelian ideal, L/S is a subalgebra and a monomorphism p : L — H such that
n(L) N L = p(S).

Corollary 2.2 The mapping T; — T; + a; extends to a monomorphism p: F/F" —s (F'/F")wr(F/F").
Proof The map T; — ¥; + a; extends to a homomorphism
‘LLIF/F//—>F/F/®IF//F//.

By Lemma 2.1, y is a monomorphism. O

3. TA-automorphisms of F/F"

Using similar arguments as in Lie algebras (see Bahturin and Nabiev [2]), we may prove the following proposi-

tion.

Proposition 3.1 There exists an embedding ¥ : Aut(F/F") — Aut((F'/F")wr(F/F")) such that if a €

Aut(F/F") which leaves F'/F" invariant and & = 9(a) then ap = pa where p is the embedding of Corollary
2.2.

Proof [2] First given an automorphism « : F/F" — F/F" with o(F'/F") C F'/F", we define & by first

writing

pa(z; + F") = pla(z;) + F")

where a(x;) € F//F', p; € Ip;;pr. On the other hand,

e,

(T + a;)

~ a@) +d(a)

and then setting a(z;) = a(z;), a(a;) = pi,
a(p(z7)) = pla(i))

satisfied. Since & is induced by « which leaves F’/F" invariant, then & € Aut(F/F’). & extends to a uniquely

defined map of W by the definition of the wreath product. Let a~! be the inverse of a. Applying a~! to
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1 1

both side of the equality au = pa, it holds p = paa™" = aua™" = &(;_vlu and @ a-1 = TF/FN. Since
1y = IF/F//, we have aa—1! = 1w . Hence, & is an automorphism of W . O

Using this argument, the structure of TA(F/F") can be described in the following way.
Theorem 3.2 Let F/F" be a free metabelian Leibniz algebra of rank three generated by {T1,T2,T3}. Given

the identity 3 x 3 matriz E , an arbitrary 3 x 9 matriz Q = (qgi;), both with coefficients in U(F/F"), where
1<i<3,1<j<9 and a fir 3 X9 matriz A which is defined below;

l=+r= r= I= 0 r—= I= 0 0 0
1 T ) To T3 T3
0 l= r= I=4+r= 0 0 r= I= 0
1 1 XTo T T3 xrs3
O 0 0 0 lf Tﬁ lﬁ T‘E lﬁ + T’ﬁ 3%9

Let G be the group of invertible matrices of the form E + AQ. Then TA(F/F") = G.

Proof The elements of TA(F/F") are the automorphisms of F/F” which are identical modulo F’/F".
The explicit matrix form for the elements of TA(F/F") will be found. F’/F" is generated by 7 = [T1,T1],
T2 = [71,72], T3 = [¥2,71], T4 = [72, 72,75 = [71, 73], T6 = [T3,71), T7 = [T2, T3], Ts = [T3, T2, Ty = [T3,T3),
as an ideal, that is, as a F'/F’-module. We denote the module action of u € F/F’ (i.e. w=w and w € F)
and ry, l, € U(F/F') on 7€ F'/F" by

Fxr, = |[F,u]= [? ,w] ,

Txly, = [u,7=[w,7].
Consider « € TA(F/F") and «o(%;) =7; + if?*qij for i =1,2,3 and ¢;; € U(F/F’). Then
j=
T1) =TT +T1*qu1 +T2 % Q2 +T3% 13 +Ta % qua + 75 % 15 + 76 * Q6 +T7 * 17 +Tg * Qs +To * qi9 (1)
(T3) =T +T1 % q21 + T2 * Gaz + T3 % q23 + T4 * Goa + T5 * Q25 + T * Gag + 77 * q27 + T8 * Gag + To ¥ q29  (2)

a(T3) =T3+T1*q31 +T2* 32+ T3%q33 +Ta*qaa+T5 % (35 +T6 * Qa6 +T7 % q37 +Tg * q3s + Tg *qzg  (3)
Now apply u to both sides of (1), (2), and (3),
pe(Tr) = p(T1+ 71 qun +T2 % qia + 73 % qi3 +Ta * qua + 75 * q15 + T * Gig

+77 % qi7 + T8 * 18 + T9 * q19)

pa(T1) = p(T1 4 [T1,T1) * qu + [T1, T2 * 2 + [T2, T1) * qus + [T2, T2) * qua] + [T1, T3] * @15
+ [T3,T1] * q16 + [T2, T3] * 17 + [T3, T2] * q18 + [T3, T3] * qu9)
= Tr+a+ [x:1+a1,a::1+a1] * 11+ [x:1+a1,x:2+a2] * 12 + [$:2+02796:1+01] * 13
+ [m:2+a2,m:2+a2] * 14 + [m:1+a1,x:3+a3] * Q15 + [x:3+a3,m:1+a1] * 16

