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Abstract: Wavelet packet modulation (WPM) is a potential candidate in wireless communication systems by virtue
of its flexibility and modular implementation capability. However, WPM suﬀers from high peak-to-average power ratio
(PAPR), which results in signal distortion when a high-power amplifier is employed at the transmitter. The partial
transmit sequence (PTS) is an attractive PAPR reduction method, but its computational complexity is high. In this
paper, we propose a PTS based on the genetic algorithm (GA) scheme (GA-PTS) to reduce the computational complexity
of the PTS in the lifting-based WPM (LBWPM) systems. Simulation results show that the proposed GA-PTS scheme
provides significant improvement in PAPR reduction while maintaining a low computational load. The cumulative
distribution function performance of the LBWPM system is better than the performance of the classical WPM.
Key words: Peak-to-average power ratio, wavelet packet modulation, partial transmit sequence, genetic algorithm

1. Introduction
Multicarrier transmission systems have well-known advantages, such as high bandwidth eﬃciency, eﬃcient implementation, narrowband interference, and robustness to frequency-selective fading. Besides these advantages,
it has high side lobes, requires the use of cyclic prefix, is sensitive to time and frequency synchronization, and suffers from intercarrier interference, narrowband interference, intersymbol interference, and high peak-to-average
power ratio [1–4].
The above disadvantages of orthogonal frequency division multiplexing (OFDM) systems can be eliminated or reduced with the use of wavelet transforms instead of fast Fourier transform (FFT). The spectral
eﬃciency of OFDM systems can also be improved with the use of wavelet transforms. For example, the orthogonality in time and frequency domains eliminates the requirement of a cyclic prefix or guard interval, and
also results in lower side lobes in the transmitted signal, which in turn reduces the intercarrier interference and
narrowband interference.
According to the construction method of wavelets, wavelet transforms have diﬀerent classifications and
characteristics like the first-generation wavelet transform and the second-generation wavelet transform. The
wavelet transforms that use Fourier analysis as a fundamental tool for transformation are called classical or firstgeneration wavelet transforms [5]. They have been used successfully for signal processing and image processing
applications [6]. The wavelet transform that uses a lifting scheme for the generation of wavelets is called lifting∗ Correspondence:
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based wavelet transform (LBWT) or integer wavelet transform. The lifted wavelet transform eliminates the
limitations of first-generation wavelet transform such as implementation only for periodic or infinite signals. In
addition, due to the elimination of Fourier analysis, computational eﬃciency of the LBWT is greater than that
of first-generation wavelet transform [7,8].
The replacement of FFT by wavelet transforms in OFDM (WOFDM) does not eliminate high PAPR,
which is also the major drawback of WOFDM. High PAPR reduces the eﬃciency of OFDM systems by decreasing
the eﬃciency of radiofrequency power amplifiers and increasing the complexity of analog-to-digital and digital-toanalog conversions. In the literature, clipping [9], clipping and filtering [10], tone injection [11], tone reservation
[12], coding [13], peak windowing [14], active constellation extension [15], interleaving [16], selected mapping
[17], and the partial transmit sequence (PTS) [18,19] are used to reduce the PAPR. All these methods reduce the
PAPR at a diﬀerent level and each of them have their own advantages and disadvantages. The most commonly
used method among these techniques is the PTS scheme.
The PTS scheme consists of the following steps: division of input signal into several disjoint subblocks,
transformation of subblocks using inverse FFT for OFDM and inverse discrete wavelet transform for WOFDM,
rotation of subblocks by a set of phase factors, and lastly summation of subblocks. An increase in the number of
subblocks and phase factors causes a considerable amount of computations. In this paper, the PTS is combined
with a genetic algorithm (GA) to decrease the computational complexity.
The GA is a type of evolutionary computing and it searches the probabilities by simulating natural
evolution. It is generally used in optimization problems to find useful solutions. In this work, a GA is applied
to obtain optimum phase factors that reduce the PAPR [20].
The paper is organized as follows: in Section 2, the system model is introduced. In Section 3, the
genetic algorithm for PAPR reduction is explained. In Section 4, simulation results are given. In Section 5, the
conclusions are given.
2. System model
The configuration of the system model used for the computer simulations is illustrated in Figure 1. In the system,
data are interleaved to convert burst errors induced by the channel noise into random errors. Interleaved bits
are modulated using QAM modulation. The modulated data flow is subjected to the inverse integer wavelet
transform (IIWT) for the conversion of the data in both frequency and time domains. PTS is used for the
reduction of PAPR. PTS needs side information to provide the original WPM signal at the receiver. The
signal is then amplified by a high-power amplifier (HPA) and a cyclic prefix is added to the signal to rule out
intersymbol interference arising from the channel. After that the data flow is transmitted over the channel. In
the receiver, the cyclic prefix is pulled out from the transmitted signal. After the integer wavelet transforms,
phase rotation is performed to obtain the phase of the original WPM signal by aid of the side information.
After all this, the demodulation is achieved and each demodulated symbol is conveyed to the original place in
the bit sequence by the deinterleaver [21].
2.1. Lifting-based wavelet transform
The proposed method uses LBWT in order to reduce the PAPR with the GA-PTS algorithm. In the LBWT,
the computational eﬃciency is higher than the computational eﬃciency of the first-generation wavelet transform
because the LBWT is quicker in computations by a factor of two. LBWT can be performed even faster with
only integer addition and shift operations. The available data set being processed is divided into even and odd
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positions. This has the advantage of not requiring temporary arrays in the calculation steps. The first step,
which is called the prediction step, calculates the wavelet function in the wavelet transform. This is a high-pass
filter. The updating step calculates the scaling function, which results in a smoother version of the data. This
operation can be divided into split, predict, and update steps as follows [22].
Input bit
stream

