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A Class of Monoids Embeddable in a Group

Ebru Keyman

Abstract

In this paper, we develop a new method to show that a monoid, given by a
certain kind of presentation, embeds in a group. A mathematical device called the

diamond condition was used in [5] to prove that the singular braid monoid SB,

embeds. Motivated by this, we consider monoid presentations which have the basic
properties of the presentation of the singular braid monoid. In the same way as

in [5], we prove that the monoid embeds. The proof of the diamond condition is
completely geometric in [5], but here we prove it by using elementary algebraic

properties.

Key Words: Embedding, monoid presentation, group presentation, geometric
braids.

§1. Introduction

Every monoid can be presented by a set of generators X = {z; | ¢ € Q} and a set
of relations R = {u; = v; | i € '}, where Q, Q' are some indexing sets and and wu;, v;
are words in the free monoid F*(X) on X. The monoid presentation will be denoted by
X | R]. Two words w,w’ € F*(X) are the same element of M if there is a sequence
of words, w = w,,ws,...,w; = w’ where w; is obtained from w;_1, i = 1,...,t, by a
substitution of the form au;b < av;b for some defining relation u; = v; € R. We call
this an elementary substitution. If a monoid M is given by the presentation [X | R] then
the group of M is defined to be the quotient group F(X)/N(R), where F(X) is the free
group on X and N(R) is the smallest normal subgroup of F(X) containing the elements
g_luwi_lg where g € F(X) and u; = v; € R. We denote the group of M by G(M) and
we use < X | R > to show that the presentation is a group presentation. The natural
map from a monoid M to its group is not in general an injection even if left and right

cancellations hold, (see for example [1] and [4]).
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Proposition 1 If a monoid M embeds in a group G then it embeds in its group G(M).

In other words, if there is an injection M — G, then there is a commutative diagram

/!

G(M)
!
M — G

and M — G(M) is injective. O

Lemma 2 Let G be a group given by the presentation < X | R > and let u,v € F(X)

be such that u =g v. Then v can be obtained from w by applying a finite sequence of
elementary substitutions and the introduction or deletion of cancelling pairs of generators

axz b < ab— ax~lzb. O

Theorem 3 If a monoid M given by a presentation P = [A UB | R] where
A={a,...,an},

B ={b1,...,bn} and R = Ry URy URg3 URy satisfies:

R, consists of relations of the form u = v, u,v € FT(A).

Ro = {a;u; = w;a; = 1| for some u; € FT(A), foralli=1,... ,n}.

Ry consists of relations of the form ub; = byu for some j,k=1,...,m and u € FT(A).
Ry consists of relations of the form bjby, = bib; for some j,k=1,... ,m;

then M embeds in a group.

This is the main theorem of this paper. First let us notice that no b; has a right or a
left inverse. If B = () then M is given by the presentation [A | Ry UR2] and it is a group.

In short, we consider a presentation where invertable generators can have any relation
among each other but the non-invertable generators are subject to relations R3 and Ry.
The proof of the theorem will follow some definitions and observations.

In the set-up of the theorem, let X = A U B and consider the monoid M which is
presented by [X UB | RUR/] where B = {b; | j = 1,...,m} and R/ consists of the
following relations:
qu = byu if ub; = byu € R
bjb = bib; if bjby = brb; € R
bjby = bib; if bjby = brb; € R.

Observe that M is contained in M as a submonoid since, if two words x,y in the

alphabet of X are equal in M, then there is a sequence of elementary substitutions from
x to y. But for each of the substitution, we use a relation u = v which is in R because
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any word in the extra relations of M contains a letter which is not in X. Therefore z =y
in M.

Let = z129 € M, where = shows letter by letter equality or, in other words, equality
in the free monoid. Then we say that there is an elementary expansion from x to y in

M if Y= b;b;xs or Yy = x1b;b;xo for some b;, where = shows equality in M. We denote
this by 7 y. Equivalently, we say that there is an elementary collapse from y to x and

write y \ .

We say that = expands to y and write x " y if y is obtained from x by a finite sequence
of elementary expansions. We also say that y collapses to x and write y \, z if there is a
finite sequence of elementary collapses from y to x. If ~ denotes the equivalence relation

generated by z 7 y then by lemma 2, G(M) = M/, where b; € M is identified with
b; le G(M) by the isomorphism. An element y € M is said to be irreducible if there is
no x such that y X\ z.

Theorem 4 (Diamond condition) Let z,y,z € M such that x 7 y \\ 2. Then either

x = z or there is an element w € M such that z N w 7 2.

