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ON THE COHOMOLOGY RING OF THE INFINITE FLAG
MANIFOLD LG/T

Cenap Ozel*

Abstract

In this work, we discuss the calculation of cohomology rings of LG/T. First
we describe the root system and Weyl group of LG, then we give some homotopy
equivalences on the loop groups and homogeneous spaces, and investigate the co-
homology ring structures of LSU>/T and QSU,. Also we prove that BGG-type

operators correspond to partial derivation operators on the divided power algebras.

1. Introduction

In [10], Kumar described the Schubert classes which are the dual to the closures of
the Bruhat cells in the flag varieties of the Ka¢-Moody groups associated to the infinite
dimensional Kaé-Moody algebras. These classes are indexed by affine Weyl groups and
can be choosen as elements of integral cohomologies of the homogeneous space Epoch / B
for any compact simply connected semi-simple Lie group G. Later, S. Kumar and B.
Kostant gave explicit cup product formulas of these classes in the cohomology algebras
by using the relation between the invariant-theoretic relative Lie algebra cohomology

theory (using the representation module of the nilpotent part) with the purely nil-Hecke

*1 wish to give my deepest thanks to my supervisor Dr. A. J. Baker for his inspiration, guidance,
and encouragement during my research and preparation of this paper. I am also very grateful to the
Mathematics Department of the University of Glasgow for its hospitality. I am also indebted to Bolu

Abant Izzet Baysal University for their financial support during my research.
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rings [9]. These explicit product formulas involve some BGG-type operators A® and
reflections. Using some homotopy equivalances, we determine cohomology ring structures
of LG/T where LG is the smooth loop space on G. Here, as an example we calculate
the products and explicit ring structure of LSUs /T using these ideas.

Note that these results grew out a chapter of the author’s thesis [12].

2. The root system, Weyl group and Cartan matrix of the loop group LG.

We know from compact simply-connected semi-simple Lie theory that the complex-
ified Lie algebra gc of the compact Lie group G has a decomposition under the adjoint

action of the maximal torus T of G. Then, from [6], we have the following theorem.

Theorem 2.1. There is a decomposition

gc = tc@ga,
«

where go = tc is the complexified Lie algebra of T, and
go={f€ge:t-&=alt)Evt € T).

The homomorphisms « : T — T for which g, # 0 are called the roots of G.
They form a finite subset of the lattice T = Hom(7, T). By analogy, the complexified Lie
algebra Lgc of the loop group LG has a decomposition

Lge = Pec -2~
kezZ
where gc is the complexified Lie algebra of G. This is the decomposition into eigenspaces
of the rotation action of the circle group T on the loops. The rotation action commutes
with the adjoint action of the constant loops G, and from [13], we have the following

theorem.

Theorem 2.2. There is a decomposition of Lgc under the action of the maximal torus
T of G,
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Lgc =P go- 2" P ga -2~

kez (k.a)

The pieces in this decomposition are indexed by homomorphisms

(k,a): TxT —T.

The homomorphisms (k, @) € Z X T which occur in the decomposition are called

the roots of LG.

defination 2.3. The set of roots is called the root system of LG and denoted by A.

Let 6 be (0,1). Then

A= J(AU{0}+kd) =AU{0}+125,
keZ

where A is the root system of G. The root system A is the union of real roots and
imaginary roots:
ﬁ = 81re U Aim;

where

Are = {(,n):a€A neZ}
A = {(0,7):7€Z}.

definition 2.4. Let the rank of G be l. Then, the set of simple roots of LG is
{(a;,0): ; € Bfor 1 <i<Il}U{(—a41,1)},

where ay41 is the highest weight of the adjoint representation of G.

The root system A can be divided into three parts as the positive and the negative

and O:
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A=AYU{0}UA~

where
AT = AfUA[,
A = AQUAL,
where
A, = {(a,n)€A:n>0}U{(a,0): a € AT},
Af = {né:n>0}
and
8;3 - _ﬁj‘_ga
An = —Af.

Now, we will give some examples. First, we will discuss the case of SUs. The root
system A of the loop group LSU(2) has two basis elements ag = (—a,1) and a3 = (o, 0)

where « is the simple root of SUy. All roots of LSU; can be written as a sum of the

simple roots ag and aj .

Proposition 2.5. The set of roots of LSUs is given by A= ﬁre U Apn where

Are = {kag+las:|k—1|=1k¢eZ}
Aim = {kao+ka; :keZ}

corollary 2.6. The set of positive roots of LSUs is given by
At = AL UATL where
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ﬁ;’; = {kag+lay:|k—Il=1,keZ"} ={(a,7),(~a,s):7>0,s>0},
A;tn = {ka0+ka1:k€Z+}

In the case of LSU, , for n > 3, the root system A of the loop group LSU,, has

basis elements ag = (—ap, 1) and a; = (04,0), 1 <i<n—1 where a; is the simple root
n—1
of SU,, and ag = Z a;. All roots of LSU,, can be written as a sum of the simple roots

i=1
aj .

Theorem 2.7. (see [8])
The set of roots of LSU,, for n > 3, is

1—1 j—1 n—1
A={kY a+1» a,+k» a:k—1=1keZ and 0<i<j<n}
r=0 r=i r=j

Corollary 2.8. The set of positive roots of LSU,,, for n > 3, is

i—1 j—1 n—1
AT ={kY a+1) a,+k> a:[k-1=1,kez" and 0<i<j<n}.
r=0 r=i r=j

Now, we will discuss the Weyl group of the loop group LG. In order to define this
group, we need a larger group structure. We define the semi-direct product T x LG of T
and LG in which T acts on LG by the rotation. From [13], we have the following two

theorems.
Theorem 2.9. T x T is a mazimal abelian subgroup of T x LG.

