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Abstract: We consider simply connected 4 -manifolds admitting Lefschetz fibrations over the 2 -sphere. We explicitly
construct nonhyperelliptic and hyperelliptic Lefschetz fibrations of genus 4 on simply-connected 4 -manifolds which are
exotic symplectic 4 -manifolds in the homeomorphism classes of CP 2#8CP 2 and CP 2#9CP 2 , respectively. From these,
we provide upper bounds for the minimal number of singular fibers of such fibrations. In addition, we prove that this
number is equal to 18 for g = 3 when such fibrations are hyperelliptic. Moreover, we discuss these numbers for higher
genera.
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1. Introduction
Due to the pioneering works of Donaldson [13] and Gomp [21], Lefschetz pencils and Lefschetz fibrations play
an important role in studying 4 -manifold topology. Donaldson proved that every symplectic 4 -manifold, up to
blow-ups, corresponds to a Lefschetz fibration with a finite number of singularities of a prescribed type, which
provides a way to study combinatorially via a positive factorization of its monodromy if exists. Conversely,
Gompf showed that any 4 -manifold admitting a genus-g Lefschetz fibration is a symplectic 4 -manifold if
g ≥ 2 .

Every nontrivial Lefschetz fibration admits certain singular fibers associated to its monodromy. The
number of its singular fibers provides us important information about its total spaces such as the Euler
characteristic, the signature, and so on. Since it has been known that the number of singular fibers in a Lefschetz
fibration cannot be arbitrary, determining the minimal number of singular fibers in a Lefschetz fibration is an
interesting problem to be investigated.

Let N(g, h) be the minimal number of singular fibers in all nontrivial relatively minimal genus-g Lefschetz
fibrations of over the oriented closed surface of genus-h . For h ≥ 1 , the exact value of the number N(g, h) is
almost known (except N(g, 1) for g ≥ 3 and N2,2 ) [23, 25, 26, 31, 37]. For h = 0 , it is known that N(2, 0) = 7

by Xiao’s construction [38] and also by the existence of a relation among seven positive Dehn twists in the
mapping class group of genus-2 surface with one boundary component obtained by Baykur and Korkmaz [6].
However, the exact value of this number is not known for h = 0 and g ≥ 3 . The best known estimates for
N(g, 0) : N(g, 0) ≤ 2g+4 if g is even and N(g, 0) ≤ 2g+10 if g is odd [10, 11, 24]. If we consider hyperelliptic
Lefschetz fibrations, i.e. their vanishing cycles are invariant under a hyperelliptic involution ι (see for instance
∗Correspondence: atulin@metu.edu.tr
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Figure 5), then some results about this number are known. Let M(g, h) denote the minimal number of singular
fibers in all nontrivial genus-g hyperelliptic Lefschetz fibrations over the 2 -sphere. Baykur and Korkmaz [7]
constructed a hyperelliptic genus-3 Lefschetz fibration over the 2 -sphere with 12 singular fibers and then they
proved that M(3, 0) = 12 . In [3], the author proved the following result:
(1) M(4, 0) = 12 and M(6, 0) = 16 ,
(2) M(8, 0) = 19 or 20 and M(10, 0) = 23 or 24 ,
(3) M(5, 0) ≥ 15 , M(7, 0) ≥ 17 , and M(9, 0) ≥ 24 .
Moreover, when the total spaces of such fibrations are complex surfaces, she proved that it is equal to 2g+4 if
g ≥ 4 and even and it has a lower bound 2g+6 if g ≥ 7 and odd. Thus, the exact value of the number M(g, 0)

is not known (except for g = 3, 4 and 6). Therefore, this question is also open for hyperelliptic Lefschetz
fibrations.

Lefschetz fibration structures on various smooth 4 -manifolds with small numbers of singular fibers may
provide us the existence of symplectic structures on 4 -manifolds in the homeomorphism classes of simply-
connected 4 -manifolds with very small topology, which has been an interesting topic containing several con-
struction techniques (e.g., [1, 2, 4, 12, 16–20, 28, 34–36]). Recently, some authors have studied Lefschetz
fibration structures to produce exotic 4 -manifolds (which are homeomorphic but not diffeomorphic to standard
ones). Since it is natural to relate small (as in small second homology) exotic 4 -manifolds to small (as in small
number of positive Dehn twists) Lefschetz fibrations, it is of interest to find the minimal number of singular
fibers in Lefschetz fibrations on simply connected 4 -manifolds.

