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Abstract: This work investigates the role of the Weyl tensor in the formation of a black hole. We discuss
the development of the Weyl tensor and prove its existence in spacetime during the gravitational collapse
of cosmic objects, utilizing the Riemannian curvature tensor, Ricci tensor, Kulkarni-Nomizu product, and
Schouten tensor. By decomposing the Weyl tensor, we use theorems and proofs that satisfy the exact solutions
of the Einstein field equations. We observe that the Riemann curvature tensor and Weyl tensor share the same
symmetric identities, as trW(4,.)o = 0 such that Wss~, = 0 when Riemannian curvature tensor, Rss~r = 0.
Additionally, the Riemann curvature and Weyl scalar tensor invariants are conformally related to each other,
2

as R‘S"”R(ggw = W‘”"YTW&,W = 48(6?76]\4) in the Schwarzschild metric. From the Einstein field equations,
the Ricci tensor is R, = 0; consequently, the stress-energy tensor, T, = 0, indicating that the Einstein field
equation is empty space. However, in the Schwarzschild black hole solution, the Ricci tensor vanishes, but the
Weyl tensor does not. Additionally, it seems that divergence occurs around the event horizon in a stagnant and
uncharged Schwarzschild black hole with proper acceleration. Furthermore, the investigation into the existence
of the Weyl tensor in the Schwarzschild black hole reveals its presence. We also explore the Reissner—Nordstrom,
Kerr, and Kerr—-Newman black holes by examining the coupling between the Einstein-Maxwell field equations
and the Weyl tensor, utilizing small Weyl corrections. We obtain the metric that reduces to the Kerr—Newman
black hole solution in Boyer-Lindquist coordinates when « = 0. The same metric equation obtained reduces to
Kerr black hole solutions when the electric charge ¢ = 0 and the coupling parameter o = 0. Furthermore, when
the parameter of the charged rotating black hole a vanishes, we obtain solutions for the static and spherically
symmetric black hole with Weyl corrections. When the terms a = ¢ = 0, the obtained metric reduces to the
Schwarzschild black hole solution.

Key words: Gravitational collapse, Riemann curvature tensor, Schwarzschild black hole, Reissner—Nordstrom
black hole, Kerr and Kerr—Newman black holes

1. Introduction

Gravitational collapse is the contraction of an astronomical object due to the influence of its gravity,
which tends to pull matter towards the center of gravity [1-4]. The formation of black holes is
the result of collapsing objects, allowing for the creation of a wide range of structures early on. A
well-defined event horizon is a part of the spacetime region where the geometry behaves similarly
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to the external environment, leading to a highly constrained state of equilibrium with gravitational
radiation emitting in various directions [2, 5-9]. In 1929, Herman Weyl introduced Weyl’s equations
as an alternative to the Dirac equation for describing subatomic particles such as nucleons [10-13].
Ordinary Dirac fermions can be derived from and are composed of two Weyl fermions [14]. Initially,
neutrinos were thought to be Weyl fermions, but they were later found to possess mass. In General
Relativity, the Weyl tensor provides the Riemannian curvature, while the Ricci tensor equals zero due
to the nature of the Weyl tensor. The Ricci tensor, in the context of general relativity, represents the
energy-momentum distribution of matter within confined fields. If there is no distributed matter, the
Ricci tensor is also zero. However, even though the Riemannian curvature and Ricci tensor are zero in
spacetime, it does not necessarily imply that space is flat [15]. While we understand the contribution
of the Weyl tensor to the Riemannian curvature and Ricci tensor in spacetime, the gravitational field
remains nonzero. This allows gravity to spread even where there is no matter or energy source. The
Weyl tensor is the sole tensor where curvature exists in the vacuum of Einstein’s region of space devoid
of matter, particularly in the context of the Schwarzschild black hole metric. In general relativity, we
learn the distribution of matter through the Riemannian metric tensor Rss-, and the Ricci tensor Ry,
alongside the stress-energy momentum tensor in the Einstein field equations. Initially, we decompose
the Riemannian metric tensor using the Einstein field equations.