Theorem 2.10. The complexified Lie algebra of T x LG has a decomposition

Cote)® | Pte-zo P ga -2,

k#0 (k)

according to the characters of T x T'.
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We know that the roots of G are permuted by the Weyl group W. This is the
group of automorphisms of the maximal torus 7" which arise from conjugation in G, i.e.

W = N(T)/T, where

N({T)={ne€G:nTn ' =T}

is the normalizer of T in G. In exactly same way, the infinite set of roots of LG is
permuted by the Weyl group W = N (TxT)/(TxT), where N(T xT) is the normalizer
in Tx LG. The Weyl group W which was defined above is called the affine Weyl group.

Proposition 2.11. The affine Weyl group W is the semidirect product of the coweight
lattice TV = Hom(T,T) by the Weyl group W of G.

We know that the Weyl group W of G acts on the Lie algebra of the maximal
torus 7', it is a finite group of isometries of the Lie algebra t of the maximal torus T'. It
preserves the coweight lattice TV. For each simple root a, the Weyl group W contains
an element r, of order two represented by exp (g(ea + e_a)) in N(T). Since the roots
a can be considered as the linear functionals on the Lie algebra t of the maximal torus

T, the action of r, on t is given by

ra(§) = § = a(§)ha for § € ¢,

where h,, is the coroot in t corresponding to simple root «. Also, we can give the action

of r, on the roots by

ro(B8) = B — a(hg)atfor a,f € t*,

where t* is the dual vector space of t. The element 7, is the reflection in the hyperplane
H, of t whose equation is «(§) = 0. These reflections r, generate the Weyl group
W. For the special unitary matrix group SUs, we have only one simple root « with
corresponding reflection r, which generates the Weyl group of SU; and W 2 Z/2.

More generally, we have from [7] this theorem:
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Theorem 2.12. The Weyl group of SU, is the symmetric group Sy, .

Now, we want to describe the Weyl group structure of LG. By analogy with R
for real form, the roots of the loop group LG can be considered as linear forms on the
Lie algebra R x t of the maximal abelian group T x T'. The Weyl group W acts linearly
on R x t, the action of W is an obvious reflection in the affine hyperplane 1 x t and the

action of A € TV is given by

Thus, the Weyl group W preserves the hyperplane 1 x h, and A\ € T acts on it by
translation by the vector A € TV C t. If o # 0, the affine hyperplane H, ; can be

defined as follows. For each root («, k),

Hyr={et:al) =k}
We know that the Weyl group W of G is generated by the reflections r, in the hyper-
planes H, for the simple roots «. A corresponding statement holds for the affine Weyl

group w.

Proposition 2.13 Let G be a simply-connected semi-simple compact Lie group. Then
the Weyl group W of the loop group LG is generated by the reflections in the hyperplanes
Hq . The affine Weyl group W acts on the root system A by

P(ak) (1) = (ra(y),m — alhy)k) for (a,k), (y,m) € A.

Proposition 2.14 The Weyl group 1% of LSU; is

W = {(Taoral)k’ (Taoral)krao’ (Talrao)k’ (TalTao)kTal : k Z 0’ Tig = 7“31 = Id}

Proposition 2.15 The Weyl group of LSU,, is the semi-direct product S, x Z"~' where

S, acts by permutation action on coordinates of Z" 1.

Actually the symmetric group S, acts on Z" by the permutation action. Z"~! is

the fixed subgroup which corresponds to the eigen-value action. From [5], we have
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Theorem 2.16 The affine Weyl group W of LG 1is a Cozeter group.

We will give some properties of the affine Weyl group w.

Definition 2.17 The length of an element w € W is the least number of factors in the

decomposition relative to the set of the reflections {ra,}, is denoted by ¢(w).

Definition 2.18 Let wy,ws € W, v € AL, Then w; 2wy indicates the fact that

Tyw1 = w2,

lwy) = L(wr)+ 1.

We put w < w' if there is a chain

/
w=w — Wy — - —> W =W.

The relation < is called the Bruhat order on the affine Weyl group w.

Proposition 2.19 Let w € W and let w = TayTag - Ta, e the reduced decomposition
ofw. If 1<i; <...<ip <!l and w' = Tay, Tay, ** " Tay > then w <w. If w <w, then
w’ can be represented as above for some indexing set {i¢}. If w' — w, then there is a

unique index i, 1 < i <1 such that

/
W =Tay *Ta;_1Tagq-

The last proposition gives an alternative definition of the Bruhat ordering on w.
Now we will define the subset W of the affine Weyl group W which will be used in the
text later. We know that the Weyl group W of the loop group LG is a split extension
TV - W — W, where W is the Weyl group of the compact group Lie group G. Since
the Weyl group W is a sub-Coxeter system of the affine Weyl group W, we can define
the set of cosets W /W .

Lemma 2.20 The subgroup of w fixing 0 is the Weyl group W .
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Corollary 2.21. Let w,w' € W. Then, w(0) = w'(0) if and only if WW = w'W in
W/w.

By the last corollary, the map W /W — TV given by wW — w(0) is well-defined
and has inverse map given by x; — ro, W, so the coset set 1% /W is identified to TV as
set. We have from [1],

Theorem 2.22. Fach coset in W/W has a unique element of the minimal length.

We will write ¢(w) for the minimal length element occuring in the coset wW, for
w € W. We see that each coset wW,w € W has two distinguished representatives which
are not in the general the same. Let the subset W of the affine Weyl group W be the
set of the minimal representative elements é(—w) in the coset wWW for each w € W. The
subset TV has the Bruhat order since it identitifies the set of the minimal representative
elements E(—w) As a example, we calculate the subset W of the Weyl group of LSU,.