Let Ng be the minimal number of singular fibers in all genus-g Lefschetz fibrations on a simply-connected
4 -manifold over the 2 -sphere having at least one singular fiber. It is known that the minimal number of singular
fibers in all torus Lefschetz fibrations is 12 . One can conclude that N1 = 12 by the existence of torus Lefschetz
fibrations with 12 singular fibers on the elliptic surface E(1) = CP 2#9CP 2 . A genus-2 Lefschetz fibration
with 14 singular fibers on a symplectic 4 -manifold which is an exotic copy of CP 2#7CP 2 was constructed by
Baykur and Korkmaz [6]. By [6, Theorem 2 ], one can obtain that N2 = 14 .

Let us define Mg as the minimal number of singular fibers in all hyperelliptic Lefschetz fibrations on a
simply-connected 4 -manifolds over S2 having at least one singular fiber. By the same argument above, M1 = 12

and M2 = 14 .
The purpose of the present paper is to estimate the numbers of Ng and Mg . In this direction, in

Section 2, we first give some preliminary information and results. In Section 3, we explicitly construct two
genus-4 Lefscherz fibrations on simply connected 4 -manifolds. To do this, we first mention the positive
factorizaton W for a genus-3 hyperelliptic Lefschetz fibration given by Baykur [5]∗ . Then we construct a
genus-4 nonhyperelliptic Lefschetz fibration (X1, f1) using the Baykur’s monodromy and the monodromy that
gives the smallest genus-2 Lefschetz fibration. Here, we use the breeding technique to construct this positive
factorization (see [5, 7] for more applications of this technique). We also prove that the 4 -manifold X1 is an
exotic copy of CP 2#8CP 2 (Theorem 3.2). Similarly, we produce another monodromy which gives a genus-4
hyperelliptic Lefschetz fibration (X2, f2) using the monodromy of generalized Matsumoto’s fibration for g = 4

and again the monodromy of the smallest genus-2 Lefschetz fibration. We prove that the 4 -manifold X2 is an
exotic CP 2#9CP 2 (Theorem 3.3). In the last section, we examine the numbers Ng and Mg for g ≤ 4 . We
first give a different proof for the result N2 =M2 = 14 given in [6, Theorem 2 ] (Proposition 4.4(a)). Moreover,

∗ https://people.math.umass.edu/~baykur/docs/Genus3LPsFINAL.pdf
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we prove that M3 = 18 (Proposition 4.4(b)). Similarly, using the existence of genus-4 nonhyperelliptic and
hyperelliptic Lefschetz fibrations (X1, f1) and (X2, f2) constructed in Section 3, we conclude that N4 ≤ 23

and M4 ≤ 24 . We then give better estimates for the number M4 (Proposition 4.4(c)). Finally, we discuss the
numbers Ng and Mg for higher genus.

2. Preliminaries
This section presents the necessary background and the known results used in our proofs.

2.1. Mapping class groups
Let us denote a compact connected oriented smooth surface of genus g with n ≥ 0 boundary components by Σng .
Let Modng denote the mapping class group of Σng , i.e., the group of isotopy classes of orientation-preserving self-
diffeomorphisms of Σng fixing all points on the boundary. We assume all isotopies are identity on the boundary.
When n = 0 , we will denote Modng and Σng by Modg and Σg , respectively. Throughout the paper we do not
distinguish a diffeomorphism from its isotopy class. For the composition of two diffeomorphisms, we use the
functional notation; if g and h are two diffeomorphisms, then the composition gh means that we apply h first
and then g .

Now, let us remind the following basic properties of Dehn twists. Let a and b be simple closed curves
on Σng and f ∈ Modng .

• Commutativity: If a and b are disjoint, then tatb = tbta .

• Conjugation: If f(a) = b , then ftaf
−1 = tb .

( Here, ta denotes the positive Dehn twist about a simple closed curve a .)

