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COUNTABLE DENSE HOMOGENEOUS
BITOPOLOGICAL SPACES

Abdalla Tallafha, Adnan Al-Bsoul, Ali Fora

Abstract

In this paper we shall introduce the concept of being countable dense homoge-
neous bitopological spaces and define several kinds of this concept. We shall give
some results concerning these bitopological spaces and their relations. Also, we shall
prove that all of these bitopological spaces satisfying the axioms p-T¢ and p-T1.

AMS 1991 classification: 54E55, 54D10, 54G20.
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1. Introduction

Countable dense homogeneous spaces were introduced by Bennett [1]. Recall that
a topological space (X, 7) is called countable dense homogeneous (CDH) iff X is separable
and, if Dy and Dy are two countable dense subsets of X, then there is a homeomorphism
h: X—X such that h(D;)=Ds.

In 1963, Kelly [4] introduced the concept of bitopological spaces. A set X equipped
with two topologies is called a bitopological space.

Let X be any set. By Tcor, Tdis, Tind and Ty, 1.0, Trr. (in the case X=IR), we mean
the cofinite, the discrete, the indiscrete, the usual Euclidean, the left ray, and the right
ray topologies, respectively. Let (X,7) be a topological space, ACX. By 74 we mean
the relative topology on A. If (X, 71,72 ) is a bitopological space and ACX, cl; (A) will

denote the closure of A with respect to 7;; i= 1, 2. A subset D in (X, 71,72) is called

233



TALLAFHA, AL-BSOUL, FORA

dense if cl; (D)=cly (D)=X. A bitopological space (X, 71, 72) is called separable if both
topological spaces (X, 71) and (X, 72) are separable. For a set A, we shall denote the
cardinality of A by | A |.

We shall use p- to denote pairwise for instance, p-T; stands for pairwise T;. For
terminology not defined here one may consult Bennett [1] and Kelley [4].

Let us start with the following definitions.

DEFINITION 1.1 Let f: (X, 71,72)— (Y,01,02) be a map from a bitopological space
(X, 11, 72) to a bitopological space (Y, o1,02).

a) f s called continuous (open, closed, homeomorphism) iff the maps f: (X, 71 )— (Y, o1)
and f: (X, 72 )— (Y, 02) are continuous (open, closed, homeomorphism respectively).

b) fis called p-continuous iff for each U € o1 Uoa, f7H(U) €M UT.

¢) fis called p-homeomorphism iff f is bijection, p-continuous and f~' : (Y,01,02) —

(X, 71,T2) is p-continuous.

DEFINITION 1.2. Let (X,71,72) and (Y,01,02) be bitopological spaces. A map f:
(X,11,72) — (Y,01,02) is called p1 -continuous (p1 -open, p1-closed, pi-homeomorphism)
iff the maps f: (X,71)— (Y,02) and f: (X,72)— (Y,01) are continuous (open, closed,
homeomorphism respectively).

The concept of p1-that was defined in Definition 1.2 depends heavily on the order of
the topologies, that is (X, 71,72 ) is different from (X, 79,71 ). For instance, (IR, Ty, Tcof )
is p1-homeomorphic to (R, Teor, Ty ) but it is not pi -homeomorphic to itself. However,
a bitological space (X,71,72) is p1-homeomorphic to itself if and only if (X, T ) is

homeomorphic to (X, 12 ).

DEFINITION 1.3. A subset D in a bitopological space (X,71,72) is called p-dense iff
cly(cl2(D)) = cla2(clhi (D)) = X . A bitopological space (X,71,72) is called p- separable if it
has a countable p-dense subset.

It is obvious that if one of the topological spaces (X, 1), and (X, 12 ) is separable
then (X,71,72 ) is p- separable. The converse need not be true, in fact one may construct
an example of a p- separable bitopological space (X, 71,72 ) in which both (X, 71 ) and (X,

T2 ) are not separable.
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DEFINITION 1.4. A bitopological space (X, 71,72 ) is called p-Ty iff for any distinct
points z, y in X, there exists a set UE 71 Uy such that (x€ U and y € U) or (z¢ U and
ye U), that is, U contains only one of x and y.

DEFINITION 1.5. A bitopological space (X, 71,72 ) is called p-Ty iff for any distinct
points z, y in X, there are two sets U, V € 7 Uty such that U contains © and does not

contain y, and V contains y and does not contain .