Our aim is to find the minimal representative elements ¢(w) in the right coset wW for

each the element w € W, where

W = {(Taoral)ka (TaOTal)lTaO, (Talrao)ma (Talrao)nral tkyl,m,n >0, 7“30 = 7“31 = id}a

and W = (ra,; r2, =id). We have the minimal representative elements ¢(w) for each

coset wW, w € W as follows

l((raoral)k) = (Taoral)k for k>0
((rag’as)Tag) = (TaoTa)'Tag forl>0
m = (ragra,)" forn>0

and

Id form=0

(TagTay )™ tra, form >0

((raymag)™) = {

By the transformations m — 1,1 and k& — n, we have the subset
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W= {@(—w) cw € W} ={(ragra;)"s (TagTay)"Tag : 7 > 0}.

Now we will describe the Lie algebra L,ogc and its universal central extension in
terms of generators and relations. For a finite dimensional semi-simple Lie algebra gc,

we can choose a non-zero element e, in g, for each root «. From [6], we have

Theorem 2.23. gc is a Kac-Moody Lie algebra generated by e; = eq, and fi = e_q,
for i =1,....1 where the a; are the simple roots and 1 is the rank of gc only if G is

semi-simple.

Let us choose generators e; and f; of Lge corresponding to simple affine roots.

Since gc C Lgc, we can take

ze_q, forj=0,
ej =
/ e; for1<j <l

and

f= { 2z te,, forj=0,

fi for1 <5<l

where «aq is the highest root of the adjoint representation. From [13],

Theorem 2.24. Let gc be a semi-simple Lie algebra. Then, Lpoigc is generated by the

elements e; and f; corresponding to simple affine roots.

The Cartan matrix A41)x+1) of Lgc has the Cartan integers a;; = aj(hg,) as

the entries where ag = —ag, and a; = a5 if 1 < j <I. As an example,

Theorem 2.25. Let G = SUs. The Cartan matriz Asxo of Lgc is the symmetric

(5 2)
matric .
-2 2

Although the relations of the Kac-Moody algebra hold in Lyigc, they do not
define it. By a theorem of Gabber and Ka¢ in [2], the relations define the universal

central extension Zpolgc of Lyoige by € which is described by the cocycle wg given by
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1

wi(&m) = %/0 7T<7(§(6’),77’(6’))cl6?.

As a vector space Epolgc is Lpoigc @ C and the bracket is given by

[(ga )‘)a (77; M)] = ([ga 77]) wK(ga 77))

Theorem 2.26. ch is an affine Kac-Moody algebra.

3.1. Some homotopy equivalences for the loop group LG and its homogeneous

spaces.

From [3], we have

Theorem 3.1. The compact group G is a deformation retract of G¢ and so, the loop

space LG is homotopic to the complexified loop space LGc .

Now, we want to give a major result from [13]

Theorem 3.2. The inclusion

t: LpoiGe — LG¢
s a homotopy equivalence.

Now we will give some useful notations. The parabolic subgroup P of LyoGc
is the set of maps C — G¢ which have non-negative Laurent series expansions. Then

P = G¢z]. The minimal parabolic subgroup B is the Iwahori subgroup

{feP:f0)e B},

where B is the finite-dimensional Borel subgroup of G. Note also that the minimal
parabolic subgroup B corresponds to the positive roots, the parabolic subgroup P to the

roots (a,n) with n > 0. From [3],
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Theorem 3.3. The evaluation at zero map ey : P — Gc¢ is a homotopy equivalence with

the homotopy inverse the inclusion of G¢ as the constant loops.

The following fact follows from the local rigidity of the trivial bundle on the

projective line. From [4], we have
Theorem 3.4. The projection
LpolG(C - LpolG(C/P

is a principal bundle with fiber P.

Now, as a consequence of Theorem 3.2, Proposition 3.4 and Theorem 3.3, we have
Theorem 3.5. QGc is homotopy equivalent to LpoGc/P.

Theorem 3.6. (see [11]) The homogeneous space

LpoiGe/P = ]_[ BwP/P.
weﬁ//W

Corollary 3.7. The homogeneous space

LyoiGe/B = ]_[ BwB/B.
weW

By a theorem of [13], we have an isomorphism
Theorem 3.8.

H*(LG/T;C) = H*(Lge, tc; C) = H* (Lgc, te; C) = H* (L0 Ge/B; C).

By Theorem 3.8, the Z-cohomology ring of LG/T generated by the strata can be

calculated using a corollary of [9]. In the next section, we will work at an example.
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4. Cohomology rings of the homogeneous spaces Q2SU; and LSU,/T.

In order to determine the integral cohomology ring of LSU>/T, we need some

calculations in the integral cohomology of LSU;/T.

Theorem 4.1. For n > 0, the action of affine Weyl group of LSUy on the real root

system is given by

(Taoral )n(_aa S
(Taoral )n(a, r
(Taoral )nrao (_a’ s

(Tao Tay )nrao (Oé, r

Q

(Talrao)n(_ ) S
(Talrao)n(a’ r
(Talrao)nral (—Oé, §

)
)
)
)
)
)
)
)

(7"31 Tag )nral (Oé, r

Proof. First, by induction on n, we shall show that

(Ta()ral )n(_a, 5)

(Ta()ral )n(a, T)

= (—a,s+2n)

= (a,r—2n),

for (—a,s), (a,r) € Are. The case n =0 is trivially true.

= E R R R R 'R

~ o~~~ o~~~ o~
co N O Ot = W N
e D D D O —

Now, we assume that the equations Eq.(4.1) and Eq.(4.2) hold for n = 1. Then,

(Taoral)l—i_l(_aas) =

(TagTa,)(TagTa,)' (— 0, 5)
(ragra, ) (—a, s + 21)

Tay (0, s+ 20)

(—a, s +2(1+1)),
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and

(Taoral)H—l (aﬂa) = (74307631)(7“307“31)%0‘77“)
= (ragra,)(a,r—2l)
= ra(—a,r—2I)

= (a,r — 2(l +1)).