2.2. Lefschetz fibrations
We remind some basic definitions and facts about Lefschetz fibrations. Throughout the paper we denote the
2 -sphere by S2 . Let M be a closed connected oriented smooth 4 -manifold. A Lefschetz fibration on M is a
smooth surjective map if it has only finitely many critical points {p1, p2, . . . , pn} such that around each of which
it is expressed in the form of f(z1, z2) = z21+z

2
2 with respect to some local complex coordinates compatible with

the orientations of M and S2 (In general, the base of a Lefschetz fibration can be a closed orientable surface
of genus h ≥ 0 , but throughout this paper, we only consider S2 ). The genus-g of a regular fiber is defined
to be the genus of the fibration. The inverse image of a critical value is called a singular fiber. We assume
that each singular fiber contains only one critical point, which can be obtained by a small perturbation. Each
singular fiber is obtained by collapsing a simple closed curve, called vanishing cycle, on a nearby regular fiber
to a point. If the vanishing cycle is nonseparating (respectively separating), then the corresponding singular
fiber is called irreducible (respectively reducible). Throughout the paper, we also assume that all Lefschetz
fibrations are nontrivial and relatively minimal, i.e. they have at least one singular fiber and no fiber containing
a (−1) -sphere.

A Lefschetz fibration can be described via its monodromy, which is an element in the mapping class group
Modg . The monodromy of a Lefschetz fibration f :M → S2 is given by a positive factorization

ta1ta2 · · · tam = 1

1270



ALTUNÖZ/Turk J Math

in Modg up to Hurwitz moves (exchanging subwords taitai+1 = tai+1tt−1
ai+1

(ai)
) and global conjugations (changing

each tai with tφ(ai) for some φ ∈ Modg ), where ai ’s are vanishing cycles of the singular fibers. A map

σ :M → S2 is a section if f ◦ σ = idS2 . If a positive relation ta1ta2 · · · tam = 1 in Modg has a lifting to Modkg

so that
tã1tã2 · · · tãm = tn1

δ1
tn2

δ2
· · · tnk

δk
,

where each ni is integer and δi is a boundary curve, then the Lefschetz fibration f : M → S2 admits k

disjoint sections S1, . . . , Sk , where Sj is of self-intersection −nj and vice versa [8]. We say that two Lefschetz
fibrations f1 :M1 → S2 and f2 :M2 → S2 are isomorphic if there exist orientation preserving diffeomorphisms
G :M1 →M2 and g : S2 → S2 such that f2 ◦G = g ◦ f1 .

The hyperelliptic mapping class group HModg of Σg is defined as the subgroup of Modg that is the
centralizer of a hyperelliptic involution ι : Σg → Σg . A Lefschetz fibration is said to be hyperelliptic if its
vanishing cycles are invariant under the hyperelliptic involution ι up to isotopy.

For a genus-g Lefschetz fibration f :M → S2 , the Euler characteristic, e(M) , of the 4 -manifold M can
be computed as

e(M) = 4− 4g + n+ s,

where n and s are the numbers of nonseparating and separating vanishing cycles, respectively. Also we define
the following invariant associated to the 4 -manifold M :

χh(M) =
e(M) + σ(M)

4
,

where σ(M) is the signature of M . Let us note that if M is a complex surface, χh(M) is the holomorphic
Euler characteristic.

It follows from the theory of Lefschetz fibrations that if a Lefschetz fibration f :M → S2 with a regular
fiber Σg and the monodromy tα1

tα2
· · · tαm

= 1 admits a section, then the fundamental group π1(M) of M is
isomorphic to the group π1(Σg) divided by the normal closure of the vanishing cycles (cf [21]), that is,

π1(M) ∼= π1(Σg)/⟨α1, α2, . . . αm⟩

The signature σ(M) of M , which is another invariant of the Lefschetz fibration f : M → S2 can be
computed using several techniques. For instance, Endo and Nagami [15] gave a useful method which uses the
signatures of the relations involved in its monodromy. For an integer-valued function Ig on the set of relators
of Modg (see [15] for its definition and properties), the following theorem holds:

Theorem 2.1 [15] Let f : M → S2 be a genus-g Lefschetz fibration with the monodromy tc1tc2 · · · tcn = 1 .
Then the signature of M is

σ(M) = Ig(c1c2 · · · cn).

This method allows us to compute the signature of a Lefschetz fibration f : M → S2 as the sum of basic
relations in its monodromy. Let us recall some signatures that we will need later. For the proof, see [15].