Proof Lety= x1b;b;z0 and x = x125. Suppose that y = 3/ = ZlbijZQ and z = z129.
We will observe how x1b;b;25 is transformed into ZlbijZQ through elementary sub-
stitutions and keep track of the inserted pair b;b; throughout the transformation. To

make life easy we will write the inserted pair b;b; in bold b;b; and their images under
the elementary substitutions will also be written in bold. So, for example, if we apply
the substitution ub; < bju we will write ub; < bju. Let ¢ = ¢, ...¢1 be the chain of

elementary substitutions which take x1b;bzs to 21 bijZQ. The pair bij may or may not

be bold. We will study this in three cases below. Let ¢ be the transformation ¢, where
¢k is replaced by the identity transformation if ¢y is a substitution of a subword which

contains b or b (with some indices of course). This makes sense since all the defining
relations of the monoid which involve elements of B are of the form ub = bu or ub = bu,
where u € FT(A) or is a single b; or b;. Replacing b by 1 will give the trivial substitution.

Case 1: y = zlbjl_)jzg. Then clearly ¢p(x) = 2122 and hence z = z.

Case 2: y = z1b;b;22. The b; (which is in roman typeset rather than bold to indicate
that it is not the image of the bold b; under ¢) must appear in y as well possibly with
a different index, say ji, and hence y = $1151$12bi5i$2152$22, where {s1, 52} = {bjl, 1}.
Without loss of generality, let us assume that so = bj,. (Indeed, this has to be the case

and can be observed by the fact that bb # bb but this is not relevant to our argument.)
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Soy= $1bil_)i$21bj1$22 and similarly £ = z1221b;, 22, where x5 = 221bj, x22. Also the
bold b; in y must appear in ¢/, say iy = znbilzlgl_)jbsz and hence z = z11b;, 21222 with
21 = z11bi, z12. I ¢(y) = ¢/, then ¢p(x) = z11212bj22.
Claim: z11212bj22 = 211by, 21220.

Let us duplicate the bold pair by expanding y to w = J?lbil_)ibil_)i.ﬁglbjl.fgg. We assume
that the middle b;b; is the inserted pair. Define ¢; (w) as follows. Follow every elementary
substitution which involves the old b (b) in ¢ by the same substitution applied to the new
b (b). To see that this is possible, it is enough to look at the relations of the presentation
and observe that in w all the bold letters are adjacent. So ¢1(w) = znbill_)ilzlgbjl_)jbsz.

On the other hand, let ¢2(w) be the transformation where the inserted pair b;b; follows
the old l_) Then we get (bg(ﬂ)) = lebilzlgl_)jbjl_)jijQ.

w = lebilbilzlgbjl_)jijQ = lebilzlgl_)jbjl_)jijQ
U v U

Yy = lezlgbjbjijQ = lebilzlgbjijQ

I I I

T = Z11212bj22 = z11byi, z1220.

The collapses give the same word by the first case and this proves case 2.
Case 3: Let iy = ZlbijZQ. Then we have y = 21181L1252L13DiD;T2183T2284223 and
yl = 211t1Zlgtgzlgbij221t3222t4223, where {51, $2, 83, 54} = {b, B, 1, 1} and

{tl, tQ, t3, t4} = {b, b, 1, 1}. Then x = T1T2 = X1151X1252X13X2153T2254T23 and
Z = z129 = z11t1212t2213221132221 4 203!

— = . I — /
Yy = T115121252213b;bix2153T2254703 = z11t1z12t2213bb 2018320084203 = Yy
r = T1181T1282213%2153L2254T23 z11t1212t2213221t3 2224 223 = z
1
1 ¢b L@ b
211212213bjbj221222223 211212213bibiT21 222723
(¢p); "
211%212%713%21222223 - T11212X13221L22723

So we have = N\ 211 212213221222223 = T11L12213T21%22T23 7 z. This proves the final
case. Note that the only other possibilities are 3y’ = ZlijjZQ ory = ZlijjZQ which are

equivalent to second and third cases respectively. Also y = x1b;b;xs is just the symmetric
of the cases above and does not make any difference in the proof. O
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Proposition 5 Let x,y, z € M, where z, z are words in the alphabet of X only. If there

is a sequence x 7 y ™\ z then x =,, 2.