1
RO’T - 7907'R 87TG

2 = FTO'T (1)

The Weyl tensor is derived from the Riemann curvature tensor minus the Kulkarni-Nomizu product
of the Schouten tensor. To obtain the Weyl tensor, we first establish the Riemann curvature tensor,
Schouten tensor, and Kulkarni-Nomizu product. These tensors all involve the Ricci tensor and scalar
curvature. Numerous researchers have studied the behavioral changes of black holes by employing
Weyl corrections [16-18]. Investigations into rotating charged black holes within four-dimensional
spherical symmetry, incorporating small Weyl corrections, have been conducted by [17-19]. Similarly,
static and spherically symmetric charged black holes with Weyl tensor corrections have been explored
by [17, 20-23]. The aim of this paper is to conduct a comprehensive investigation into the role of the
Weyl tensor in black hole formation. We commence in Section 2, by deriving the Riemann curvature
tensor, which serves as the key step in decomposing the Weyl tensor through defining and proving
an appropriate theorem. In Section 3, we delve into the Schouten tensor, elucidating its crucial
properties in Riemannian geometry towards the Weyl tensor decomposition which we obtain through
calculations involving the Riemann curvature tensor. Section 4 is dedicated to the manipulation of
the Kulkarni-Nomizu product, exploring its fundamental properties in differential geometry such as
products, direct sums, wedge products, and symmetric products. Moving on to Section 5, we examine
the algebraic properties of Rs,~, using covariant derivatives to decompose Christoffel symbols, thereby
capturing the essence of the algebraic properties of the Riemann curvature tensor, such as symmetric,
antisymmetric, cyclic, and Bianchi identities. In Section 6, we investigate the Weyl tensor, particularly
its implications for black hole formation, with a special emphasis on the Schwarzschild black hole. In
Section 7, we delve into the role of the Weyl tensor in the formation of Reissner-Nordstrom (RN) black
holes using a coupling method between Einstein field equations and Weyl corrections. In Section 8,
we investigate the Weyl tensor in Kerr and Kerr-Newman (KN) black holes through the coupling
of Einstein-Maxwell field equations with the Weyl tensor using minimal Weyl corrections. Moving
forward to Section 9, we observe the implications of the study findings in both experimental and
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theoretical work in laboratory astrophysics concerning the gravitational collapse of cosmic objects.
Finally, we conclude this paper with a summary in Section 10.

2. Riemann curvature tensor

Definition 1 Given a Riemannian space (M,g), p € M, two linear independent tangent vectors
u,v € T,M, we define the sectional curvature [24, 25]:

< R(6,0)0,8 >
<4, ><o0,0>—<0d,0>%

K(d,0) = (2)

where R is the Riemann curvature tensor defined by
R(67 0)7 =VsVey —VeVisy — V[é, 0-]77 (3)

where 0 and o are linearly independent and in the expression (2), denominator is nonzero, if 0 and
o are orthonormal, then the equation (2) will be in the form of

K(0,0) =< R(d,0)0, > . (4)

Theorem 1 A Riemannian manifold is a space form if it contains a constant value of sectional
curvature k, then the curvature tensor can be written as:

R(b,0)y =k(< o,y > 06— <d,y>0),Vd,0,7 € T,M. (5)

Proof We can use the first and second argument of polarization for R(6,0)o and R(d,0)y + R(d, 7)o,
respectively. From these two polarizations with a combination of first Bianchi identity improves the
given formula for R(d,0)0.