+ [x:2+a2,m:3+a3] *qu7 + [x:3+a3,x:2+a2] *q1g + [m:3+a3,x:3+a3} *q19
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= Tita+ ([1:1,(11] =+ [al,le]) *q11 JF([xl;aQ] + [111,!17:2]) * Q12 + ([mzz,al] + [ag,x:ﬂ) * 13

+([72, a2] + [a2,T2]) * qua + ([71, as] + [a1,T3]) * @15 + ([T3, a1] + [as,71]) * qu6

+([72, a3] + [a2,T3)) * 17 + (T3, az] + [as,72]) * a8 + ([T3, as] + [as,T3)) * qug
= Ti+a1+a* (=g + r5=q11 + r55q12 + ls5q13 + =015 + l=q16)

+az * (l=q12 + =013 + l5q14 + r55Q14 + T Q17 + 55 Q18)

+az * (l=q15 + 15516 + lzq17 + 15018 + @19 + 15 19),

pa(T2) = Tz + 71 % qo1 + T2 * oo + T3 % qag + T4 * @oa + T35 * a5 + Tg * Gag + T7 * qar + T3 * qag + Tg * G29)

= @z + [T1, T1] * q21 + [T1, T2 * g2z + [T2, T1) * o3 + [Tz, T2) * @4 + [T1, T3] * q25 +

T3, T1) * q26 + [T2, T3] * q27 + [T3, T2) * qos + [T3, T3] * qa0)

= Ta+ag+ [T1+a1,T1 +a1] xqu + [T1 + a1, T2 + az] * qoa + [ T2 + a2, T1 + a1 * gos
+ [ T2+ a2,73 + az] * qoa + [T1 + a1, T3 + as] * qas + [T3 + a3, T1 + a1 * g6
+ [72 + a2, T3 + as] * g7 + [T3 + a3, T2 + az] * qos + | T3 + a3, T3 + as] * qa0

= Tz+ax+ ([Tr,a1] + [a1,T1]) * qo1 + ([T1, a2 + [a1,T3]) * qo2 + ([T2,a1] + [a2, 1)) * go3
+([72, a2] + [a2,72)) * q24 + ([77, a3] + [a1,73)) * @25 + ([T3, 1] + [as,71)) * q26
+([72, a3] + [a2,73]) * g7 + ([T5, a2] + [as, T2]) * qos + ([T3, as] + [a3, T3]) * g0

= T3+ az+ar* (=g + r5=q21 + r55q22 + l=q23 + 15Go5 + l5=26)
tag * (Iz5q22 + 155423 + l5024 + r55G24 + T55G27 + l55G28)

tas * (I5q25 + re=26 + l5027 + 15028 + 55020 + T55020),

pa(Tz) = (T3 +T1 % qs1 + T2 * g3z + T3 * 33 + T4 * q3a + T5 * G35 + T6 * q36 + T7 * qa7 + T8 * g3s + T9 * q39)
= (T3 + [Z7,71] * g1 + [T1, 2] * ga2 + [T, T1] * g33 + (T2, T2 * g3 + [T1, T3] * g35
+ [T3,71] * q36 + [T2, T3] * q37 + [T3, T2] * g3s + [T3, T3] * q39)
= Tz+az+ [T1+a1,T1+a1] xqs1 + [T1 + a1, T2 + az] *xqz2 + [ T2 + az, T1 + aq] *qs3
+[3?:2+a2,$:2+a2]*Q34+[$:1+a1,$:3+a3]*Q35+[$:3+a37$:1+a1]*%6
+[$:2+a2,$:3+a3]*QS7+[$:3+a37$:2+a2]*QS8+[$:3+G3,37:3+G3]*Q39
= x:3+a3+([x:1,a1]—|—[al,;vzl])*q31+([x:1,ag]+[al,x:ﬂ)*qgg—i—([w:27a1]+[a2,x:1])*q33

—|—([x:2,a2] + [azaxzz]) * 34 + ([CU:h CL3] + [ahx::z]) * 35 + ([55:3,&1] + [a3,$:1]) * 436

+([T2, as] + [02,56:3]) * 37 + ([53:37 Gz] + [6137%:2]) * g3g + ([T& a3] + [a3»$:3]) * 439
= T3 +az+ar* (g1 + a1 + s + 55033 + 15035 + I55936)
tag * (Iz=q32 + 155033 + l55034 + 55934 + 755037 + I55938)

tas * (lz5q35 + 155036 + l5037 + 5038 + 5039 + T55939)-
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Hence, we obtain the following equalities;

pe(Tr) = Ti+ay+an* (=g + =g + rsqe + s + re=as + =)
taz * (l=q12 + r=q13 + I q1a + 15014 + T 017 + 55 018)