This means that Equations Eq(4.1) and Eq(4.2) hold for any n > 0.
Since (ra,Tap)"Ta, = Ta, (TagTa,)", We can find easily the action of the reflection
(ra;Ta,)"Ta, on the real root system.

Then, we have Equation Eq.(4.7) and Eq.(4.8),

(Tal Tao)nral (_a7 S) = Ta, (Ta()ral )n(_a’ S) = Ta, (—Oé, 5+ 2”) = (Oé, 5+ 2”)7

and

(TayTag) " Ta, (@, 1) = Ta, (TagTa, )" (0, 7) = ra, (, 7 — 2n) = (—a, 7 — 2n).

. . . n . n
Since (7a,7a,)" is inverse of (ra,ra,)", the action of (ra,7a,)" on the real root

system is given by

(ra,Tag) " (c,7) = (a,7+2n)

(Talrao)n(_a,s) = (—a,8—2n).

. n .
Also, since (TagTa;)"Tag = Tag(Ta1Tag) 5 the action of (ra,7a, )" ra, on the real root

system is given by

(TagTay ) "Tag (@, 1) = Tay (TayTay) " (a0, 7) = Tay (a0, 7 4+ 2n) = (—a, r + 2n + 2),
and

(TagTay ) Tay (=, 8) = Tag (Ta,Tay) " (=, 8) = Ta,(—a, s — 2n) = (o, s — 2n — 2).
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Corollary 4.2. Let (a,u) and (—a,v),u
For n>0,

T(au)(TaoTay)" (— v, s
T(au)(TagTay)" (@, 7
T(a,u)(TagTa; ) "Tag (—0; 8
T(a,u)(TagTas ) "Tag (0, T
T(a,u)(TasTag) " (— v, s
T(au)(TayTao)" (@, 7
T(a,u)(Tay Tag) "Tay (—a, 5

)
)
)
)
)
)
)
)

T(a,u)(ral Tao)nral (Oé, r

T(_Oé7'U)(TaOTal )" (—a,s
T(_Oé7'U)(TaOTal )" (a,r

T(—a,w) (Taoral )nrao (_a7 S

L
-

T(—a,0)(TagTas) " Tao (
T(—aw)(TayTag)" (—, 8
T(—aw)(TayTag) " (00, 7
T(—aw)(TaiTag) "Ta; (—a, s

)
)
)
)
)
)
)
)

T(—a,w) (Tal Tao)nral (Oé, r

Theorem 4.3. For k >0, the following equations hold in H*(LSUs/T,Z).

(ETBO )Qk‘ —_

(" )2’“ =

(ETBO )Qk‘—‘,—l

(
(
(
(

(Eral )Qk‘—‘,—l

Y

(o, 8 + 2n + 2u);
(—a, 7 —2n — 2u),
(—a, 8 —2n — 2u — 2);
(o, 7+ 2n 4 2u + 2),
(o, 8 — 2n + 2u);
(—a,7r+2n — 2u),
(—a, s+ 2n — 2u);
(

a,r—2n+ 2u),

a, s+ 2n — 2v);

a,r —2n+ 2v),

a, s —2n+ 2v — 2);
a,r+2n —2v+2),
a, s —2n — 2v);

a,r+2n + 2v),

a, s+ 2n+ 2v);

(
(=
(=
(
(
(=
(=
(

a,r—2n —2v).

2k) e(rapran)”,
2k)! grarTan)"
2k +1) '5(“‘0“‘1) Ta0 |
2k + 1)1 e rag) " ray

0,v > 0, be real positive roots of LSU; .

N SN SN N N N N
=B R R R R R o
—
w
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Proof. By induction on k, we will show that these equations hold in H*(LSU,/T,Z).
For k =0, these equations hold.
Now, we assume that these equations hold for £ = n. Then, we have to show that

they hold for £ =n + 1. By assumption,

(€%0)" 2 = (") (¢"o0) ™"

= (2n + 1)' glao . E(Ta[)?“al )"Tag
We have

(720)" T = (2n. + 1)! Z xo(hy)e".

-
(ragTay )" rag —w

When we check the action of the reflections which have length 2n+2, by the action
of 7(a,u)(TagTa, )" ra, and "(—a)(TagTay )"ra, on the real root system, we see that the sum

in the right side of the last cup product equation holds the only for the positive root
g
(—a,2n+2) = (2n+ 2)ag + (2n + 1)ay.
Then,
(720272 = (2 4 2)1 " mane o) oo

The composition of reflections T(_a,2n+2)(7“a07“a1)"7“a0 can be represented by the

Weyl group element (ra,7a, )", so
(720272 = (2n 4 2)1 e(Ta07e)"

If we continue the induction for equation Eq.(4.27), by assumption,

(€70)™" P = (). ("0 )" *?

(2n 4 2)! 20 . g(ragra)"

We have
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(e720)>" 3 = (20 + 2)! Z Xo(hy)e®.

(Tao Taq )n+1 l"w

When we check the action of the reflections which have length 2n+3, by the action

)n—i—l

of r(a7u)(raoral)n+1 and r(_aw)(raoral on the real root system, we see that the sum

in the right side of the last cup product equation holds only for the positive root
(—a,2n+3) = (2n+ 3)ag + (2n + 2)ay.