QAM
Modulation

Interleaver

IIWT

PTS

Add Cyclic
Prefix

HPA

Side
Information
Output bit
stream

QAM
Demodulation

Deinterleaver

Phase Rotate

Channel

Remove Cyclic
Prefix

IWT

Figure 1. Block diagram of the system model.

1) First, the input signal sj+1,k is split into two disjoint signals, which are called the odd position
signal sj+1,2k+1 and the even position signal sj+1,2k . These signals are modified by alternating prediction and
updating operations:
sj+1,2k sj+1,2k+1 = Split (sj+1,k ) .

(1)

2) In the prediction step, the average of two adjacent even samples is calculated. For example,
/
P redict (sj+1,2k ) =(sj+1,2k +sj+1,2k+2 ) 2.

(2)

It is then subtracted from the odd sample to form the prediction error. A first lifting step is given as
dj,k =sj+1,2k+1 −P redict (sj+1,2k ) ,

(3)

where dj,k is the detail coeﬃcient.
3) In the update step, new values of the odd samples are combined in a linear order with even samples
to form the updated sequence:
sj,k =sj+1,2k +U pdate (dj,k )
(4)
where sj,k is the scaling coeﬃcient. For precise wavelets, the prediction and updating steps may be repeated
several times before the result is obtained. Figure 2 shows the implementation of the lifting-based scheme.
Primal Lifting
Odd

Input

Split

Even

Detail

Predict

Update

Dual Lifting

Figure 2. The implementation of lifting-based scheme.
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The implementation of the inverse lifting-based scheme, which also consists of three types of operations,
is illustrated in Figure 3.

Primal Lifting
Detail

Predict

Update

Scaling

Merge

Dual Lifting

Figure 3. The implementation of the inverse lifting-based scheme.

1) The second lifting step is readily invertible and the even position signal is recovered. If Eq. (4) is
reversed and the subtraction operation is put back in place of addition, a subset of the even number index is
found.
sj+1,2k =sj,k −U pdate (dj,k )
(5)
2) A subset of the odd number index is reconstructed by adding the detail coeﬃcients and the prediction
of the subset of the even number index:
sj+1,2k+1 =dj,k +P redict (sj+1,2k ) .