• Ig(a) = −1 , where a is the isotopy class of a separating curve.
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• Ig((B0B1 · · ·BgC)2) = −4 if g is even.

Here, the word (B0B1 · · ·BgC)2 is the relator coming from Matsumoto’s relation which is explained later
(see 2.4).

One can also use Ozbagci’s algorithm [32] to compute the signature of a Lefschetz fibration f :M → S2 .
For hyperelliptic Lefschetz fibrations, we have the following useful lemma:

Lemma 2.2 [14, 29, 30] Let f : M → S2 be a genus-g hyperelliptic Lefschetz fibration. Let n and s =
∑[g/2]
h=1 sh

denote the numbers of nonseparating and separating vanishing cycles of this fibration, respectively, where sh is
the number of separating vanishing cycles that separate the genus-g surface into two surfaces one of which has
genus h . Then the signature of M is

σ(M) = − g + 1

2g + 1
n+

[g/2]∑
h=1

(
4h(g − h)

2g + 1
− 1

)
sh.

Remark 2.3 One can easily obtain that σ(M) ≤ n − s − 2 using b1(M) ≤ 2g − 1 by the handlebody
decomposition of nontrivial Lefschetz fibrations f : M → S2 and the fact that such fibrations have at least
one non-separating vanishing cycle. If the Lefschetz fibration f : M → S2 is hyperelliptic, then Ozbagci [32]
proved that σ(M) ≤ n − s − 4 . Later, for every Lefschetz fibration f : M → S2 , Cadavid [10] improved the
upper bound of signature σ(M) showing that

σ(M) ≤ n− s− 2(2g − b1(M)). (2.1)

When the 4-manifold X is simply-connected, the above inequality becomes

σ(X) ≤ n− s− 4g. (2.2)

For a closed orientable surface of genus g ≥ 1 , the first homology group H1(HModg;Z) of the hyperelliptic
mapping class group HModg has the following isomorphism:

H1(HModg;Z) ∼=

{
Z/4(2g + 1), if g is odd,
Z/2(2g + 1), if g is even,

which can be proven by the presentation of the hyperelliptic mapping class group HModg [9]. In the hyperelliptic
mapping class group HModg , all Dehn twists about nonseparating simple closed curves are nontrivial and each
of them maps to the same generator in H1(HModg;Z) under the natural map HModg → H1(HModg;Z) .
Thus, the number of twists of a factorization of identity in HModg consisting of positive Dehn twists about
nonseparating simple closed curves is divisible by 2(2g + 1) (respectively 4(2g + 1)) if g is even (respectively
odd). We say that a separating simple closed curve on Σg is of type h if it separates Σg into two subsurfaces of
genera h and g−h . It is known that each separating simple closed curve of type h can be written as a product
of 2h(4h+ 2) positive Dehn twists about nonseparating simple closed curves. Therefore, we have the following
lemma which gives a relation between the number of nonseparating vanishing cycles and that of separating
vanishing cycles in a genus-g hyperelliptic Lefschetz fibration:
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Lemma 2.4 [3] Let n (or s) be the number of nonseparating (resp. separating) vanishing cycles in a genus-g
hyperelliptic Lefschetz fibration over S2 . Then, we have

n+

[g/2]∑
h=1

2h(4h+ 2)sh ≡

{
0 (mod 4(2g + 1)), if g is odd,
0 (mod 2(2g + 1)), if g is even,

where sh is the number of separating vanishing cycles of type h with s =
∑[g/2]
h=1 sh .

2.3. The smallest genus two Lefschetz fibration

In [6], Baykur and Korkmaz obtained the following relation in Mod12 :

tetx1
tx2
tx3
tdtCtx4

= tδ,

which can be rewritten as
tetx1

tx2
tx3
tdtB2

tC = tδ,

where tc(x4) = B2 . Set T = tetx1
tx2
tx3
tdtB2

tC . They also showed that the positive factorization T = tδ realizes
the smallest genus-2 Lefschetz fibrations whose total space is diffeomorphic to (T2 × S2)#3CP 2 . Stipsicz and
Yun [37] obtained the following lifting of T :

T = tetx1
tx2
tx3
tdtB2

tC = tδ1tδ2 (2.3)

in Mod22 , where the curves xi , B2 , C , d , e , δ1 , and δ2 are as depicted in Figure 1. The relation (2.3) and
also a further lift to Mod32 is given by Baykur [5].