Then,

yrett

(e720)2"+3 = (2 + 3)! cT(—a.2n+3)(Tag Ta;

The composition of reflections r(_a72n+3)(raoral)n+1 can be represented by the

Weyl group element (7a,7a, )" ra, , S0
(€70)27F3 = (2n + 3) e(7=07a1)" a0,

Thus, we have proved that the equations Eq.(4.25) and Eq.(4.27) hold in H*(LSU3 /T, Z).

Similarly, by assumption,

() = (&) ()™

(2n + 1)' glha1 . E(Tal Tag) " Tay .
We have

=) =@n+1)! D (k)"

-
(ra; Tag) " ray —w

When we check the action of the reflections which have length 2n+2, by the action
of T(a,u)(Tay Tag) "Tay and 7(_q.4)(ra,Ta,) Ta, ON the real root system, we see that the sum

in the right side of the last cup product equation holds the only for the positive root

(a,2n+1) = (2n+ 1)ag + (2n + 2)a;.
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Then,
(71 )2"+2 = (2n 4 2)! gl (a2nt1) (Tag Tag) "Tay

The composition of reflections r(a72n+1)(ralrao)nral can be represented by the

Weyl group element (ra,7a,)" ", so
(e721)2F2 = (2n 4 2)1 el a0)"

If we continue the induction for equation Eq.(4.28),

(7)™ = (eT) - (erm )

(2n 4 2)l g7 - g(rarrag)™™"

We have

(e71)%" 3 = (2n + 2)! > xalhy)E".

(Tal Tag )n+1 S
When we check the action of the reflections which have length 2n+3, by the action
of r(a,u)(Ta, 7“ao)"'|r1 and 7(_q,0)(Ta, 7“ao)"'|r1 on the real root system, we see that the sum

in the right side of the last cup product equation holds the only for the positive root

(a,2n+2) = (2n + 2)ag + (2n + 3)as.
Then,

(€71)2n+3 = (20 + 3)1 €7 @an i (TaaTag) ™

The composition of reflections (g 9n+2)(Ta, Ta, )* ! can be represented by the Weyl
(a,2n+2)\Ta1 Tag Y Y

group element (74, 7a,)" 17a, , S0
(Eral )2n+3 _ (2n +3)! c(ra; Tag)" Ty .

So, the induction is completed and we have proved that all equations hold in
H*(LSU2/T,7Z). O

We will make another calculation in the integral cohomology algebra of LSUs /T .
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Theorem 4.4. For n,m >0, the following equation holds in H*(LSUy/T,Z).

(n4m)(e™0)™ - (g1 )™ = n(e"0 )" ™ 4 (e )",

Proof. By induction on m, we shall prove that the result holds in H*(LSUy/T,Z).
Since the integral cohomology ring of LSUs/T is torsion-free, the integral cohomology
ring can be embedded in the rational cohomology ring hence the calculations can be done
in the rational cohomology. For m = 0, the equation obviously holds.

First, we will verify the equation for m = 1. For m = 1, the equation reduces to

(n+ D)(E™0)" - (1) = n(e"0)" ! 4 (71 )" (4.20)

Now, we will use sub-induction with respect to n on the equation Eq.(4.29). The equation
Eq.(4.29) obviously holds for n = 0.

Now, we assume that equation Eq.(4.29) holds for n = k. We verify that equation
Eq.(4.29) holds for n = k + 1. By the induction hypothesis, we have

ghar . (ETBO )k+1 = (Eral . (ETBO )k) . g"ao
_ k ran \E+1 1 ra; \k+1 Ta,
= <k+1(5 o) +k:+1(5 ) g0

k
= (€m0 )2 4

k1 (7 )+ gm0, (4.30)

k+1
Now, we calculate the cup product
(Eral )k+1 . "0

in the above equation. We now treat the case k odd or even separately. If k=2 —1, by

equation Eq.(4.26),

"0 . (g )25 = (20)! (5“‘0 . (E(Talrao)l)) ) (4.31)

By the cup product formula,
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glao . E(Tal Tao)l = Z X0 (h,y)Ew.

.
(ra; Tag)' 2w

When we check the action of reflections 7(q,u)(7a, rao)ll and r(_qv)(Ta, rao)l by the action
of the Weyl group elements (ra, rao)lral and (raoral)lrao which has length 21 4+ 1, we
see that the reflections 7“(_%1)(7“31 rao)l and 7“(%25)(7“31 rao)l can be represented by the
Weyl group elements (raoral)lrao and (ralrao)lral respectively. Using the positive root

(o, 2l) = (21) ag + (21 + 1) a; in the cup product formula,

g0 - g(rai7ag)' = g(ragrar)'rag 4 (21) gr= rag) ey (4.32)
By equations Eq.(4.27) and Eq.(4.28),

21
20+ 1)

1
20+ 1)

glao . E(Tal TBO)Z =

(Erao)Ql—i-l + (Eral )2l+1. (4-33)

When the last result is placed in the equation Eq.(4.31), we have

N N CONED)
1 21
— I | ——(gTa0 )2+ _ A rap 2041
(l)<@k+nﬁ50) TSV
a2 2
B AT G
Using k= 2] — 1, we have
1 k+1
Tag . (~Tap k+1: Tag \k+2 (T k+2, 4.34
(€ ) = () () (1.3)

When the last result is placed in equation Eq.(4.30), we have

k 1
e (€)= () T g ()T
ko kt2 1 Lo e vkt2 BT ke
= [ a [ - ag - al
el G el (o1 G e TG
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_ k 1 ran \E+2 1 ra; \k+2
- <k+1+(kz+1)(kz+2)> )+ g ™)

_ k+1 Tap \K+2 1 ra; \k+2

= a2 )T )T

If k= 2[, by the equation Eq.(4.28),

(ETBO) . (Eral )2l+1 _ (2[ + 1)| ((ETBO) . (E(Tal Tao)lTal)) . (435)