From the sectional curvature (2), we have

< R(3,0)0,6 >= k(|6*|o]*~ < 6,0 >?), (6)

where J,0 are linearly independent. Let us give the arbitrary values of 4,0, and compute <
R(6 4+ v,0)0,0 +7 > in two different ways.

i . By applying multilinearity, it equals
< R(d,0)0,0 > + < R(y,0)0,7v >+ < R(d,0)0,7 > + < R(vy,0)0,0 >, (7)
ii . According to the equation (6), it equals
(o167 4+ 72 +2 < 6,7y >)— <0 >2 — < vy,0 >2 =2 < 6,0 >< 7,0 >). (8)
From equation (7), and recalling the Riemannian symmetry:

< R(6,0)0,v >=< R(y,0)0,06 >, (9)
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then (7), with the help of (9), will be simplified to:
< R(6,0)0,0 >+ < R(v,0)0,v > +2 < R(5,0)0,7 > .
Also, equation (8) reduces to:
k(|01%|0]?— < 6,0 >2) + k(|y*|o]*— < 7,0 >%) +2 < R(J,0)0,7 > .
Setting equation (10) and (11) equal, we have:
< R(0,0)0,y >=k(|o|* < 6,7y > — < §,0 >< 7,0 >).
Since « is arbitrary, then equation (12) will be:
R(6,0)0 = k(lo|*6— < 8,0 > o).
Let §,0,~ be arbitrary and calculate
< R(S,0+7)(0+7),6 >
in two different ways :
(1) By applying multilinearity, we get
< R(0,0+7v)(c+7),0 >=R(d,0)0 + R(d,7)y + R(d,0)y + R(4,7)0,
(2) Using the formula given in equation (8), we get
< R(0,0+7)(0+7),0 >=
E(lo2+ > 4+2<0,7>)0— <8,0>0—<06,7>0—<0,0>vy—<0~>7).
Simplifying, we get
= k(lo|*6— < 8,0 > o) + k(|7]?0— < 6,7 > v) + R(J,0)y + R(3,7)o.

Setting equations (16) and (17) equal, we have

R(6,0)y+ R(0,7)c =k(2< 0,y >d— <4,y >0— < 6,0 >7).
Interchanging é and ¢ and adding to Bianchi identity, we get

2R(0,0)y+ R(0,7)0 = k(2< 0,y >0— <0,y >0— < d,0 > ).
Subtracting (18) from (19) in consideration of symmetry R(d,0)y = —R(0,d)y, we have:

R(6,0)y =k(< o,y >0— < 6,7 >0).
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We know that the Riemannian metric is equivalent with respect to its Levi-Civita connection, which
shows that the Riemannian tensor of any constant curvature in Einstein space is also equivalent
(parallel). Then, the Ricci tensor and scalar curvature are given as Ric = (n — 1)kg and n(n — 1)k,
respectively. The Riemannian curvature tensor has some symmetries and identities, such as:

R(57 J) = _R(U’ 6)a
< R(0,0)y, 7 >=— < R(d,0)1,7 >,

(21)
< R(d,0)y, 7 >=< R(~v,7)d,0 >,
R(6,0)y + R(0,7)d + R(7,6)0 = 0.
We write Riemann curvature tensor in terms of indices as follows:
R(SU'yT = _R607'7 — R&T('yT) = 0,
R(SU T:_R06 r = Réo’ TZO?
v ¥ (60)y (22)

Rsonr + Royor + Rsroy = 0,
Rsoyr = Ryroo-
Weyl tensor has the same symmetries and identities as the Riemann curvature tensor as follows:
W(d,0) =—-W(o,0),
<W(,0)y, 7 >=— < W(b,0)T,7 >,

(23)
<W(b,0)y, 7T >=< W(y,7)0,0 >,
W(6,0)y+ W(o,v)d + W(~,d)o = 0.
We know that the Weyl tensor is trace-free as:
triv(6,.)0 =0, V6,0 € T,M. (24)
We write this in indices as:
W(SU'YT = _WU(S"/,T = _W(SO'T"/’ (25)
and
W&ry‘r + WJ’yTU + Wéfc"y = 0. (26)
Therefore,
W5, = 0. (27)