Figure 1. The curves xi , B2 , C , d , and e on the surface Σ2
2 .

2.4. Generalized Matsumoto’s relation
A relation with eight positive Dehn twists was discovered by Matsumoto [30], which is the global monodromy
of a Lefschetz fibration on (T2 × S2)#4CP 2 . It is later generalized to higher genus surfaces by Korkmaz [24],
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independently by Cadavid [10] and recently by a different proof [11]. A lift of this relation to Mod1g was first

discovered by Ozbagci and Stipsicz [33] and another lift to Mod2g by Korkmaz [27]. However, we will use the

following lift to Mod2g proved by Hamada [22]:

Vg =

{
(tB0

tB1
· · · tBg

tC)
2 if g = 2k,

(tB0
tB1

· · · tBg
t2at

2
b)

2 if g = 2k + 1,

where δi are the boundary parallel curves, and the curves Bi and C are as shown in Figure 2.

Figure 2. The curves Bi , Ai , C , a , and b on the surface Σ2
g .

One may rewrite the generalized Matsumoto’s relation for g = 2k as follows:

(tB0
tB1

· · · tBg
tC)

2 = (tB0
tB1

· · · tBg
tC)(tB0

tB1
· · · tBg

tC)

= (tCtt−1
C (B0)

tt−1
C (B1)

· · · tt−1
C (Bg)

)(tB0
tB1

· · · tBg
tC) = tδ1tδ2 .

Since the Dehn twist tC commutes with tδ1 and tδ2 , we get

Vg = t2CtA0
tA1

· · · tAg
tB0

tB1
· · · tBg

= tδ1tδ2 (2.4)

in Mod2g , where each Ai = t−1
C (Bi) is shown in Figure 2. Note that the total space of the genus-g Lefschetz

fibration is diffeomorphic to (Σk×S2)#4CP 2 (respectively (Σk×S2)#8CP 2 ) if g = 2k (respectively g = 2k+1).

3. Small Lefschetz fibrations of fiber genus 4 on simply connected 4-manifolds
In this section, our aim is to construct small genus-4 Lefschetz fibrations on simply connected 4 -manifolds. In
order to make our construction, we will first derive a positive factorization of tδ1tδ2 in Mod22 with (n, s) = (4, 3) ,
which will be one of our building blocks. For completeness of our contructions, using the breeding technique [5, 7],
we also give the positive factorization W of tδ1tδ2 in Mod23 with (n, s) = (12, 6) constructed by Baykur [5].
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Afterwards, we derive a nonhyperelliptic genus-4 Lefschetz fibration on an exotic copy of CP 2#8CP 2 by
breeding the factorization W with the Matsumoto’s genus-2 factorization V2 given in (2.4). Moreover, we
construct a hyperelliptic genus-4 Lefschetz fibration on an exotic copy of CP 2#9CP 2 using again the breeding
technique to the generalized Matsumoto’s factorization V4 given in (2.4) and the factorizations which give the
smallest genus-2 Lefschetz fibration.

Consider the curves x′1 , x′2 , x′3 , B2 , C , d′ , and e′ on the genus-2 surface Σ2
2 shown in Figures 1 and

3. Note that the closed surface Σ2 is embedded in R3 in such a way that it is invariant under the involution υ

shown in Figure 3. One can observe that these curves can be obtained by applying the involution υ to the curves
contained in factorization (2.3). Then the relation in the following lemma is obtained from the relation (2.3)
by rotating the surface Σ2

2 . A proof of this relation using Alexander’s method can be found in the appendix.

Lemma 3.1 There is a relation

te′tx′
1
tx′

2
tx′

3
td′tB2tC = tδ1tδ2 . (3.1)

in Mod22 , where the curves x′i , C , d′ , and e′ are as in Figure 3 and B2 is as in Figure 1.

We remark that any genus-2 Lefschetz fibration prescribed by a monodromy with (n, s) = (4, 3) has total
space diffeomorphic to (T2 × S2)#3CP 2 . So the corresponding genus-2 Lefschetz fibration to our monodromy
is diffeomorphic to the smallest genus-2 Lefschetz fibration constructed by Baykur and Korkmaz [6].