+as * (l=q15 + r=q16 + =17 + r5018 + 55019 + 155019),

pe(Tz) = Tp+ag+ay* (l=ga1 + r=q21 + 55022 + l=@23 + 752025 + l=026)
tag * (I5q22 + 55023 + l5024 + 55024 + 55027 + I55G28)

+az * (I5=qas + 1526 + l5q27 + r55q2s8 + lz5q20 + T55G29),

peu(T3) T3+ az + ar * (l=g31 + r5=q31 + 155932 + l=q33 + 15035 + I=36)
+az * (I=ga2 + 15433 + l5534 + T55034 + 755037 + l55038)

+az * (I5=q35 + 15736 + [5037 + 55038 + l5030 + T55039)-

By the equality pa = ap from Proposition 3.1 and the definition of the AutW , we find that a restricted

to Ip//pr has a corresponding matrix M of the form

1+Bun B2 B3
By 14+ Bss B
Bs, Bss 1+ Bss],, 4
where
Bu = lEqu s + s lsas + rsas + s,
Bia = l=qi2 +reqis + s + resqua + =17 + l=ais,
Bis = l=qi5 +r=q6 + 5017 + rsqis + 509 + 010,
Bor = l=qo1 + r5q21 + 1G22 + I=qe3 + 1525 + 126,
Bas = =22 + 157q23 + l55G24 + 15024 + 527 + 55 qes,
Bas = =5 + 106 + I5a07 + 155028 1 55020 + =g,
Bs1 = l=g31 + reqs1 + 15032 + 033 + 154035 + 12436
B3y = l=q32 + r=q33 + I55q34 + 155034 + r5a37 + 538,
Bss = l=qs5 + req36 + l5q37 + regss + =430 + r=430.

Since a is an automorphism, M is two-sided invertible. We write the transpose of M of the form
E + AQ, where

=

Il
O O =
o = O
— o O

3x3
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l=+r= r= I= 0 0 r= I= 0 0
1 1 XTo T2 T3 x3
A= 0 lﬁ T lﬁ + Te 0 0 T lﬁ 0 ,
0 0 0 0 lf Tﬁ lﬁ Tw—z lﬁ + Tﬁ 3%9

q11 421 431
q12  g22 Q32
413 423 Q33
q14  q24 Q34
Q= |q5 q25 a3
di6 926 436
qi7 427 437
q18 428 Q38
L1919 429 439 g3

Conversely, let C' = E 4+ AQ be invertible which defines as above form. There is an automorphism «
of W that is if a is restricted to I/ p» then the transpose matrix CTof C determines this automorphism.
Hence, we obtain

a(z;) =7,

&(az) =a; + Z Zak * QK-
By the equality aup = pa, it yields
a(um) = a(Ti+ai)
= Tita +Zzak * g Qij
= @i+ TG a)-
Therefore, there is an automorphism « of F/F” which is identical modulo F'/F” defined by a(z;) =
T+ 20T * i a

As an application of the Theorem 3.2, we give the following corollary.

Corollary 3.3 Let M = E + AQ be as in the proof of Theorem 3.2.

i) If 14 = r= and all other q;; = l=, then there is an automorphism

G T — T A+ (72, T2, T
T2 — I3
T3 — 3

whose associated matriz is M7T .
it) If q31 = =, g21 = & and all other q;; = l= then there is an automorphism

G @ T1—T1
Ty — Ta+ |[[T2,T2], T3]

T3 — T3+ ([T, 7], T3]

whose associated matriz is MT .
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i) If qoq = r=, @21 = 1, qua = 1 and all other q;; = l= then MT s the associated matriz of the following

automorphism.

(3 : T1— T+ [T2,T2)

Tz — Tp+ [T1, 7] + [[72,72) , 71

T3 — I3

Proof i) If 14 = r= and all other ¢;; = l—, then

1 0 0
0 0 1
and
1 (lﬁ + rﬁ)rﬁ 0
MT=10 1 0
0 0 1

Since detM™ = 1, then there is an automorphism whose associated matrix is M7, by Theorem 3.2 it is

G T — T A+ (72, T2, T
Ty — T2
T3 — 3.

ii) If 31 = r4, g1 = r5; and all other ¢;; = I, then M is of the form

1 (’I“ﬁ + lﬁ)rﬁ (Tﬁ + lﬁ)rﬁ
0 1
0 0 1
and
1 0 0
MT = ( =+ lﬁ)rﬁ 1 0
(r=+l=)r= 0 1

