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DIFFERENCE METHOD FOR A SINGULARLY
PERTURBED INITIAL VALUE PROBLEM

G.M. Amiraliyev

Abstract

In this paper we construct a completely exponentially fitted finite difference
scheme for the initial value problem with small parameter by first and second
derivatives. We prove the first order uniform convergence of the scheme in the
sense of discrete maximum norm. Numerical results are presented.

1. Introduction

Singularly perturbed problems for differential equations arise very frequently in
applications and have been extensively studied in recent years. It is known that these
problems depend on a small positive parameter € in such a way that the solution exhibits
a multiscale character, i.e. there are thin transition layers where the solution varies
rapidly, while away from layers it behaves regularly and varies slowly [9], [10], [11]. So
the treatment of singularly perturbed problems presents severe difficulties that have to be
addressed to ensure accurate numerical solutions [7], [8], [12]. In this paper, we restrict
our attention to the numerical solution by using finite-difference approximation of linear
second order singularly perturbed problem of the form

Lu = Eu” +ea(t)u’ +b(t)u = f(t), 0<t<T, (1)
u(0) = A, (2)
u'(0) = Ble. (3)

Here € is a small positive parameter, A and B are given constans, a(t) > « > 0, b(t) >
B3>0, f(t) are sufficiently smooth functions in the [0,T]. The solution u(t) of problem
(1)-(3) has in general an initial layer near ¢ = 0 for small values of € (see Section 2).

Singularly perturbed initial value problems arise in many fields of application-for
instance, fluid mechanics [9], electrical networks [8], chemical reactions [14], control theory
[9], [10] and other physical models. Various mathematical aspects of problems of this type,
in particular of (1)-(3) have considered in [7]-[11].
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It is known that, the use of classical difference methods for solving such problem
may give rise to difficulties when the singular perturbation parameter e is small [7],
[8]. Therefore, it is important to develop suitable numerical methods to these problems.
Several uniform difference methods for problems with initial layers have been proposed
in [4]-[7]. To our knowledge, the only reference to a uniformly convergent scheme for the
second order differential equations, which reduce for € = 0 to zero-order equations is [5],
but this scheme correspond to the particular case when the second initial condition is
regular and furthermore only is O(7'/4) accurate uniformly in e, where 7 is the mesh
size.

The proposed, in present paper, difference scheme as well its method of construction
differ from those in [5] and the scheme has uniform O(7) accuracy. The difference
scheme is constructed by the method integral identities with the use exponential basis
functions and interpolating quadrature rules with the weight and remainder terms in
integral form [1], [2], [3], which in mentioned papers this technique was applied to the
another mathematical models.

In Section 2, the asymptotic estimations of the problem (1)-(3) are established.
The difference scheme constructed on the uniform mesh for numerical solution (1)-(3) is
presented in Section 3 and in Section 4 we prove O(7) uniform convergence of the scheme.
Some numerical examples confirming the theory are given in the Section 5.

We shall use the indexless notation of [13] for mesh functions.

2. The Continuous Problem

Lemma 2.1. Let u(t) be the solution of the problem (1)-(8) and a € C[0,T], b, f €
C[0,T). Then there exist a positive constant C such that

ce X {5* + ( /O t(fQ(C) + f’Q(C))dc“) 1/2} :

o % {5* + ( / NG +f’2(C))dC>1/2} K =0,1,2 (1)

(1))

([ o)

where 62 = |B% + b(0)A? — 2f(0)A| + f2(0). Throughout in the paper c,c;,C,C; (i =
0,1,...) denote the positive constants independent of € (also T, in our following discus-
ston about numerical solution).

Proof. Multiplying the Eq. (1) by 2u/(t), we obtain

IN

1/2

IN

[2u? 4+ b(t)u? — 2f (t)u]’ + 2ea(t)u’? =V (H)u® — 2f (t)u.

Integrating this from 0 to ¢, we have

Eu(t) + b(t)u?(t) — 2f(Hu(t) + 26a/0 u?(¢)d¢ < B? +b(0)A% — 2f(0)A
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T / YO la(Q)PdC + 2 / F(Ollu(C)ldC

and
u?(t) + BuP(t) = 1/uf?(t) — pu®(t)  + 2604/0 u?(¢)d¢ < B +b(0)A* —2f(0)A

+ [ 1@+ 020 + 2@ >0,
0

The choice u < 3 yields inequality of the form

t

Eu(t) + (1) + e / u’2<<>d<sco{53+ / [u2<<>+f2<<>+f'2<<>]d<}. (5)

From (5), by Gronwall’s inequality, we obtain

Eu?(t)+u?(t)+e /O w?(¢)d¢ < Co62 exp(Cot) +Co /O [F2(Q)+ 2 (¢) T exp(Co(t —¢))dC.