Figure 3. The curves x′
i , d′ , e′ , γj ’s on the surface Σ2

2 and the involution υ on the surface Σ2 .

One of the building blocks of our monodromy construction is the monodromy of a genus-3 Lefschetz
fibration on an exotic copy of CP 2#7CP 2 given by Baykur [5]. For completeness, we give the construction of
this monodromy in detail.

Set T ′ = te′tx′
1
tx′

2
tx′

3
td′tB2

tC or T ′ = te′P
′tC so that T ′ = te′P

′tC = tδ1tδ2 in Mod22 . Since tC and the
factorization te′P

′ commute, we have

T ′ = te′P
′tC = tCte′P

′ = tδ1tδ2 (3.2)

1275









ALTUNÖZ/Turk J Math

References

[1] Akhmedov A, Baykur Rİ, Park D. Constructing infinitely many smooth structures on small 4 -manifolds. Journal
of Topology 2008; 1 (2): 409-428. doi: 10.1112/jtopol/jtn004

[2] Akhmedov A, Park D. Exotic smooth structures on small 4 -manifolds with odd signatures.Inventiones Mathematicae
2010; 181 (3): 577-603. doi: 10.1007/s00222-010-0254-y

[3] Altunöz T. The number of singular fibers in hyperelliptic Lefschetz fibrations. Journal of the Mathematical Society
of Japan 2020; 72 (4): 1309-1325. doi: 10.2969/jmsj/82988298

[4] Baldridge S, Kirk P. A symplectic manifold homeomorphic but not diffeomorphic to to CP2#3CP2 . Geometry &
Topology 2008; 12 (2): 919-940. doi: 10.2140/gt.2008.12.919

[5] Baykur Rİ. Small symplectic Calabi-Yau surfaces and exotic 4 -manifolds via genus-3 pencils.

[6] Baykur Rİ, Korkmaz M. Small Lefschetz fibrations and exotic 4-manifolds. Mathematische Annalen 2017; 367 (
3-4): 1333-1361. doi: 10.1007/s00208-016-1466-2

[7] Baykur Rİ, Korkmaz M. An interesting genus-3 Lefschetz fibration.

[8] Baykur Rİ, Korkmaz M, Monden N. Sections of surface bundles and Lefschetz fibrations. Transactions of the
American Mathematical Society 2013; 365 (11): 5999-6016. doi: 10.1090/S0002-9947-2013-05840-0

[9] Birman JS, Hilden H. On the mapping class groups of closed surfaces as covering spaces. Advances in the theory of
Riemann surfaces. Annals of Mathematics Studies 1971; 66: 81-115.

[10] Cadavid C. A remarkable set of words in the mapping class group, PhD, University of Texas, Austin, 1998.

[11] Dalyan E, Medetoğulları E, Pamuk M. A note on the generalized Matsumoto relation. Turkish Journal of Mathe-
matics 2017; 41 (3): 524-536. doi: 10.3906/mat-1512-87

[12] Donaldson SK. Irrationality and the h -cobordism conjecture. Journal of Differential Geometry 1987; 26 (1): 141-168.

[13] Donaldson SK. Lefschetz pencils on symplectic manifolds. Journal of Differential Geometry 1999: 53 (2): 205-236.

[14] Endo H. Meyer’s signature cocycle and hyperelliptic fibrations. Mathematische Annalen 2000; 316: 237-257.
doi:10.1007/s002080050012

[15] Endo H, Nagami S. Signature of relations in mapping class groups and non-holomorphic Lefschetz fibrations.
Transactions of the American Mathematical Society 2005; 357 (8): 3179-3199. doi:10.1090/S0002-9947-04-03643-8

[16] Fintushel R, Stern R. Rational blowdowns of smooth 4 -manifolds. Journal of Differential Geometry 1997; 46 (2):
181-235.

[17] Fintushel R, Stern R. Knots, links and 4-manifolds. Inventiones Mathematicae 1998; 134 (2): 363-400. doi:
10.1007/s002220050268

[18] Fintushel R, Stern R. Pinwheels and nullhomologous surgery on 4-manifolds with b+2 = 1 . Algebraic & Geometric
Topology 2011; 11 (3): 1649-1699. doi: 10.2140/agt.2011.11.1649

[19] Friedman R, Morgan JW. Smooth four-manifolds and complex surfaces. Ergebnisse der Mathematik und ihrer
Grenzgebiete 27 (3): Springer-Verlag, Berlin, 1994.