Since detM™ = 1, then there is an automorphism whose associated matrix is M7 and by Theorem 3.2 it is

(e  T1—T

TQ — TQ—F [[’Til»xil] 71.2]

T3 — T3+ |[[T1,71),73].

iil) If goq = re=, g21 = 1,14 = 1 and all other ¢;; = lf then

x

M = lﬁ‘““ﬁ 1+(lﬁ"““ﬁ>¢ﬁ 0
0 0 1
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and
1 =+ r—= 0
T xro T2
M = lﬁ + Te 1+ (lﬁ + rﬁ)rﬁ 0
0 0 1

Then there is an automorphism whose associated matrix has the above form which is

G 71— 7+ (T2, T2

Tz — Tp+ [T1,7T0) + [[72,72) , 7]

r3 — I3.

The following theorem gives the set of generators of TA(F/F").

Theorem 3.4 Let F/F" be the free metabelian Leibniz algebra of rank three generated by {ZT1,T3,T3}.

TA(F/F") is generated by an inner automorphism and the following automorphisms;

T1 T — T1
Tz — Tp+ (2,73
Tz — T3+ (2,73

where z = [T1,T1] * 21, 21 € U(F/F"),

To : T — T1

where u = [Ty, Ty * w1, wy € U(F/F'), t#2 and

T3 T T — T

T3 — T3+
where v = [T7, T3] *xv1,v1 € U(F/F').

Proof Let
o:F/F" — F/F"

be an automorphism of the free metabelian Leibniz algebra F/F” with the free generators Ty, Zz, and T3
which acts identically modulo F’/F"”. For h € F/F"and z € F'/F", ¢lh,z] = [¢(h),z] = [h,x], hence
[p(h) — h,z] =0 and @(h) — h € F'/F”.Then @(h) —h =0 on (F/F")/(F'/F"). Therefore, ¢ is also the
identity on F/F".

By Corollary 2.2, F//F" is embedded in the wreath product (F'/F")wr(F/F’). Hence, we see F/F" is

a free metabelian Leibniz algebra with free generators g; = T; + a;,4 = 1,2, 3 which are elements of the wreath
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product (F'/F"wr(F/F"). Therefore, v(g;) = ¢; + u; , u; € F'/F" i =1,2,3. We have ¢[g1, g2] = [91, 92]
and

elg,g2] = [p(g1),0(92)] = g1 + u1, g2 + ua]
(91, g2] + [u1, g2] + [g1, u2] + [u1, ua] .

The element [uj,us] is equal zero in the algebra F/F". Hence, [u1,g2] + [g1,u2] = 0. In the equality

[u1, g2] + [g1,u2] = 0 substituting Z7 + a; for g1, we obtain
[u1, T3] + [u1, az] + [F1,uz] + [ay, ug] = 0.
The elements [a1,us] and [u1,as] are zero in the algebra F/F”. Thus, we have
[u1, %3] + [T1, u2] = 0.

Case 1: Let uy = 2z xl= , where z € F'/F" | I=— € U(F/F'). Substituting uz = 2 * Iz in the equality

[ul,ng] + [x:h uz} =0, we obtain

w1, @] = — [71,u]

By the Leibniz identity [Z1, [2,72]] = [[Z1,2] . Z2] —[[71, 72| . 2| = [[Z1,2] , 72| . Hence, [u1, 73| = [[71, 2], 73]

and

uy = [T, 2] =zxl=oru = [g1,2].

Thus, we obtain u; = z*l— . Also if ¢([g1,g3]) = [g1,93] , Wwe get u3z = 2 xI. Hence, we obtain that for every

1el

©(9i) = 9i + 1gi, 2] -

Since z lies in F'/F", ¢ is an inner automorphism.
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Case 2 : Let ug = z 5= , where z € F'/F", r— € U(F/F'). From the equality [u1, T3] + [T1,u2] =0,

[, 73] = —[71,us]
= —[F1, 2 x5
= —[m [57]]
= — 2] 7] + [[7172] 2]
= 4], 7]
and we obtain that u; = — [Z7,2] or u; = —[g1,2]. Now we will find us. There are two cases:

i) If ©([g1,93]) = [91, 93], we get that uz = [2, T3] or uz = [z, g3]. Hence, we obtain

o 1 og1— 91— [91,7]
g2 — g2+ (2, 92]
g3 — g3+[z,03].