Therefore, (4) holds for K = 0,1. Validity of the (4) for K = 2 already is an immediate
consequence of (1). Lemma 2.1 is proved. O

Lemma 2.2. Suppose u(t) is the solution of (1)-(3) and a € C*[0,T], b, f € C3[0,T].
Then

cat

|u ()] SC(l—i—el_K—i—G_Ke_ E ), K=0,1,2. (6)
Proof. The solution of the problem (1)-(3) has the following construction
u(t) = uo(t) + v(t) + Re(t), (7)

where wug(t) = f(t)/b(t) is the solution of the “reduced” problem, and v(t), Rc(t) satisfy
the following problems respectively

Lv = 0,
v(0) = A—uo(0), (8)
v'(0) = Bfe—ug0),
LR.(t) = (t) = —uf — ealt)uy,
R(0) : 9)
R(0) =
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Now, we prove that
cot
W) < CeKem ™, K =0,1,2. (10)

From the identity
Lo.(v' + e to) =0,

where A is an arbitrary positive constant, it is easy to get
{20 4+ bv? + 2 ev'v + Xav?Y = —(2ae — 2 e)v? — (2¢7IAb — b/ — Aa')v2. (11)

For the function
5(t) = €20 + bv? + 2 ev'v + Aav?

it follows:
5(t) < 20 +bv? + X2 + M? + dav? < E(14+ N2 + (b° + X+ da*)v?, (12)

where b* = max ) b(t), a* = maxy 7 a(t).
On the other hand

5(t) > €0 + (b+ Aa)v? — Aela ™ 1v? — Nav? = (1 — Aa™ )2 + bo?,
from which, choosing A < « it is clear that
5(t) > c1(v* +v?), ¢ > 0. (13)
For the right-hand side of the equality (11), we have
2¢(a — Nv'? 4+ € H2Ab — b — eda’)v? > 2e(a — A2 + e LH2AB —eb — eXa*)v?,

where b = max(, ) V'(t), @ = maxjo ) a'(t).
For A < o and 23 — eb — eAa* > 0, taking into account (12), this means that

2¢(a — N2 4+ € H2Ab — €b — eAa v > cae L6, (14)

where co can be chosen independently of €

<0<C2Smin{2(a_)‘) 208 — €3 _6)\6*}>.

L+A 7 b+ A+ da*
From (11), taking into account (14) we get inequality of the form
§'(t) < —coe16(2).

Therefore
5(t) < 6(0) exp(—cat/e)
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from which by (13), estimate (10) for K = 0,1, follows immediately with co = ¢2/2. The
case K = 2 now directly follows from (81 ).
Next, applying Lemma 1.1 for the problem (9) we have

IRE () <Cce™ K, K=0,1,2. (15)

Now, (6) follows directly from (7) by using estimates (10), (15). Thus Lemma 2.2 is
O

proved.
Corollary 2.1. ||u(K)(t)||L1(O7T) <C(+eK), K=0,1,2.

Remark 2.1. Let the condition (3) has the form «'(0) = B and let b(0)A — f(0) =0,
in Lemma 2.2. Then

W) < ¢ (1 + el—Ke—%”) , K =0,1.

Validity of this inequality follows from (7), if taking into account that in this case v(0) = 0
and the function v(t) satisfies the estimate

lo(®)] < CelKe ¥,

3. Construction of the Difference Scheme

We shall assume that a?(t) — 4b(t) > 0 for all ¢ € [0, 7T].
In what follows, we denote by w, the uniform mesh on [0, T7:

wr={tj=47r, j=12,... M -1, Mr=T}, w,=w,U{t=0,T}.

The difference scheme we shall construct as following from the identity
T T
gj—lr—lf Lu.p;(t)dt = j_lr_l/ fMe;dt (j=1,2,...,M—1), (16)
0 0

where basis functions {¢; (t)}JMz 1" have the form

AL (—t_1) e G-t (1)
e 7 e)\Jl,jT_Z)‘Z;T ! =, (t), tj_l <t< tj
iy —“Ag (Ej 1=t —Aq (i1 —) 2
pit) = § e U = 0O, <t <t
0, t (ti—1,tj+1)

M. = 0.5¢ Ya; + /a2 —4b;], Ao ; = 0.5¢ Ya,; — y/a2 — 4b;],
J j 3 j J j 3 j
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it 27'_1()\1 i — Ao )
j=7" (t)dt = -
§] T /t 90]( ) )\17j)\27j5h()\17j — )\273‘)7'/2

j—1

5h()\1j7’/2).5h()\2j7’/2).

