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ON UNIVALENT FUNCTIONS WITH THREE
PREASSIGEND VALUES*

Y. Aver & E. Zlotkiewicz

Abstract
In this paper, univalent functions with three preassigend values are studied. The

sharp bounds for the first coefficient are obtained. Moreover, the coefficient problem
for a subclass of such functions is completely solved.

1. Introductory Remarks.

We initiate a study of functions that are univalent in the unit disc D = {2z € C:| z |< 1}
and that satisfy there the conditions

f(0)=0, f(a) = a, f(-a) = —a. M)

Let us denote the set of all such functions by 7T'(a). The class T'(a) is normal and compact
in the topology of almost uniform convergence in D. It follows that the set of extreme
points of T'(a) is non-empty. It is known [3,p.313 and 6,p.93] a function f(z) is an
exterme point of the class S(i.e. the class of all univalent functions f(z) = z+agz%+---)
then necessarily the function f(z)/z is univalent in D. In view of (1), we conclude that
the sets of extreme points of T'(a) and S are disjoint. For the same reason, the extreme
points of T'(a) do not have the monotonic modulus property [2]. It follows that solutions
of linear extremal problems in T'(a) or in its compatc subclasses, essentially differ from
those in S. This situation which is both a blessing and a curse makes the study of
extremal problems for T'(a) difficult and challenging.

We conclude these remarks with an observation that the class T'(a) is much wider
than the class of all odd univalent functions normalized by the conditions f(0) =0, f(a) =
a. To see this, one can easily verify that the functions given by the formulas

i) f(z) =2+ p(a®2® = 2%), (2a® +4)p < 1,
22 — a2

(7:—2)—(2—_—3—) , esmall enough,

ii) g(z) =z+ez

* This resarch is supported by Tubitak-Doprog Resarch Grant Programme
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are in T'(a). There are not any simple relationships between T'(a) and known classes of
functions.
2. A Subclass of T(a). Due to Alexander [1,5], it is known that if f(z) =

oC o
z + Z arpz® ,z € D, satisfies the condition Zk | ar |< 1 then f is univalent and
k=2 k=2
f(D) is a starlike domain. Such functions played a key role in the Ruscheweyh theory of
neighborhoods [8]. We shall be now concerned with a subeclass of T'(a) analogous to that
of Alexander.
Let A(a) denote the class of functions f(z) = a1z +... analytic in D and satisfying
the conditions

(1°) Y kla|<|an |
k=2

(2°) fla)=a,f(—a)=-a,0<a< 1.

In terms of the coefficients, conditions (2°) can be written as

o0 >0
(3°) E a**ay, =0, E a?t2q9, 1 = 1.
k=1 k=1

We want to solve some extremal problems in this class. Our solutions, although elemen-
tary, are not straightforward.

Theorem 1. For fin A(a). there holds

1
[ a2k—1 | S m ,k = 2,3 (2)
1
. < ———,k=23,... 3
a2k | < 2k + 2a2k—2 (3)
3 3 a?
— < < — < — . 4
3+a2_|a1‘—3—a2’|a2[_2(2—|—a2) ()
All bounds are rendered sharp by functions
2%k + 1 1 oot
= — k>1
@) = g e oot k2
_ (12]672 ) 1 ok k=93
gr(z) = z — 2(k+a,2k‘2)z + 2(k+a2k—2)z k=23
3 1 a? 1
R _ 3 _ 2 4
1(2) Fa T 3r e’ y91(2) z+2(2+a2)z 2(2+a2)z
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respectively
Proof. We begin with showing (2). Conditions (1°) and (3°) yield the inequality

[e @]

STok [an <[ 1> Page 1 | =) (2K~ 1) | aze |
k=1 k=2

k=2

which leads to the condition

o< oo
S 2k | ag | +Y_(2k—1-a®7%) |age—1 S 1.
k=1 k=2

Since all terms are non-negative the result (2) follows.
The preceding inequality implies the condition

i% | agi |< 1 (5)
k=1

with equality only if all odd coefficients, but a; of f € A(a) vanish. First, assume that
there are exactly two, aor,ay say, even coefficients different from zero. Then (5), (3°)
yield (k < 1)

a2k a2 a2

< < <
a2t |S S o1a%% < 2a% 1 2102 lazls 202+ a?)’

with equality for £ = 1 and [ > 2, respectively. Let us consider now the general case:

Let | > 1 be fixed. Since the class A(a) is compact there exists a function

o o0
f(z) = Za2k41z2k‘1 + Zagkz% which renders sup | az |. But functions fs(z) =
k=1 k=1

x> fe.@)
E aop_122k 1 4 e = E a9,2°F , O— real, are also in A(a) , so there is no loss of
k=1 k=1

generality in assuming ag > 0 for extremal functions.

In view of (3) and (5) we have (k #1[):

o0
sz | ack |§ 1 —2lay,
k=1

and

It follows that (k #1): N
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[eS] o]
ZQ’C | asg ' +22a2k72a2k S 1-— 21(1,2[ — a2l*22a21.
k=1 k=1

For extremal functions there holds ay > m and one arrives at the condition

(k#1):

% oo
(2k — 2a2k72) | aog IS ZQ’C | asp ] +22a2k_2a2k <0
2 k=1 k=1

M8

k

this is possible only if as, =0,k > 2,k # I. We conclude, that extremal functions of ay
have all coefficients with even subscripts but as,ag equal zero. It takes us to the case
we have already solved. Hence, the inequalities (3) follow.