3. Schouten tensor

Schouten tensor in Riemannian geometry is the second order covariant tensor introduced by Schouten
[26, 27], defined for n > 3. We know that the Weyl tensor is obtained through the Riemann curvature
tensor by subtracting several traces. These calculations are done by decomposing the Riemann tensor
in (0,4) valence tensor by subtracting with metric as [28]:

1

R R
Csz*m<RiC*EQ>@g*ﬁg@ga (28)

2n(n
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where n is the dimension of the collapsing object, g is the metric, R,, is the Riemann curvature
tensor, Ric is the Ricci tensor, R is the scalar curvature, and v ® v denote the Kulkarni—-Nomizu
product of two symmetrical tensors of type (0,2); in the next section, we will see its decompositions.

udu(er, e, es, eq) = uler,es)v(es, eq) +ules, eq)v(er, es) —uler, es)v(es, e3) — u(es, e3)v(er, eq), (29)

and we can write this in tensor components as:

Cﬁa’yT = R(Scr'yT + R(g§'ygaf - 967'90'7)' (30)

1
n—2 (Rang'y - Réwgar + Ra’ygér - Rargév + (

n—1)(n—2)
The Weyl tensor with ordinary valence like (1,3) can be given with the contraction of the above

equation (30) with inverse metric. Then, the decomposition that expresses the Riemann curvature
tensor as an orthonormal direct sum is given as:

1 R 2 R 2
2 2 .
Rl? = [¢]? + |——(Ric— =¢)®g| +|—————gndg| . 1
R |” = [C] ‘n 5 (ftic = —g) g‘ ‘M(nl)g g (31)

This is a Ricci decomposition. Therefore, now we can write the equation of Schouten tensor defined
for n > 3 as [26-28]:

Q:ni2<RiC_

2(nRil)g) = Ric=(n—2)Q+Jg, (32)

where Ric is a Ricci tensor, and it can be defined by contracting the first and the third indices of the

Riemannian tensor, R is the scalar curvature, g is the Riemannian metric, J = 72R is the trance

of (), and n is the dimension of the manifold.
Therefore, through the expressions of the Schouten tensor, we can write the Weyl tensor as a trace-
adjusted multiple with Ricci tensor, as we can see in equation (32) as:

Q=1 (Ric—2(npi 1)9). (33)

n—2

From equation (31), we express ( = R — Q ® g, then, through indices, we obtain the Weyl tensor as:

2 2
Wioyr = Rooyr + —— (96th} - ngT]a) T o = 1) = 2) 9o (34)

where Rsq.- is the Riemann tensor, s, is the Ricci tensor, R is the scalar curvature and the brackets
around the indices are antisymmetric part of the equation. Consistently,

WoT = —45[A7), (35)

where S is the Schouten tensor.
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4. Kulkarni—-Nomizu product

The Kulkarni-Nomizu product, sometimes known as the X — N product, is very famous in differential
geometry for finding (0,2) tensors and gives the results of (0, 4)-tensor; this method was discovered
by Kulkarni and Nomizu [29].

Definition 2 If K and N are symmetric (0,2) — tensors, then
K ® N (e1, e, e3,e1) = K(e1, e3)N (€2, e4) + K(ea, ea) N (e1, e3) — K(er, ea)N (e2, e3) — K(e2, e3)N (e, ea)

_ |Kleres)  Kleveq)| ‘N(el,es) N(e1,eq)
N(eg, 63) N(GQ, 64) N(GQ, 63) K(62,64) ’

(36)
where e; are tangent vectors and |..| are the determinants of matriz. From equation (36), we see that
KoN=NOK.