2. CDH BITOPOLOGICAL SPACES

In this section we shall introduce several kinds of countable dense homogeneous
bitopological spaces, and then we shall give some results concerning these spaces. This
section will include necessary examples to describe the impossible between these bitopo-

logical spaces.

DEFINITION 2.1. A bitopological space (X, 71,72 ) is called p-CDH iff

(i) X is p-separable.

(ii) If A and B are countable p-dense subsets of X, then there exists a p-homeomorphism
h: (X,71,72)— (X, 71,72 ) such that h(A)=B.

DEFINITION 2.2. A bitopological space (X,71,72) is called py -CDH iff

(i) X is p-separable.

(ii) If A and B are countable p-dense subsets of X, then there exists a p1 -homeomorphism
h: (X,71,72)— (X, 71,72 ) such that h(A)=B.

Another type of countable demnse homogeneous bitopological spaces is the following.

DEFINITION 2.3. A bitopological space (X,71,72) is called ps-CDH iff

(i) X is p-separable.

(ii) If A; are countable 7; -dense subsets of X, i=1,2, then there is a p1 -homeomorphism
h: (X,71,72)— (X, 71,72 ) such that h(A1 )=As.

In the next examples we shall see that not every ps-CDH is p-CDH, and not every
p-CDH is P>-CDH. Before this it is helpful to give the following result.

235



TALLAFHA, AL-BSOUL, FORA

Theorem 2.4. If (X,71,72) is a p2-CDH bitopological space then the topological spaces
(X, ) and (X, 72 ) are homeomorphic and (X, ) is CHD.

Proof. If (X,71,72) is p2-CDH, then (X,71), (X,72) have countable dense subsets
D1, Do, respectively; hence there exists a homeomorphism h: (X,71)— (X,72) such
that h(D;)=D3.So (X,71) is homeomorphic to (X,72). Now, let K; and K be two
countable dense subsets in (X,7;). Since (X,71) is homeomorphic to (X,72), there
exists a homeomorphism hy: (X,71)—(X,72). So, hi(Ki) is a countable 75-dense
set. Hence there exists a homeomorphism he:(X,71,72) — (X, 71, 72) with ha(hi(K7))=
K. Therefore the composition h= hsohy : (X, 71)— (X, 71) is a homeomorphism and
h( Ky )=(haoh1 ) (K1 )=Ks.

The converse of Theorem 2.4 is not true as we shall see in the next example. O

EXAMPLE 2.5.

Let X = R\ {—1,1} and define the bases 31 , 82 on X as follows:

51 = {a,b] C(—o0,—1):a<b}U{U C (-1,1):(=1,1)\ Uisfinite} U{(c,d)

C(l,00):¢c>d},

B2 = {U C(—00,—1): (—o00,—1)\ Uisfinite} U{(e, f) C(—=1,1): e < f} U{(c,d]

C(1,00): e < d}.

Then B; and (2 are bases for some topologies 71 = 7(81) and 72 = 7(062) on
X. Hence (X, 7 ) is homeomorphic to (X, 72) and (X, ) is CDH, but (X,7y,72) is not
p2-CDH.
For this, the rationals Q is 71 -dense and 75-dense. If there exists a p;-homeomorphism h:
(X,7m1,72) — (X, 71, 72) with h(Q)=Q, then the maps h: (X,71)— (X,72) and h:(X,72)—

(X,71) are homeomorphisms. But the first map will send (—00,-1) homeomorphically
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onto (1,00) and the second one will send (—o00,-1) homeomorphically onto (-1, 1), a

contradiction.

In the following examples we shall show that not every p;-CDH is p2-CDH, and
not every p-CDH is po-CDH.

EXAMPLE 2.6.

Consider (R, 7y, 7d4is). This bitopological space is p-CDH, because; if A and B
are countable p-dense subsets, then they are countable dense in (R, 7, ), Since (R,J,)
is CDH, there exists a homeomorphism h:(R, 7, )— (R, 7, ) such that h(A) = B. But the
same map h is a p-homeomorphism, i.e., h:(R,7,, 74is ) — (R ,7u, Tdis ) is p-homeomorphism
and h(A) = B. Tt is clear that Q is a countable p-dense set in (R, 7y, 74is ). Hence (R,
Tu,s Tdis ) 18 p-CDH.

On the other hand, since (R, 74;5) is not separable, hence (R, 7, 74is) is not
p2-CDH.

EXAMPLE 2.7.