(6)

3) In the last stage, a signal is obtained by subsets of the odd number and even number indexes:
sj+1,k = M erge (sj+1,2k ,sj+1,2k+1 )

(7)

3. Genetic algorithm for PAPR reduction
3.1. Genetic algorithm
The GA is an optimization method proposed in the early 1960s by John Holland. It tries to find the values that
minimize a given cost function. The values are found from a solution space. Both the cost function and the
solution space are defined according to the investigated problem. This operation is based on the evolution of
natural systems. Natural evolution is processed in three main steps. First, a population with n chromosomes
is generated randomly. Second, this population is exposed to some evolution mechanisms like crossover and
mutation to form a new population with the hope of it being better. Finally, some parts of the population are
selected according to their fitness values as in natural selection [23–25].
3.2. Phase factor optimization by GA
The GA serves as a solution to find a suitable phase factor set that minimizes the PAPR in a transmitted signal.
It decreases the computational load of the PTS technique by searching a small piece of a set of possibilities
instead of the whole set as in the classical PTS. This small set is constructed like a biological population. The
population is defined by P chromosomes with M genes, where P is the population size and M is the number
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of subblocks. The values of genes are referred to as phase factors in PTS and they are selected randomly for
the initial population. The initial values of genes are defined as
∅i = (∅h −∅l ) u−∅l ,

(8)

where ∅h and ∅l refer to the highest and lowest values in the variable range, respectively, and u refers to
random values between and 1. The values −1 and 1 are used for ∅h and ∅l , respectively. The PAPR values for
each chromosome are then computed by multiplying partial transmit sequences with the set of phase factors.
These values are used as cost values and then they are sorted from minimum to maximum. Some chromosomes
with the lowest cost values are mated together and used to construct a new population. The remaining part
of the population is omitted. The new population is created by means of children chromosomes. Children
chromosomes are created by the combination of some elements of each mated chromosome. This operation is
called crossover. Thereafter, a local search for optimization within a chromosome is started by the modification
of the position of one or more genes and it is saved as a new population for a further run of the algorithm. The
termination criteria for the iteration loop are checked at this stage. If the cost value is less than a specified
value or the number of iterations is greater than the maximum permissible number of iterations, the iteration
loop is terminated. Otherwise, the iteration loop is repeated by the new population saved. The flowchart of the
proposed GA is shown in Figure 4.

Define cost function and
select GA parameters
Generate initial phase rotation vector

Calculate the PAPR values for each
chromosome
Construct new population by selecting
chromosomes with lowest costvalues and
performing crossover

No
Target cost achieved
Yes
Present population
Figure 4. Flow chart of the proposed GA-PTS.

The optimization problem of PAPR is the problem of searching the optimal phase factor ∅ to obtain the
minimum PAPR. The solutions of the potential phase factors are represented with continuous values in the GA.
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TAŞPINAR and TOKUR BOZKURT/Turk J Elec Eng & Comp Sci

Therefore, a solution is created from a continuous value by
{

1,
if 3π
4 ≤∅≤
−1, otherwise

∅=

5π
4

.

(9)

3.3. PTS for PAPR reduction using GA
The PAPR of the baseband transmitted signal x(t) is defined as the ratio of the peak power
{
(
{
(
})
})
2
2
Ppower = max |x(t)|
of the transmitted signal to that of the average power Pave = E |x(t)|
. In
digital implementations of communications transceivers, rather than using the continuous time signal x(t) in
PAPR computation, we instead work with x[n], the discrete time samples of x(t) . PAPR is expressed as:
{
}
2
max |x[n]|
{
} ,
P AP R =
2
E |x[n]|

(10)

where E denotes the ensemble average calculated over the duration of the WPM symbol.
In this paper, the performance of the proposed PAPR reduction scheme is demonstrated through the
complementary cumulative distribution function (CCDF) of PAPR, which is a performance metric. Given a
value of P AP R0 > , the probability of the event that P AP R > P AP R0 is the CCDF and is expressed as follows
[21]:
CCDF (P AP R0 ) = P r {P AP R > P AP R0 } .

(11)

For practical reasons, the CCDF of PAPR is calculated based on the percentage of the WPM frames for which
PAPR exceeds the threshold P AP R0 .
The block diagram of the GA-PTS method is shown in Figure 5. In the first stage of the proposed
method, data X are divided into M seperated subblocks. The separated subblock X is denoted as

X=

M
−1
∑

X (m) .

(12)

m=0

The subblock vectors are oversampled by (L − 1) N where L is oversampling factor. Oversampled subblocks are
]
[
(m)
(m) (m)
exposed to IIWT operating with size LN , and subblocks are transformed into x(m) = x0 ,x01 , . . . ,xLN −1 ,
{
}
0 ≤ m ≤ M − 1. Each subblock is rotated by phase factors bm =ejθm , where θm ∈ 2πk
W | k = 0, 1, . . . , W − 1
for m = 1, 2, . . . M and in the end the subblocks are added and the WPM signal becomes
′

x (n) =

M
−1
∑

bm x(m) .