By Theorem 3.2, z is [g1,91] * 21,21 € U(F/F"). Therefore, the automorphism is

Y g1 g
g2 — g2+ [2,02]
g3 — g3+[z,03).

i) If o([g3, 91]) = [g3,91], we get that ug = — [Z3, 2] or uz = — [g3, 2]. Then we see that

¢ g9~ 0,7
g2 — g2+ [z 00
g3 — 93— [93,2]
and by Theorem 3.2, z € Ann(F/F"). It is obvious that [g1,2] = [g3,2] = 0. We know that if ¢ is an
automorphism, {g1,92 + [z, 92], g3} is a free generating set and
F/F" = qU(F/F')® gU (F/F') @ gsU (F/F")
= QU (F/F') @ (g2 + [2,92)) U (F/F') ® g3U (F/F").

Thus, [z,92] € g1U (F/F’) or [z,90] € gsU (F/F’). As a result of this z € Ann(F/F") N g.U (F/F’) or
z € Ann(F/F")Ng3U (F/F'). Hence, the automorphism is of the form

2 : g1 — g1
g2 — g2+ [2,02]
g3 — g3

where z = [gy, g1] * 21, 21 € U(F/F'), t # 2.
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Case 3 : For every uy € [g;, 9] * U(F/F'),t # 2, since [T1,uz] = 0 by the Leibniz identity, then [u1,Z2] =0
and it yields u; = 0. Now let us calculate us. If also ¢([gs,91]) = [g3,91], we get that [ac:d, ul] = 0 by the
Leibniz identity, then [ug,le] =0 and it yields ug = 0. Therefore, we get

Y 9101
g2 — g2tu
g3 — g3,

where uz = [g¢, gt] * uh, ubh € U(F/F'),t # 2. Given

-1

¥ g1 — g1
g2 — g2 —u2
g3 — g3.

1 1

Since ¢ top =1 and poyp ' =1, ¢ is an automorphism.
Case 4 : Let us =0, then u; = 0. Now lets determine ug.
i) Let ug = [T1, T3] x us or ug = [Tz, T1] * uy, us € U(F/F’), then ¢ is an automorphism by Theorem 3.2 and

the automorphism is

Y g1 g1
g2 — g2
gs — g3+us,

where ug = [g1, go] *uf or us = [ge, g1] *us, usy € U(F/F’). This automorphism is an elementary automorphism.
ii) If we take ug as one of [T1,T3] * ufy, [T3,T1] * uhy, [T3,Tz2| * uh, [Tz,T3] *uh or [Ts, T3] xuh, uy € U(F/F'),
by the Theorem 3.2, ¢ is not an automorphism.

iii) For ug = [T¢, T¢) * uf, uy € U(F/F'), t # 3, we get the same result as in Case 3. O

4. Automorphisms of F/F"

For every g = (gi;) € GL(3, K), the general lineer group over K, the mapping

g:x; —>Zg¢j.xi,j:1,2,3

extends uniquely to an algebra automorphism of F/F”and GL(3,K) acts on U (F/F’) as a group of algebra
automorphism. We write ¢ - f for the action where g € GL(3,K), f € U (F/F') and

g-T;= Zg”xl

Thus, we consider GL(3, K') as a subgroup of Aut(F/F"). Since IA(F/F") is a normal subgroup of Aut(F/F")
and GL(3, K)NTA(F/F") = {1}, we obtain that Aut(F/F") is semidirect product of TA(F/F") by GL(3, K).
Thus, every automorphism « of F/F” is uniquely written as ¢ o g, where ¢ € TA(F/F") and g € GL(3, K).
By Theorem 3.2, TA(F/F") is isomorphic to the group G. Denote this isomorphism by n: TA(F/F") — G.
The action of GL(3,K) on TA(F/F") is given by

bopob ™t =n"  (E+b0b- (pi)b"),
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where b € GL(3,K) , E+ (¢i;) = E + AQ is the corresponding matrix of the automorphism ¢ of TA(F/F")

and

n~! is inverse of 7. Hence TA(F/F") is a GL(3, K)— module. By Theorem 3.4 we know the generators

of the TA(F/F"). Thus, we have proved the following theorem.

Theorem 4.1 Let F/F" be the free metabelian Leibniz algebra of rank three generated by T1,Tz, and T3.

The

automorphism group of F/F" is generated by the general lineer group GL(3,K) together with the inner

automorphism e (v € F'/F") and the following automorphisms;

T T
Tz — T3+ (2,72

T3 1‘734_[2’73373]7

where z = [T1,%1] * z1, 21 € U(F/F"),

T T — T

where u = [Ty, Ty *u1, uy € U(F/F'), t #2 and

T3 T T — T

T3 — Tz+wv

where v = [T1, T3] *xv1,v1 € U(F/F').
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