By the cup product formula,

(ETBO) . (E(Tal Tag)lrm) = Z XO(h’y)Ew'

-
(ray Tag )lral —w

When we check the action of reflections 7(q,)(7a, rao)lral and 7(_q,0)(7a, rao)lral by the
action of the Weyl group elements (ra, 7“ao)l'|r1 and (ray7a, )l+1, which has length 2]+ 2,
we see that the reflections r(_q 1)(7a, Ta, )lral and r(q,2141)(7a, rao)lral can be represented

I+1
)

by the Weyl group elements (7a,7a, and (ra, 7“ao)l'|r1 respectively. Using the positive

root (o,2l+1)= (20l +1)ag+ (2l +2)a;, we have

(8“‘0) . (E(ral rao)lral) _ E(raoral)l“ + (21 +1) e(ray Ta())l+1. (4.36)

By equations Eq.(4.25) and Eq.(4.26),

1

20+1
(214 2)!

(214 2)!

cgl=o . E(Tal Tao)lral = (ETBO )2l+2 + (Eral )2l+2. (437)

When the last result is placed in the equation Eq.(4.35), we have

gl=o . (Eral )QH_I = (2l + 1)! (ETBO . (E(Tal Tao)lral ))

= (20+1)! (ﬁ(grao )2l+2 + %(Eral )25+2>

s 241
- (™) 4 5

2l +2 (e )2

Using k = 2[, we have
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k 1 k+1
70 - (7 )T = () o () (4.38)

When the last result is placed in the equation Eq.(4.30), we have

k k k 1
)T = T E) T
_ k Tag \k+2 1 1 Tay \k+2 k+1 ra; \k+2

= ) g e )

ra; YA+ | _rag
(e"a1) €

- k 1 o \ k2 Lo e k42
<k+1+(k+1)(k+2)>(E O e

k+1 o k42 1 Tay \k+2
= - ag JE— ap .
Fra E ) ™)
The induction on n is completed. Thus, we proved that the equation holds for m = 1.
We assume that equation holds for m = s. Then, we will verify that it holds for

m = s+ 1. By assumption,

glao n, glha: s+1 = n glao n+s —5 glhal nts ) glha:
()" (") () 4 )
n n+s  _r S Ta, \NF+s+1
= 57“50 Lea g 21
s ) o ™)
n n+s Tan \2+s+1 1 Ta, \NF+s+1
— ap aj
n+s (n—i—s—i—l(g ) —i_n—i—s—l—l(E ) *
S (E,«al )n+s+1
n+s
_ n Tag n+s+1 n S ra;, \nt+s+1
n—l—s—i—l({5 ) +<(n+s).(n+s+1)+n+s> (&™)

n (e7e0 )1 s’ +s(n+1)+n (e7an yrtetl

n+s+1 (n+s)(n+s+1)
o n Tag \PHs+1 s+1 Tay \Hs+1
n—l—s—i—l({5 ) (n—i—s—l—l)({5 ) '
Thus, the induction is completed. o

Let R be a commutative ring with unit and let T'r(zg,21) be the divided power

algebra over R, where degxy = degx; = 2.
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Theorem 4.5. Then, H*(LSUy /T, R) is graded isomorphic to T'r(xo,21)/Ir where the

ideal Ir is given by

n+m-—1 n+m-—1
Ip = (x[on]x[lm] - ( >x[0"+m] - ( >x[1"+m] Tm,n > 1>,
m n

and which has the R-module basis {x[on],x[l"]} in each degree 2n for n > 1.

Proof. Since the odd dimensional cohomology is trivial, by the universal coefficient
theorem, it suffices to prove this for R = Z. The Schubert classes {Ew}weﬁ/LSU@) form
a basis of the integral cohomology H*(LSU,/T,7Z) such that ¥ € H?>*“)(LSU,/T, 7).
Since the cohomology module basis is indexed by the affine Weyl group W, the Poincaré

series over Z of cohomology of LSU,/T is

(o)
P(t,Z) =1+ ) 2t**
k=1

Now we will show that the integral cohomology algebra H*(LSU,/T,Z) is isomor-
phic to the quotient of divided power algebra I'z(zo, 21)/Iz. Then, we define a Z-algebra
homomorphism ) from the divided power algebra I'z(xo,z1) to the integral cohomology
of LSU, /T as follows.

n
For U = Z“i x[oﬂx[ln_z] with u; € Z, let

i=0
W(U) = un X (n) +uoY (n) + 2 [(Z:i) X(n) + (n - 1> Y(n)] ui,

where

X(n) e(ragra;)! forn =21
n p—
g(raoral)lrao form=2l+1

¥ (n) g(raiTag)’ for n =21
e glraime0)ar for p =2 + 1.

We will show that v is a Z-algebra homomorphism. Let
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U = Zui x[oz]x[ln—z] V = Z’Uj $[Oj]$[1m_j],
=0 7=0

where u;,v; € Z. First, let us calculate

»(U) - 9(V)

438

v (Z wé"]xﬁ””> X (Z xgﬂxamﬂ>
i=0 j=0
(qu(n) +unX(n) + Z“" [(’::11) X(n) + (n z— 1) Y(m}) .