(13)

m=0

PTS is used to obtain the optimal phase factors. Since the phase factor related to the first subblocks is taken
as b0 = 1 , there are W M −1 alternative b combinations, where b = [b0 b1 b2 , . . . ., bM −1 ] and W is the number
of the phase factors. In sequence b, the bm values are as follows:
bm = ±1 for W = 2.

(14)
189
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Phase rotation coeﬃcients and phase vectors of modified subblocks are collected and then are brought together
as in Eq. (13):
′

x (n) =

M
−1
∑

bm IIW T {X (m) .

(15)

m=0

The PAPR value of the signal is brought to the size of 1 × N again and the optimal phase factors are found.
After applying the PTS technique, the signal providing the value of the lowest PAPR is transmitted to the
receiving side. The phase product vector providing the value of the lowest PAPR must be delivered to the
receiving side.

N-point IIWT

…

N-point IIWT

…

Input data

S/P
and
partition
into
subblock

+

N-point IIWT

...

...

GA phase optimization

Side information

Figure 5. Blocks diagram of the GA-PTS model.

4. Simulation results
Simulations were performed using the CCDF and bit error rate (BER) criteria to verify the performance of the
proposed PAPR reduction schemes. In the simulations, the performance of the proposed system is compared
with the performance of the OFDM system. The systems are considered with N = 256 subcarriers and QAM
modulation. In the PTS optimization, the number of the phase factor W = 2 and subblocks M = 2, 4, 8, 16 are
chosen. The solid-state power amplifier (SSPA) is used with input back-oﬀ factor IBO = [0, 3, 6, 9, 12] dB and
smoothness factor p = 2. The communication channel is an additive white Gaussian noise (AWGN) channel.
The simulation parameters are also documented in the Table 1.
In Figure 6, the variations of PAPR 0 (dB) versus CCDF for the classical WPM (CWPM) and liftingbased WPM (LBWPM) using 1st, 2nd, 3rd, 4th, 5th, and 6th Daubechies wavelets are given. According to
Figure 6, the 2nd Daubechies wavelet yields the worst performance while the 1st Daubechies wavelet yields
the best performance for the CWPM. The 6th Daubechies wavelet yields the worst performance while the 1st
Daubechies wavelet yields the best performance for the LBWPM. The PAPR of the first-generation WPM using
the 2nd Daubechies wavelet is 10.67dB and using the 1st Daubechies wavelet is 9.12dB when CCDF = 10−3 .
The PAPR of the LBWPM using the 6th Daubechies wavelet is 7.82dB and using the 1st Daubechies wavelet
is 6.14dB when CCDF = 10−3 .
In Figure 7, comparison of PAPR 0 (dB) versus CCDF are given for the original OFDM, original WPM,
OFDM using GA, and WPM using GA with N = 256 , M = 16 , and W = 2 values. It is seen from Figure
7 that the PTS method using the GA yields better results according to the classical PTS method for OFDM
and WPM systems. In addition, the PTS method using the GA for WPM yields better results than the PTS
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method using the GA for OFDM. For example, the PTS method using the GA for OFDM has 6.84dB while
the PTS method using the GA for WPM has 6.30dB when CCDF = 10−3 .
Table 1. Simulation parameters.

Symbol
QAM
N
M
W
SSPA, linear amp.
IBO
P
AWGN
G
P
CR
MR

Quantity
Modulation method
Number of subcarriers
Number of subblocks
Number of phase factors
Amplifier
Input back-oﬀ
Smoothness factor
Channel
Generation
Population
Crossover rate
Mutation rate

–1

10

–2

10

10–3
4

5

6

7

8
9
10
PAPR 0 [dB]

11

12

13

256
2, 4, 8, 16
2 (±1)
0, 3, 6, 9, 12 dB
2
16
64
0.5
0.3

10 0

db2 CWPM
db3 CWPM
db6 CWPM
db5 CWPM
db4 CWPM
db1 CWPM
db6 LBWPM
db3 LBWPM
db2 LBWPM
db5 LBWPM
db4 LBWPM
db1 LBWPM