The above argument is not applicable in case | = 1. Here the result follows with a
trick suggested by considerations in the first step.
From (3) and (5) we obtain (ay > 0):

o<
2a%as < a*—4 | ataq | —Z2ka4 | azk |,
k=3

o0
—a4a4 = a2a2 + g azkagk.

k=3
Now substitiution followed by an application of the triangle inequality yield the inequality

o0
2a2(a* +2)a® < a — a42(2k —a®* ) | agy |
k=3
Since the last term on the right hand side is non-positive, the result follows. All coefficients
2
azk .k > 3 , vanish for the extremal case. This proves the inequality | az |< %Tim in
(4).
It remains to justify the bounds for | a; | in (4). It is evident that if h(z) =
z 4 be2% + ... is analytic in D and satisfies the conditions

ik | by |< land h(a) 4+ h(—a) =0 (6)
k=1

for a fixed a,0 < a < 1 then the function
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isin A(a) and a1 = a/h(a). Now ,

h(a) a?
|—|<1+Za |b2k+l|<1+ ;2k+1)|b2k+1|<1+§

and similarly

1-L g My
3 a
This answers (4).
The functions fi(2),gx(2) and hi(z) being extremal functions for the supremum
of a linear functional over A(a) are of course support points of A(a). They are probably

extreme points also. The class A(a), unlike that defined by the Alexander condition only,

x
is not a convex class. Its extreme points must satisfy the condition Zk | ak |=| a1 |,

k=2
but what are the forms of such functions remains an open problem.

We conclude this section by determining the Koebe disc for this class. |

Theorem 2. If f € A(a) then

ﬂ fD) D> {w:|w| <

feA(a)
The constant 2/(3 + a?) is best possible.

Proof. Let again h(z) = z + by2?2 + ... belong to the class of functions that satisfy
the conditions (6). Since the function ah(z)/h(a) is in A(a), it is sufficient to determine
lil‘lf |h(2)|. If h is in this class and

z|=1

=z + Zbgk 1Z ZbZkz

}.

34 a?

SO 18

00 00
Z) =24 Zka—lz2k_1 + ezBszkZWC
= k=1

for each real §. Suppose that ‘mln |h( )] = b > 0 is rendered by a function for which
=1

Zbgkemka # 0 for a given a,a € [0,27). Then for a properly chosen 8 one gets

k=1
(Iz] = 1):
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o0 o0
lho(2)l = :1 + eiezb%z%m - Z|b2k+1|
k=2

k=1

2
>1——-=-.
- 3

QO | b=

Ultimately for f € A(a)

2 2
£ 2 Sl > 5=,

the constant is rendered by f(z) = 3—% + ﬁf The so-called Koebe set ﬂ f(D)
fEA(a)

contains also certain discs |w F a| < R{a). But we have no information about the con-

stant R(a) or about the maximal set corvered by f(D). a

3. The Class T(2) We shall give here few results concerning extremal problems
in the class T'(a). As it was r«ticed T'(a) is a compact class in the topology of uniform
convergence on compact subsets, so extremal problems can be attacked by variational
methods. In this direction it is important to know that the domain f(D) for an extremal
function f is dense in the whole plane. A result of this sort may be obtained by making
use of variations given by the following

Lemma. Suppose there exist a disc |w —wo| < p,p > 0 cantained in the set C\ f(D)
for a given f in T(a). Then if € > 0 is small enough and for every fired complez number
A the function

f2(z) —a®
z)= f(2)+eAf(z)—+~>——
s in T(a).
Proof. The normalization condition for f.(z) is obviously satisfied so it remains to show
univalence. For, the function

is univalent in the domain exterior to the disc |w — wo| < p, provided ¢ is small enough.
Now, if f satisfies the assumption, then f. = gof is in T(a).
Next we prove O
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Theorem 3. Iff(z) = A1z + Azz% + ... belongs to T(a). then

1-a?<|4A)|<1+ad®

The results 1is best possible.

Proof. Let g be a univalent function in D taking zero to zero, then

1) = st st — Azt

1 1 1 1
9= 2 {m + —_g<—a>}

O

is univalent, possibly meromorphic, and fulfills the conditions (1). The class of all such
transformations contains T'(a). Now

w=3 s )

and the bounds for this quantity are known (see, Corollaries 6.5 and 6.6 in Jenkins [7],
for example). It gives

1-a?<|A| <1+4a®

and the rusult follows since the equalities are rendered by functions (1 F a?)z/(1 F 2?),
respectively.

Remark. In Glousin’s book [4,p.136], it is written that the variability region of the

quantity log [(ﬁ - ﬁ)) / (;1; - %)} is a disc whose center and the radius can not
be expressed in terms of elementray functions. In the case z; = —z2 = a this disc has the

diameter [log(1—a?)~!,log(1+a?)]. It follows, that the variability region of A; in T'(a)
is precisely this disc, since as one can prove, functions that correspond to the boundary
of the disc are odd functions in T'(a).

Corollary. Let K(a) denote the shield like set defined by inequalities

(1—a)? ‘ a‘ 1+a
— <1 <
1+a?2 — + l1-a

then

c\ () f(D)>K(a).

feT(a)
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In particular, every ommited value w,w # f(z), f € T(a) satisfies the inequalities

vall -a)®

jl > 2(1 + a?)

and |w Fa| >

Va(l - a)
2

Proof. Let f € T(a) and let w # f(2)z € D then the function

_ 1 f)

is in the class S |, so by the destortion theorem

g g
e

(1 +1z))

Now, the result follows by the applying this at z = +a and by making use of the theorem.
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BELIRLENMIS UG DEGERI ALAN YALINKAT FONKSIYONLAR
UZERINE.

Ozet

Bu makalede, ii¢ noktay1 sabit birakan yalinkat fonksiyonlar incelenmis ve ilk
katsayinin kesin sinirlar1 elde edilmigtir. Bundan bagka, bir alt simf icin katsay:
problemi tamamen ¢6ziilmiigtir.
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