The tangent space with respect to basis {9;} can be compressed into the following form:
(KO N)ijim = (K ©N)(0;,05,0,0m) = 2Ky Nojj + 2K Ny, (37)
where [...] denotes the total antisymmetrical symbol which shows the alternating signs (4+/—). The

Kulkarni—-Nomizu product is the graded algebra with the particular case of products like direct sum,
wedge product, and symmetric product as follows:

é S%(YPM) (38)

limp—1

means that (a.8) ® (7.0) = (¢ Ay) ® (B A ), where ® is a symmetric product [30]. We know that
the Riemann curvature tensor also has the expressions in terms of the Kulkarni-Nomizu product of
the metric:

g = gsedv® @ dv?, (39)

with itself.
If we denote by
R((a& aa)ay = Rgg»yalv (40)

then, the (1,3)—Riemann curvature tensor is given by
Ry = Rigrrdv® @ dv® @ dv? @ do”, (41)
with Rsoyr = 9o Ry~+, then the Riemann curvature tensor will be reduced to

B Scal

R, 1

90y, (42)

where Scal = tracgRic = R} is the scalar curvature and Ric(60) = trac,{6 — R(60)v} is the Ricci
tensor which reads as Rs, = ng -
Therefore, in the expansion of Kulkarni-Nomizu product g ® g by using the definition (36), we get:

Scal Scal

oyT Tg(S[’YgT]J = T(QJ'\/QUT - 967-907)7 (43)

81



SHANKER and NDIDI/Turk J Phys

which is the same as the Riemann curvature tensor as stated above. We know that the Riemannian
manifolds have constant sectional curvature k if and only if the Riemann curvature tensor has the
following form:

k

where ¢ is the metric tensor. Note that the (0,4)—tensor of the Kulkarni-Nomizu product satisfies the
Bianchi identities and the skew-symmetric property. Therefore, the Weyl tensor can be obtained from
the Kulkarni-Nomizu product through the Riemann curvature tensor of type (0,4) by subtracting

several traces as in equation (28).

5. Algebraic properties of Ry,
0

Instead of using the algebraic properties of curvature tensor R, ., we prefer using the covariant form
as:

R(SU'W' = gtng'yT‘ (45)

Through the decomposition of second-kind Christoffel symbols, we get the algebraic properties of the
Riemann curvature tensor as follows:

0
— aFU’Y _ 8Fgr

Ropp =520 — 22 + T, 17, —T4.Toy, (46)
and
1 6090y 095y _ 9905
8 — 2 8%y v Y9edy a7
o9 { ozd  dxz°  OxV } (47)

Using (46) and (47) in (45), we get

1 g% (9900 09 D90y 1 9" (2900 09pr _ Ogor

. _Z _ B _ B
Réonr = 2995 927 Yoy T 920 Dap } 2995 927 Vou " 927 P b+ 955100, Ty = Tor o}
(48)
Using the relation
3} 0
9557597 = —9"5 055 = —g"" (F259n5 + Figgms), (49)
we obtain
Lr Pgsy  Pgoy g5 0%gor " "
_ 2t _ o . T o B
HRsorr =5 [83:7833‘7 drTdx®  9170x” (%ﬂax‘s} [FT&W + FTﬁg’?‘s} by (50)

+ [T003 + T 000] 0%, + 955 3,05, - 13,15,
Most of the terms cancel and leave us with

82957 B 82907 . 82957 + 82907
0x™0x°  O0xTOx®  Ox10x°  OxY0x°

1
R&r'yT = 5 |: } + 9np |:P26FET - FZ(SFICBW . (51)

From (51), we can see the algebraic properties of the curvature tensor the same as we see it from (23)
as:
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e Symmetry:
Réo”YT = R'yT(SU (52)
e Antisymmetry:
Réa'yT - _RUJ’W - Réa"r'y - +Ro'57"y (53)
e Cyeclicity:
Réa'y‘r + RJTU'y + R&y‘ra' =0 (54)
o Bianchi identities:
RJO"yT;n + Réo’r]’y;T + Réarr];'y =0 (55)