CCDF (Pr[PAPR>PAPR 0])

CCDF (Pr[PAPR>PAPR 0])

100

Value

14

Original OFDM
Original LBWPM
GA–PTS OFDM
GA–PTS LBWPM

10–1

10–2

10–3
4

5

6

7

8
9
PAPR 0 [dB]

10

11

12

Figure 6. Comparison of the PAPR 0 (dB) versus CCDF

Figure 7. Comparison of the PAPR 0 (dB) versus CCDF

of classical (first-generation) WPM and LBWPM.

for PTS method using genetic algorithm in OFDM and
LBWPM systems with N = 256 , M = 16 , and W = 2
values.

In Figure 8, PAPR 0 (dB) versus CCDF results are shown for the LBWPM system using GA-PTS with
diﬀerent values of the number of subcarriers and the number of subblocks for W = 2 . According to Figure 8, the
value of PAPR decreases when the number of subcarriers and the number of subblocks increase. For example,
the system with N = 128, M = 2 has 8.34dB and with N = 256 , M = 2 has 8.11dB when CCDF = 10−3 .
On the other hand, the system with N = 128 , M = 16 has 6.57dB and with N = 256 , M = 16 has 6.3dB
when CCDF = 10−3 .
In Figure 9, the comparisons of the BER versus signal-to-noise ratio (SNR) are given for GA-PTS for
diﬀerent input back-oﬀ (IBO) values for the LBWPM system with N = 256 , M = 16 , and W = 2 . It is
illustrated that BER values decrease when IBO values increase. For example, the system with IBO = 0 yields
7 × 10−2 BER while the system with IBO = 12 yields 7 × 10−3 BER when SN R = 15dB .
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N=128 Original
N=256 Original
N=128 M=2
N=256 M=2
N=128 M=4
N=256 M=4
N=128 M=8
N=256 M=8
N=128 M=16
N=256 M=16

10–1

10–2

100

10 –1
Bit Error Rate

CCDF (Pr[PAPR > PAPR 0 ])

10 0

10 –2

10 –3

10

Linear
IBO=0
IBO=3
IBO=6
IBO=9
IBO=12
5

–4

10–3
5.5

6

6.5

7

7.5
8
PAPR 0 [dB]

8.5

9

9.5

10

Figure 8. Comparison of the PAPR 0 (dB) versus CCDF
for LBWPM system using GA-PTS with diﬀerent values
of N and M for W = 2 .

0

10

15
SNR in dB

20

25

30

Figure 9. Comparisons of the BER versus SNR at GAPTS for diﬀerent IBO values for LBWPM system with
N = 256 , M = 16 , and W = 2 values.

Table 2 shows the number of search values for OFDM, CWPM, and LBWPM using diﬀerent PTS
15

schemes to find the phase factors. It is shown that W M −1 = 2 = 32768 searches are required for optimum
PTS. The search complexity is proportional to P × G , where P is the maximum size of the population
and G is the generation. PAPR values close to optimum PTS schemes can be obtained by GA-PTS with
P × G = 64 × 16 = 1024 searches and RS-PTS with 2000 searches. The GA-PTS with 1024 searches was only
0.15dB , 0.3dB , and 0.18dB higher than the optimum PTS in the LBWPM, CWPM, and OFDM systems,
respectively. On the contrary, GA-PTS has only 1024/32768 = 3.12% search complexity when compared with
optimum PTS. Additionally, GA-PTS with 1024 searches was only 0.2dB higher than RS-PTS with 2000 but
GA-PTS has 1024/2000 = 51.2% search complexity when compared to RS-PTS in the systems.
Table 2. Computational complexity of the diﬀerent PTS methods.