Let X=R)\ | {0} and define the bases 01, 32 on X as follows:
B8 = {(a,b):a<b<0}U{{z}:2€ (0,00)},
O2 {{v}:y € (—00,0)} U{(c,d) : 0 < c < d}.

Then (; and [ are bases for some topologies 7 = 7(f1) and 70 = 7(02)
on X. Hence (X, 7,72) is p1-CDH: To see this, for the first condition, Q is a p-
dense set in (X, 71,72), in fact clicly (Q)=cl1[(Q N (—=00,0)) U (0,00)] = R\ {0} and
clacly (Q)=cla[(—00,0)U(QN(0,00))] = R\0. Now, if D; and D are two p-dense subsets,
since ((—00,0),7,) is CDH and ((—o0,0), 7, ) is homeomorphic to ((0,00), 7, ) then there
exists a homeomorphism hy : ((—00,0),7,) — ((0, —00), 7,) such that h(D;N(—o00,0)) =
Dy N (00,0). Similarly, there exists a homeomorphism hg : ((0,00),7,) — ((—00,0), 7)
such that ha(Dq N (0,00)) = Do N (—00,0). Thus h=hy Uhy: (X, 71, 72) — (X, 71, 72) is
p1-homeomorphism. Therefore (X, 7, 72) is p1-CDH.

Since (X, 71) is not separable, hence (X, 71, 72) is not pa-CDH.
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Although Example 2.7 shows that not every p;-CDH bitopological space is ps-

CDH bitopological space, we have the following theorem.

Theorem 2.8. If (X, 71,72) is a separable py-CDH bitopological space, then (X, 71, 72)
is po-CDH.

Proof. To prove this, it is enough to check condition (ii) of Definition 2.3. Let D; be
7 -dense subsets of X, i=1, 1. Hence D1 and Dy are p-dense sets. Since (X,T1,7T2) is
p1-CDH, so there exists a p1 -homeomorphism h:(X, 11, 72) — (X, 71, 72) such that h(Dy)
= Ds.

For the implications between p-CDH and py -CDH we have the following:

Theorem 2.9. If (X,71,72) is p1-CDH, then (X, 71,72 ) is p-CDH.

Proof. First condition of Definition 2.1 is already satisfied. For condition (ii), let Dy,
Dy be two countable p-dense subsets of X. Since (X, m1,72) is p1-CDH, hence there exists
a p1 -homeomorphism h:(X,m,72) — (X, 11, 72) such that h(Dy )=Ds, but such h is also
a p-homeomorphism.

Example 2.6 shows that the converse of Theorem 2.9 is false. In fact (IR, T, Tdis )
is not py -CDH, because; (IR, T, ) is not homeomorphic to (IR, T4;s ).

To complete the implications between p-CDH, p1-CDH and ps-CDH bitopological

spaces, we have the following questions.

Proof.

QUESTIONS 2.10.

Is every po-CDH bitopological spaces p-CDH?
QUESTIONS 2.11.

Is every po-CDH bitopological spaces p;-CDH?
At the end of this section we shall discuss the following question which may be in
mind: is there any relation between the countable dense homogeneity of the bitopological

spaces (X, 71,72) and their minimal topology (X, < 71,72 >); where < 71,72 > is the
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minimal topology containing 73 and 7o as a subbase on X. In fact one may ask the

following.

QUESTIONS 2.12.
Let (X, 71, 72) be bitopological space. Is it true that (X, 71, 72) is p-(p1—, p2 ) CDH
if and only if (X, < 7,72 >) is CDH?
Unfortunately, all implications in Question 2.12 are false. To see this, consider the

following examples.

EXAMPLE 2.13.

The bitopological space (X, 71 r., 7r.r. ) is not p-CDH, because; A = {1}, B = {0,1}
are countable p-dense sets but there is no bijection between them. Also, since (R, 71, ) is
not CDH, therefore (R, 71 s, 7rr. ) is not po-CDH. Finally, (R, 71 ., 7. ) is not p; -CDH,
because; it is separable. However, (R,< 71,7, >)=(R, 7,) is a CDH space.

Since (R < 7y, 74is >) = (R, 74is), which is not CDH, but (R, 745) is p-
CDH. For p-CDH, take Example 2.7 hence (R\ | {0}, 71,72), which is p;-CDH; but
(R {0}, < 7,72 >)=(R | {0}, 74s,) is not CDH.

Consider the following and last example.