We note that functions <p( )(t) and <p§2)(t) are the solutions of the following
problems, respectively,

e’ — ajep’ +bjp =0, tj1 <t <t

e(tj-1) =0,  o(t;) =1, (17)
Y — ajep’ +bjp=0, t; <t <tj1,
et;)) =1,  ¢(tj+1) =0. (18)

The relation (16) can be rewritten as

tit1 ti1
e l_ezT—lf (pg(t)u’(t)dt-i-eajT_l/ ot (t)dt + bjr !

e <t>u<t>dt] ~ 5, B, (19

with J
Ry = gl | att) = alt s (' (Ot + &7 [ (6) — bt s ()
el 1(t5) = SOl 0yt (20)

Using the formulas (2.1), (2.2) from [1] on each intervals (¢t;_1,t;) and (¢,t41),
and taking into account (17), (18) we have the following precise relation

tj+1 tit e
627'_1/ u”(t)(pj(t)dt-i-ﬁajT_l/ %(t)U'(t)dterjT_l/ i (t)u(t)dt

ti—1 ti—1 ti—1
= g, ; + ea;(€15uz ; + Eagueg) + 0j&juj + bypjug ; + bjpzju,
= 62{1 + 0.57’6_1@]‘(527]‘ - §17j) + 0.5T6_2bj (ng - ulj)}uZtJ
+eaj (& + € tag by )uro ; + bi&ju;

where
t; tjt1
b = [ o g = [P0
ti—1 2]
j ti+1
mj = / (t = t;)¢5 (1), u2j=f‘1/ (t = 15)¢5 (0, 1y = s + oy,
ti—1 2]
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ujg = ulty), up; = (uj—uj—1)/7, u; = (Ujp1 —uy)/7, uoj = (ujp1 —uj—1)/(27),
Uz (w41 — 25 + ujm1) /77

Simple calculation shows that

ch((Aj +A2,5)7/2)
sh((M; = A2j)7/2)
(M = A2)sh((Ary + Aa,j)7/2)

(A + Azj)sh((Ar; — A2y)7/2)

Further returning to the (19), we obtain the identity

1+ 0.57’6_1@]‘(527]‘ — §17j) + 0.5T€_ij(ugj — Mlj) = 0.57’()\17]‘ — )\271‘)

gj + E_laj_lbjuj =

lu; = 629171"&&7]» + 6@j927jut07j +bu;=f—-R;, j=12,.... M—-1 (21)
where

‘ Ch(()\Lj + )\273‘)7'/2) _ bjT2
J 5h()\17j7'/2).5h()\27j7'/2) - 462

2
9171‘ = %)\173‘)\2 (1 + Cth/()\le/2).Cth/()\2jT/2)), (22)

T A j)\g j Sh(()\l g+ Ao j)T/2) bjT
= _ Al 2 2 = th(\;7/2 th(Xo,;7/2 23
2,5 2 M1, + Ao j sh(M;7/2).sh(A2;7/2) 2aj6(c (M57/2) + cth(Ag;7/2)), (23)

Now, it remains to define an approximation for the initial condition (3). Here we

start with the identity
t1

| zupotvyie= [ oyt

to to

where

—X2,0(t1—t) _ —X1,0(t1—1)
(po(t) = < e**2,0"_2*%1,oﬂ' , te (tO; tl);
0, t & (to,t1)

By argument similar to those as in the proof of (21), we have
6290’&,570 —eB+ IO(bOA — fo) +7r=0, (24)

where

t1
Iy = / (po(t)dt _ 62()0_1[)\170(1 _ e—)xz,m') _ )\270(1 _ e—)q,m—)]/(e—)\z,m' _ 6_)\1'07—),
0

t1 tl
0 = 1 —i—e_lao/ o (t)dt + 6_260/ too(t)dt
0 0

TA0 = A20)  (aotreo)r/2
= 2 d e\t 2,0)T 5 25
25h(()\170 - )\270)7'/2) ( )
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e = [0 - sotoas e [ -0
+ [0 - bt

(26)

Neglecting R; and 7 in (21) and (24), we may propose the difference scheme for

(1)-(3) as follows
ly = 6291%75 +eaboyo +by=f, te€w,,

y(0) = A4,
e200yr.0 — €B + In(bgA — fo) = 0,
where 61, 63,0y are given by (22), (23), (25) respectively.