Method

Number of searches

Original PTS
Optimum PTS
RS-PTS
GA-PTS

0
15
W M −1 = 2 = 32768
2000
G × P = 1024

PAPR (dB),
OFDM
11.91
6.66
7.20
6.84

PAPR (dB),
CWPM
9.28
6.41
7.02
6.71

PAPR (dB),
LBWPM
8.39
6.15
6.51
6.30

In Figure 10, PAPR 0 (dB) versus CCDF results are shown for the OFDM, CWPM, and LBWPM systems
using optimum PTS, original PTS, RS-PTS, and GA-PTS for N = 256 , M = 16 , W = 2 values. It is seen that
the PAPR performances of the GA-PTS of all systems are better than RS-PTS and are lower than optimum
PTS.
Figure 11 shows a zoom version of the three systems with optimum PTS, RS-PTS, and GA-PTS.
According to Figure 11, the RS-PTS method yields the worst performance while GA-PTS methods yield close
to optimum PTS for all systems. For example, the LBWPM system when CCDF = 10−3 with RS-PTS has
6.51dB and the LBWPM system with GA-PTS has 6.30dB ; the value with GA-PTS is only 0.15dB lower than
the value of optimum PTS. It is also shown that GA-PTS in the LBWPM system has better PAPR reduction
performance than in the CWPM and OFDM systems.
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10
Original OFDM
Original CWPM
Original LBWPM
RS-PTS OFDM
RS-PTS CWPM
GA-PTS OFDM
GA-PTS CWPM
Optimum OFDM
RS-PTS LBWPM
Optimum CWPM
GA-PTS LBWPM
Optimum LBWPM

10 –1

10 –2

10 –3 6.2 6.5
3
4
5

CCDF (Pr[PAPR>PAPR 0 ])

CCDF (Pr[PAPR>PAPR 0 ])

100

0

–1

10

RS-PTS OFDM
RS-PTS CWPM
GA-PTS OFDM
GA-PTS CWPM
Optimum OFDM
RS-PTS LBWPM
Optimum CWPM
GA-PTS LBWPM
Optimum LBWPM

–2

10

–3

6

7

8
9
10
PAPR 0 [dB]

11

12

13

10

14

Figure 10. Comparison of the PAPR 0 (dB) versus CCDF
in LBWPM, CWPM, and OFDM systems for optimum
PTS, original PTS, RS-PTS, and GA-PTS with N = 256 ,
M = 16 , and W = 2 values.

5

5.5

6
PAPR 0 [dB]

6.5

7

Figure 11. Zoom version of Figure 10 in the case of optimum PTS, RS-PTS, and GA-PTS in LBWPM, CWPM,
and OFDM systems.

In [20,23], the GA-PTS was proposed to reduce PAPR in classical (first-generation) WPM. In Figure
12, the CCDF values are illustrated for the PTS method using the GA in CWPM and LBWPM systems for
N = 128 and M = 8 subblocks. The PTS method using the GA for LBWPM yields better results than the PTS
method using the GA for CWPM. For example, the PTS method using the GA for CWPM has 7.57dB while
the PTS method using the GA for LBWPM has 6.79dB at CCDF =10−3 . Here, size of population is P = 500
and maximum iteration (or generation) is G = 46 for the CWPM, while they areP = 64 and G = 16 for the
LBWPM. In [20], PAPR with search complexity P × G = 500 × 46 = 23000 was 7.36dB when CCDF =10−2 .
In the proposed system, PAPR with the search complexity P × G = 64 × 16 = 1024 is 6.63dB . The GA-PTS in
the LBWPM system is 0.73dB lower than the GA-PTS in the CWPM system and the GA-PTS in the LBWPM
system has only 1024/23, 000 ≈ 1/23 search complexity when compared to the GA-PTS in CWPM system.

CCDF (Pr[PAPR > PAPR 0])

100

10–1
GA-PTS CWPM [20]
GA-PTS LBWPM
10–2

4

4.5

5

5.5

6
6.5
PAPR 0 [dB]

7

7.5

8

Figure 12. Comparison of PAPR 0 (dB) versus CCDF in LBWPM and CWPM systems for GA-PTS with N = 128
and M = 8 .
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5. Conclusion
In this paper, a GA is applied to PTS for the reduction of PAPR in LBWPM. The proposed method is compared
with original PTS, optimum PTS, and RS-PTS in LBWPM, OFDM, and CWPM systems. Comparison of RSPTS and GA-PTS shows that PAPR reduction performance and computational complexity of the GA-PTS
are better than RS-PTS for the OFDM, CWPM, and LBWPM systems. Moreover, the PAPR performance of
GA-PTS is maintained close to PAPR values of the optimum PTS while providing a low computational load.
The simulation results also show that the proposed GA-PTS in LBWPM provides better PAPR reduction than
GA-PTS in OFDM and CWPM.
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