EXAMPLE 2.14.

Consider the set R of reals, and define the following bases on it:

/i = {(a,b]:a,b€ R,a<bland
B = {la,b):a,b e R,a<b}.

Then it is easy to see that (R, 7(81), 7(82)) is p2-CDH, but (R, < 7(51),7(82) >)=
(R, Ta4is) is not CDH.
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P-CDH AND P-SEPARATION AXIOMS

Fitzpatrick and Zhou [2] discussed CDH spaces in the context of T} -spaces, Fitz-
patrick, White and Zhou [3] showed that the assumption Tj is redundant and they proved
that every CDH space is 77 . In this section we are going to adopt this to bitopological
spaces.

If D={d;,ds,...} CX and ECD such that D={d;,,d;,,...} where i; <is < ...,
then d;, is said to be the first element in E.

Lemma 3.1. A bitopological space (X, 71, 72) is p-Tp if and only if for every two distinct
points z, y in X we have cly{x} # cli{y} or cla{z} # cla{y}.

Proof. Straightforward.
Theorem 3.2. FEvery ps-CDH bitopological space is p-T

Proof. If (X, 71,72 ) is p2-CDH, then (X, 7 ) and (X, 7o) are CDH by Theorem 2.}
and hence they are Tv [2]. Thus (X, T1,72) is p-T1, as well as p-Ty.

Theorem 3.3. If (X, 11,72 ) p-CDH, then it is p-T; .

Proof. We shall give the proof as a consequence of the following steps:

(1) For each p-homeomorphism f: X—X and A subseteqX, we have f(cly ANclz A)

=cly (fA))Nclz (f(A)).

(2) Let D be a countable p-dense subset of X, choose a sequence z,e D such that
Zn 1 & N is p-dense and z,, & cli{xn} Nclo{zmn} for each n>m. Observe that if there
is no such an infinite sequence then X has a finite p-dense subset, which is impossible.
(3) Suppose there exist two distinct points x, y in X, such that x€ cl;{y} N cla{y} and
y€ cli{z},Nclof{x}, let Dy={x,: n€ N}, DyU{z,y}, so D1, Dy are two countable p-
dense sets, but there is no p-homeomorphism f such that f( Dy )=(D2) are two countable
p-dense sets, but there is no p-homeomorphism f such that f(D;)=Dsy so if x#y and
x€ ci{y} Ncla{y} then y & cli{x} Necla{z}.

(4) Let y €X,if cly {y}Nel2 {y} is infinite, choose an infinite sequence y,, € cly {y}Ncla {y},
Dy={z,: n € N} and Dy = D;U{y}U{y,: n € N}. So there is a p-homeomorphism f,
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such that f(Dg)=D;, then f(y)=x, for some n € N. Since z,, & cli{x,} N clo{x,} for
each m>n, then {f(y,): ne N}C f(cli{y} Nclof{y}) = cli{zn}) Nela{zn}, so { flyn) :
n € N} C {x1,22,...,2,}, which is a contradiction, so for each yeX, cly {y}Nel2{y}
must be finite.

(5) Let x€ X, then D;={x, : n € N} and Dy = D;U{x} are two countable p-dense
sets, so there is a p-homeomorphism f such that f(Ds) = Dy, then f(x)=z, for some n
€ N. By (1), f(ci{z} nela{z}) = clhi{zn} Nela{zn}.

Hence to complete the proof it is sufficient to show that card cly{z,} Ncla{z,}=1
for allne IN. Suppose that there exists n € IN such that card cli {x, } Nelo{z,} =k where
k>1. Let A=z;: card(cli{z;} Ncla{z;}) > k. B={x,: ne N}\ (ch{A} Nncla{A}),
Dy = AUB and Dy = D1U{y}, where y€ cly{xn} N clo{x,} and y# x,. Observe that
Dy and D are p-dense and card cli{y} Ncla{y} < k. Suppose f is p-homeomorphism
satisfying f(D1) = Da, then we have f(A)=A and if there exists ; € B such that f(z;)=y
and f(z,,,) =, for some z,, € A, since x; & cli{xm}Ncla{zy} then y & cli{x,}Necli{x,}

which is a contradiction.
Corollary 3.4. If (X, 11,72) is p1-CDH then it is p-T; .

proof. Let (X, 11,72) be a p1 -CDH bitopological space, hence it is p-CDH, by Theorem
3.3, it 1s p-Th
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