4. Uniform Error Estimates

Let z =y —wu. Then for the error of the difference scheme (27)-(29) we get

lz=R, t€uw,,
z(0) =0,
629027570 =,

where R and r are defined by (20) and (26).
Lemma 4.1. Let z be the solution (30)-(32). Then the estimate
M—2
Rolzejl + 241 + 2] < ClAolzeol + | max  [Ri|+7 Z:l [ Rl }
1=

holds for j =0,1,...,M — 1, where Ag = max(e, 7).
Proof. Multiplying (30) by z,0 and taking into consideration the relations

1 1 1
6127, 20 = 591 (zf); = (912752); — 20,272

2 9 17
1 2
brzo = SH(E+ =) - %b(zf);
1 2 2
= S0G+2)) - %(bzf); — bz 4 5)% + %b—z—

we have

290

(33)



AMIRALIYEV

where
72 72

p=~th — Ie 2b q="0;7— Te Qbfa 2=2(tj1), 2 = 2(tj-1).
Multiplying (34) by 27 and summing up it with respect to j (from 1 to s) and
taking into account

s s—1
QTZRJ‘Z,:OJ = RS(ZS_H + Zs) - Rl(zl + ZQ) - TZRt,j(Zj—i-l + Zj)
j=1 j=1

we obtain
o 1
62psz,527s + QETZ ngajz,?% + st(zsﬂ + 2)?
j=1
1
= 62p0275270 + Zbo(zl + 20)2 — Rl(zl + ZQ) + RS(ZS_H + Zs)

s—1

S
1

2 2 2

+ TZI {e 4% ;+ Zbﬂj(zj +z-1) } _TZI Ry i(zj11 + zj) for s<M—1.(35)
j j=
It is easy to verify that

0<co<p<eci, g <Co when 7<p¢, (36)
cot? < ?p <er?, gl < Cor? when T >e. (37)

Now, from the relation (35), using (36), (37), we have the following inequality

S
Js S5*+Tz{dj5j—1 +pit, s<M-—1, (38)
j=1
where
1
0; = erjthj + —bj(2j+1 + Zj)Q,
2
* — il 1)
) codo + C ?é%\)} 1|RJ| co >

|pj|SC|Rtj| |Zj+1+2j| for 7=1,...,s—1 and ps =0,
0<d;<c for j=1,2,...,s

From (38), by difference analogue of integral inequality, we have

Js < &expl Zd +TZ|pz|eXp T Z d;
J=i+1
s—1
< C(Aozt0+|21| + Hgij\)l{ 1|Rj|2+7_z|Rt7i||'zi+1+zi|>
i=1
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which leads to (33). Thus the Lemma is proved. O

Lemma 4.2. Let R and r be defined as in (20) and (26) respectively. Then

Aglzo| < CT,
I1R||c(w,) < CT,
M—-2

T Z |R: | < CT.
i=1

The proof evidently from explicit expressions for R and r, using (6).
Finally, we give the main result of this paper:

Theorem 4.1. Suppose u is the solution (1)-(8), y; is the solution (27)-(29). Then

sl < .
1%‘85\4“}] uj| <Cr (39)

Proof. Because
zj+1 = (241 + %) /2 + (T245)/2
we have
|zj1] < [zj41 + 25/2 4 Aolz/2.

Now, (39) immediately follows from Lemma 4.1 and Lemma 4.2. O

5. Numerical Results

Example 1. Counsider the following problem:
'+ 2t +2)u + (2 F 4t + 34+ )u=f(t), 0<t<1,
u(0) =1,
w(0)=1/e+1—¢,
where f(t) is chosen so that the exact solution is

u(t) =t(l —e€)+ e_mitm {2 — e_%} .

Due to uniformly boundness of b*)(t), f*)(t)(k = 0,1,2) in €, the scheme (27)-
(29) is applicable to implement and some of values of F = maxg_|y — u| are given in
Table 1.
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Table 1.
0.5 1072 10-1 1075
-
0.1 2.004 E-2 | 5.069 E-2 | 6.205 E-2 | 7.036 E-2
0.05 8.421 E-4 | 5.259 E-3 | 1.278 E-2 | 1.301 E-2
0.02 | 7.201 E-5 | 3.440 E-4 | 7.101 E-4 | 7.212 E-4
Example 2. Now consider the following problem
U + e3el ul + (2 — t)u = t2e',
uw(0) =1, u'(0)=1/e.
We have chosen to use an asymptotic approximation as our exact solution
t2et s o
ua(t) = 57 +3eF —2e %,

The computational results for E4 = maxg, |y —ua| are presented in Table 2.

Table 2.
€ 10—2 10~4 10-6
.
0.1 9.350 E-2 | 8.241 E-2 | 8.035 E-2
0.05 | 8.402 E-2 | 7.391 E-3 | 7.420 E-3
0.02 | 3.047 E-2 | 2.489 E-3 | 2.471 E-3

The results show that the convergence rate of the considered schemes is essentially
in accord with theoretical analysis.
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