[20] Gompf RE. A new construction of symplectic manifolds. Annals of Mathematics. Second Series 1995; 142 (3):
527-595. doi: 10.2307/2118554

[21] Gompf RE, Stipsicz AI. 4-Manifolds and Kirby Calculus. Graduate Studies in Mathematics; 20, American Mathe-
matical Society, Rhode Island, 1999.

[22] Hamada N. Sections of the Matsumoto-Cadavid-Korkmaz Lefschetz fibration. preprint, arXiv:1610.08458v2.

[23] Hamada N. Upper bounds for the minimal number of singular fibers in a Lefschetz fibration over the torus. Michigan
Mathematical Journal 2014; 63 (2): 275-291. doi: 10.1307/mmj/1401973051

1289



ALTUNÖZ/Turk J Math

[24] Korkmaz M. Noncomplex smooth 4 -manifolds with Lefschetz fibrations. International Mathematics Research No-
tices 2001; (3): 115-128. doi: 10.1155/S107379280100006X

[25] Korkmaz M, Ozbagci B. Minimal number of singular fibers in a Lefschetz fibration. Proceedings of the American
Mathematical Society 2001; 129 (5): 1545-1549. doi: 10.1090/S0002-9939-00-05676-8

[26] Korkmaz M, Stipsicz AI. Lefschetz fibrations on 4-manifolds. Handbook of Teichmüller theory. II, IRMA Lectures in
Mathematics and Theoretical Physic, 13, European Mathematical Society, Zürich, 2009: 271-296. doi: 10.4171/055-
1/9

[27] Korkmaz, M. Lefschetz fibrations and an invariant of finitely presented groups. International Mathematics Research
Notices. IMRN 2009; (9): 1547-1572. doi: 10.1093/imrn/rnn164

[28] Kotschick D. On manifolds homeomorphic to CP2#8CP2 . Inventiones Mathematicae 1989; 95 (3): 591-600. doi:
10.1007/BF01393892

[29] Matsumoto Y. On 4 -manifolds fibered by tori II. Japan Academy. Proceedings. Series A. Mathematical Sciences
1983; 59 (3): 100-103.

[30] Matsumoto Y. Lefschetz fibrations of genus two - a topological approach. Topology and Teichmüller spaces 1996:
123-148.

[31] Monden N. On minimal number of singular fibers in a genus-2 Lefschetz fibration. Tokyo Journal of Mathematics
2012; 35 (2): 483-490. doi: 10.3836/tjm/1358951332

[32] Ozbagci B. Signatures of Lefschetz fibrations. Pacific Journal of Mathematics 2002; 202 (1): 99-118. doi:
10.2140/pjm.2002.202.99

[33] Ozbagci B, Stipsicz AI. Contact 3-manifolds with infinitely many Stein fillings. Proceedings of the American
Mathematical Society 2004; 132 (5): 1549-1558. doi: 10.1090/S0002-9939-03-07328-3

[34] Park BD. Exotic smooth structures on 3CP2#nCP2 . Proceedings of the American Mathematical Society 2000; 128
(10: 3057-3065. doi: 10.1090/S0002-9939-00-05357-0

[35] Park J. Simply connected symplectic 4 -manifolds with b+2 = 1 and c21 = 2 . Inventiones Mathematicae 2005; 159
(3): 657-667. doi: 10.1007/s00222-004-0404-1

[36] Stipsicz AI, Szabó Z. The smooth classification of elliptic surfaces with b+2 > 1 . Duke Mathematical Journal 1994;
75 (1): 1-50. doi: 10.1215/S0012-7094-94-07501-7

[37] Stipsicz AI, Yun K-Y. On minimal number of singular fibers in Lefschetz fibrations over the torus. Proceedings of
the American Mathematical Society 2017; 145 (8): 3607-3616. doi: 10.1090/proc/13480

[38] Xiao G. Surfaces fibrée en courbes de genre deux. Lecture Notes in Mathematics, 1137 Springer-Verlag, Berlin, 1985
(in French).

1290