(vgY(m) + v X(m) + Z@j [("j:ll) X(m) + (mJ— 1) Y(m)})
=1

wovoY (n)Y (m) + wovm Y (n) X (m) + Z uov; [(m - 1) Y (n)X (m) + (m - 1) Y(n)Y(m)}
j—1 J

j=1
Unvo X (R)Y (M) + unvm X (n) X (m) + Z unv; [(m - 1) X(n)X(m) + (m - 1) X(n)Y(m)}
j—1 J

j=1

> wivm [(T::ll) X (n)X (m) + (";1) Y(n)X(m)}
iy n—1 m—1 n—1 m—1
S (272) (07 v (270) (7 o]
j=1
v, [("fl) ("7_1) Y(m)X(m) + ("fl) (m,_l) Y(n)Y(m)} :
[ j—1 [ J

Y(n)Y(m) = (n—;m>Y(n+m)
x@x(m) = (") xXwsm),
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X(n)Y (m) = (n+:_1>X(n+m)+ (n+:_1>Y(n+m)
and
Y (n)X (m) = (n+:_1>X(n+m)+ (n+:_1>y(n+m).

If we put the last results in the equation, we have

—1

P(U) - (V) = X(n+m) {ugvm(m+n_1)+2uov,~ (@—1) (m+n_1)+unvo
n j—1 n

j=1

(i E G R S (e | S R e [ I &

S () () S (I (T (T ()
|-

S5 [ (I () () )

i=1 j=1

S5 () (N
)

Y(n+m){ugvg(n—;m)+uovm(n+ -t +
S [T () (T ()
j—1 m
j=1
e (Y S () ()

j=1

n—1

Sl () ) ()]

B () TR () () ()

i=1 j=1

13 30 (G TG TG B R TR IS

i=1 j=1
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Now expanding,

n+m m—1 n+m-—j ‘ .
U-V:uovo< > [n+m]+u Umx[o xl +Zuovj< j>x[oj]x[1"+m 7l
n = n

n+m m—1 n+ . ‘ ‘
R e B L

0
n n
— n+m— [ [ntm—i] M4\ gl [n—i]
+ZU1U0 0351 +Zuzvm< . >x0 T
m
=1
n—1lm-—1
i+5\ ((n+m)=(@+5)\ iy (it
+ZZ“’UJ< ' >< ' >x[oz+a]x[1(n+m) (i+3)]
i=1 j=1 n—1
Hence,
_ n+m-—1 -— ) n+m-—jg n+m-—1
w(U.V)—X(n—i-m){ug'um( n )+Zugv,( ) i1 )
=1
unvo(n—i_:_l)+unvm(n:m)+2uq,vm(m+z) m:f;l)

i=1
—1

(
(
S () (1) S () ()
()]
+y<n+m>{um( Y e (Y R (1 ()
()
)i

n—1m-—1

+ZZ“"”" (z-iir]) ((n+m)—(z+1)

n—1
=1

j=1
m—1

71
n+m-—1 n+j n+m-—1 n+m-—=1 n+m-—1
Un Vo + un'u, ny u,'uo
n n

j=1 i=1

n—1 n—1 m-—1

i+ m m+n—1 i+ 7 (n+m)—(i+7) n+m-—1
S () () B () )

n—1t 147
i=1 i=1 j=1

We show that (U - V) = ¢(u) - (V) for all polynomials U, V. In order to verify

this equation, we need the equality of the coeflicients of u;v; in the both sides of this
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equation. We see that the coefficients of u;v;,7 =0,...,n and j =0,...,n in the both
sides of the equation are equal for X(n +m) as well as Y (n +m). Then ¢ is a Z-algebra
homomorphism.

We will show that the Z-algebra homomorphism 1 is surjective. Because, for
every element aX(n) + bY(n) € H?*"(LSUy/T,Z), we have ax[on] + bx[ln] such that
Y(a x[on} + bx[l"]) =aX(n)+bY(n), where a,b € Z.

Now we want to find the kernel of the homomorphism . For n,m > 1, let

n+m-—1 n+m-—1
Upm = x[on} -x[lm] - ( . > x[0"+m} - ( . > x[ln+m}. (4.39)

We claim that the kernel of the homomorphism % is equal to the following ideal Iy

generated by the elements wy, p, .
=Y I
k>2
where
k-1 k-1
=33 (x[or]x[lk—r] B ( >x[0k] B ( >x[1k]> % € Dy (o, 21) b
0<r<k k—r r

Now we will prove that our claim is true. Let U € I%¥. Then

k-1 k-1
r k—r k k
o) = o 3 - ([T (U1 40)
_ oy o (i k= (RN (RN m
Z V() - | 2y 2y o Ty ) -
o<r<k k—r r

Then ¥ (U) is equal to

(k;1>yug_(Z:i>xug_(k;1>ymo.

5 vt () xw+
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k
Conversely, let U = Z uix[oz]x[lk_ﬂ € ker . Then,
i=0

= xS [ (4w () o] o

7

So, we have to determine the solution of the homogeneous linear equations system

A-v =0, where

g
Ul
k—1
1 k-1 ... ( , > 1 0
A= k:il and v = w;
0 1 ( > k—1 1
k—1
Uk—1
n

The rank of the matrix A is 2, so we have infinite solution vectors which have k—1 linear

independent components and other two components depend these linear independent

k—1
k—1
(') __E:ti< 7 )
i=1

components. Then,

U1 tq
v = U; = m 5
Uk—1 tg—1

k—1
k—1
(7
where t; € Z for i=1,...,k—1. So, U € ker is given by
k—1 k—1 k—1
k—1 k—1 o
v om o xe ()R () A D
i=1 i=1 - i=1

k=1
. , k—1 k—1

= S (e (5wt (BT a)
= k—1 1
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for some t; € Z. Thus, we have proved that U € If. O

Theorem 4.6. Under the isomorphism v, the Z-module BGG -operator A of H*(LSUy /T, 7Z)

corresponds to the partial derivation operator

{ %j for degree 4n

% for degree 4n + 2

foriz£j,i=0,1.
Proof. We will prove that Z-cohomology operator A’ corresponds to the partial

derivation operators as stated. By definition of A?, we have

AOE(TBO Ta; )" _ 0,

Alglragra)” = o(ragray)" rag.
AOE(TBO Ta;)"Tag E(Tao Tay )n,
AIE(TBO Ta;)"Tag 0,

Aog(ral rag)” E(Tal Tag)" 'ray ,

Alelraimag)” =
AOE(Tal Tag)"Ta; 0,

Alg(ral rag)"Ta; 5(7“81 Tao)n.