Proof Every element of M is irreducible so there is no 3’ such that x g/, Therefore

by the diamond condition z = z in M. Since M injects into M the equality is true in
M. O

Proof of Theorem 3 Let G be the group of M. If u,v € M are equal in G then
by lemma 2 there exists a sequence v = u, /" u1 \, u2 /" ...\, ux = v. Note that the
first step is always an expansion and the last always a collapse since u, v are irreducible.

Every expansion/collapse is a sequence of elementary expansions/collapses. Consider
Uo /" uy \, uz where u, /" uj is given by u, =1, 7 11 7 ... 7 xp, = up and uy \, us
is given by u1 = ¥, N y; N ... X g So we have an intermediate stage zx, 17 u1
N y;. Since M is diamond, we can either replace Tk,—1 by Y1 or we can replace zj, 1

7 u1 Ny by zk, 1 N uj 7 y;. In both cases the length of the expansion and the

collapse reduces by one. Applying this procedure finitely many times we will obtain a

new sequence u = v, Z v1 Nwvy 7 ... Xy, = v. Now since v € M by the above
proposition, © =,, v1 =,, ... =,, v. This is exactly what we want to prove, i.e. u=,, v.
O

Application

Baez [2] and Birman [3] introduced the singular braid monoid SB,,. In [6], we study

some properties of a larger class of monoids, which we call the geometric singular braids.
Geometric singular braids form a monoid which admits a presentation satisfying the
conditions of theorem 3 and therefore they embed in a group. This result helps us
to imagine the “inverses” of singular points as geometric objects. Consider the braid
diagrams on n-strings including singular points of any order £ < n. We can perform an
operation on these diagrams by putting two diagrams « and 3 side by side, joining the
initial points of 3 to the final points of a to obtain the diagram af3. There is a natural

equivalence on the diagrams corresponding to the isotopies of R3 fixing the end points
and leaving the diagram unchanged in a small planar neighbourhood of a singular point.
We call the equivalence class of diagrams geometric braids. With the above operation
geometric braids form a monoid which is denoted by M B,,. Note that the monoid SB,,
is a submonoid of M B,,.

We can present M B,, with generators A = {o;, Ui_l, i=1,---,n—1}
B={ur(m),i=1,---,n—-1i+k<n+1, 7€ Sy} Here, aiﬂ correspond to positive
and negative crossings of the 7, 41 strings as in classical braids and f; () is the singular
point where 4,7+ 1,---,¢+ k — 1 strings intersect with permutation 7. For example the

braid in the figure is p1 3(m)o2pu1 2(p), where m = (13) and p = (12). The relations are
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Figure 1. A geometric braid diagram on 3 strings

R URs UR3URy4 where:

005 = 0404 ifli—j|>1
R, = e )
oiojo; = ooy if|li—j|=1

These are the classical braid relations and correspond to the isotopies away from the
singular points.

Ry = {oi0; ' =0;'0;=1,i=1,-- ,n—1}.

R3 consist of relations of the form

wik(mo; =ojpuip(m)ifi+k<j+lorj+1<i,
Wi k()0 = 0 kpri—1 k(m) where §; k = 04104+ 0ipp—2and 1 <i<n—k+1,
i ()0 = kuz_ﬂ (m) where 51{,1@ =0jik-1---o;and 1 <i<n-—k,
Wik (M) Ag ke = A ik (7') where Ajp = di41 k-1 0iy1,1 and
7T,:<1 e k=1 k >ifﬂ:<1 2 -k >
k+1—ar -+ k4+1—a k+1—a ar as -+ ag

The first of these relations is the commutation of a crossing with a singular point if
they are on disjoint strings. The next two are moving an arc over or under a singular
point and the last one is a twist around a singular point. Note that the permutation of
the singular point changes only in the last relation, because in this case we are rotating
the point 180 degrees so we read the permutation from upside down. R4 indicates that
the singular points on disjoint strings commute.

Ry = {pin(m)pji(p) = pia(p)pip(m) i j+1>i+korit1>j+1}

This monoid clearly satisfies the condition of Theorem 3 and hence embeds in a
group. Let GB, =< AUB | R;, i = 1,2,3,4} be the group of geometric braids. This
group does not have a real geometric meaning since the cancellation of a singular point
is not an isotopy. But because of the embedding we can visualize an element of the
group by a diagram denoting the inverse of a singular point with say a white blob while
denoting the singular point by a black blob. The inverses have the same geometry as the
singular points. Moreover, by putting restrictions on the types of crossings we can obtain
submonoids and subgroups of the geometric braid monoid and group, respectively.
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