By 1 isomorphism, we have the following correspondences:

[2n+1]

[2n] : e(TagTa;)"Tag x5

n
clragra )" g ,

[2n]

c(rayrag)" 2! [12n+1]

E(Tal Ta[))nral — T .

)

The last equations and correspondences verify our claim. O
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Corollary 4.7. The partial derivation operator 8%0 + 8%1 on the divided power algebra

induces a derivation on cohomology of LSUs/T .

Now we will discuss cohomology of QG respect to LG/T and G/T where G is
a compact semi-simple Lie group. Since €2G is homotopic to €01, the discussion can
be restricted to the Kac-Moody groups and homogeneous spaces. The Lie algebras of
LyolGe/BT, LpoiGe/Ge and G¢/B are glt, t~1]/b™, g[t,t71]/g and g/b respectively.

There is a surjective homomorphism
evi—i : g[t,t71]/bT — g/b,

with kerev,—; = g[t,t71]/g. Since the odd cohomology groups of g[t,t~1]/b™
and g/b are trivial, the second term FE3* of the Leray-Serre spectral sequence collapses

and hence we have

Theorem 4.8. Let R is a commutative ring with unit. Then there exists an injective
homomorphism j : H*(G/T,R) — H*(LG/T,R) and a surjective homomorphism i :
H*(LG/T,R) — H*(QG, R). In particular, J = imj* is an ideal of H*(LG/T, R) and

H*(QG,R)~ H*(LG/T,R)//J.

Theorem 4.9.
H*(Q8U2, R) = Ti(x, )/ (In, a(al'l = 1)) = Tr(a),

where a € R.

Now we will give a different approach to determine the cohomology ring of based
loop group 2G using the Schubert calculus. For a compact simply-connected semi-simple

Lie group G, we have from [13].
Theorem 4.10. The natural map
G— LG — LG/G=QG,

is a split extension of Lie groups.
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Theorem 4.11. Let G be a compact simply-connected semi-simple Lie group and let T
be a mazimal torus of G. Then w: LG/T — LG/G is a fiber bundle with the fibre G/T .

Proof. Since LG — LG/G is a principal G-bundle and G/T is a left G-space by the
action g1 - goT = g192T for g1, g2 € G, we have a fibration

G/T — LG xq G/T — QG.

Therefore, we have to show that LG x¢ G/T is diffeomorphic to LG/T. Since
LG x¢ G/T is equal to

{7, 9T) : [v,9T) = [vh, h 'gT| Vg, h € G,v € LG},

we define a smooth map 7 : LG xg G/T — LG/T given by [v,¢T] — v¢T. Tt is
well-defined because for h € G,

m([vh,h"'gT)) = ~hh™'gT
= 9T
([, 9T1).

For every 4T, we can find an element [y, T| € LG x¢G/T such that 7([vy,T]) =~T. So, T
is a surjective map. Now, we will show that 7 is an injective map. Let [y1, g17T], [v2, 92T €
LG xg G/T such that

([, 1 T) = 7([72, 92T7). (4.40)

The equation Eq.(4.40) gives

Y91 T = 72927

So, (m191) " (7292), (292) " *(1191) € T Then,

v, T] = [ng, g1 o7
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Y191, T
(1191)(1191) " (1292), (v292) " (11.91)T]

[
[

= [1292, 7]
(V29295 ", 92T
[

Y2, gQT]

Thus, we proved that 7 is an injective map and it’s inverse is given by vT' — [, T which
is smooth map. Then, 7 : LG/T — LG/G = QG given by vT — ~G is a fiber bundle
map. |

Since LG/T is a fiber bundle over QG with the fiber G/T, by the Leray-Serre
spectral sequence of the fibration and Corollary (5.13) of Kostant and Kumar [9], 6 :
H*(QG,Z) — H*(LG/T,7Z) is injective and §(H*(QG,Z)) is generated by the Schubert
classes {Ew}weﬁ/ in the cohomology of LG /T and hence we can determine the cohomology
ring of QG.

Let R be a commutative ring with unit and let T'g(y) be the divided power algebra
with degvy = 2.

Theorem 4.12. H*(QSU(2), R) is isomorphic to Tr(vy) with the R-module basis ™!

in each degree 2n for n > 1.

Proof. Since the odd cohomology is trivial, by the universal coefficient theorem, it
suffices to prove this for R = Z. The integral cohomology of Q2SU, is generated by the

Schubert classes indexed
W= {(w) :w e W} ={(ragra,)", (TagTa; )" Tag : 7 > 0}.

Then, we define a Z-algebra homomorphism 1 from I'z(y) to H*(QSUz,Z) given
as follows. For n > 0,u, € Z, n(un'y["]) = u,X(n). Now, we will show that 7 is a

Z-algebra homomorphism. We have
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- (”;m>xm+m)

Let us calculate n(y!™) - n(yl™) = X (n) - X(m). By equations Eq.(4.25) and Eq.(4.27),
we have

mexmn:<”;m>xm+my

So,

n(yI") - n(t) = (n;m> X(m+n).

Then, we have shown that 7 is a Z-algebra homomorphism.
Also, it is surjective and injective. Because, for every element u, X (n) € H*(Q2SUs, Z),

we have u,y™ such that n(up,y™) = u,X(n) and

kern = {uny" :n(uny") = un X(n) = 0}
= {upy" :u, =0}
= 0.
We have completed the proof. O
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