The Bianchi identities are obtained by permuting ~,7, and 7 cyclically. Equation (55) is covariant
and holds in a locally inertial system. Also, we can see the contracted form of (55) by recalling the

covariant derivatives of ¢°7 vanish, we find on contraction of § with ~ that [31, 32]:

Rorip = Royr + Rorpy = 0, (56)
contracting again gives:
<R”77 - %AgR) ;0 =0, (57)
which is equivalent to
(R‘” - %g‘”R) ;0 =0. (58)

We mention that, the Rs,.,, may be contracted to give the Ricci tensor as:
Ror = ga’yR&ryT- (59)

Also, using the antisymmetry property (53), we see that there is only one way of contracting Rsy~r
to construct the scalar curvature:

R = gé’ygUTR(So"yT = _gé’ygm—Raé’y‘ra (60)
0= géagw—f%a'y'r-

Therefore, the cyclicity property mentioned in equation (54) ultimately eliminates any other scalar
curvature that could have formed in four dimensions, that is:

1
%85077—}%50-77- =0. (61)

Also, we consider the curvature in N-dimensional spacetime to find the number of algebraically
independent components of Rssy-. We can adopt the Petrov notation [33] and consider Rsoryr as
a matrix of R(s,)(yr) With indices (do) and (y7). From (53), each index takes some independent

values equal to the number of independent elements of an antisymmetric matrix in dimension N as:
1
§N (N —1). (62)

83



SHANKER and NDIDI/Turk J Phys

From (52), we see that R(5o)(-) is symmetric in these indices. Therefore, when (52) and (53) stand
alone, R, will have independent components equal to the number of independent elements of a
symmetric matrix, as stated in equation (62) [31-33].

1[1
2

SN(N - 1)} EN(N — 1)+ 1] - éN(N ~1)(N? =N +2). (63)

Equation (52) and (53) also makes the cyclic sum of
Récr’yT + Ré'ra'y + Ré'yﬂn (64)
which is completely antisymmetric. Thus, equation (54) introduces further constraints, adding:

N(N = 1)(N — 2)(N +3)

which leads Rssy to have a number of independent components equal to
L o a2
Cy = EN (N*—=1). (66)

25x108 /

20x10° /

152100 -

Afn)

1.0x10%

500000 -

Figure 1. Riemannian curvature tensor.

We observe that the curvature tensor in one dimension is Rji11, which always vanishes. This
can be seen from either equation (53) or (54), or from the fact that equation (66) yields C; = 0,
indicating zero independent components. This observation is also depicted in Figure 1. It only reveals
the internal characteristics of space, reflecting through Rj,~,, without considering its embedding in
additional spacetime dimensions. In one dimension, the transformation rules for the metric tensor are
given by

g1 = <%>2911, (67)
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so that g/11 can be completely equal to +1 everywhere by choosing ' = [ vEgidz. In two
dimensions, equation (66) indicates that Rs,,r has only one independent component, which can be
represented as Rj212. The other components are related to Rj212 through equation (53) as follows:

Ri212 = —Ra112 = —Ri221 = Ro121 and  Ri111 = Ri122 = Ragee = 0. (68)

These formulae can be summarized smoothly as

R
R&WT = (967907 - 967'90’\/) 19212) (69)

where g is the determinant g11g22 — g%,. If we contract J with =, it gives the Ricci tensor:

R
RO’T = gor%v (70)

and contracting o and 7, it gives the scalar curvature:

R
R =222 (71)
9
Therefore, the curvature tensor is
1
Réa'yT = §R(957907 - g(STgo"y)- (72)

Therefore, the sectional curvature, discussed in Section 2, will be defined as:

_ R R
k==—g = (73)

In three dimensions, equation (66) implies that the curvature tensor C3 = 6 independent components.
Moreover, this is the same number of independent components as the Ricci tensor Ry, in three
dimensions. This suggests the possibility that Rs;,, might be expressed solely in terms of R, .

Theorem 2 By using the covariant, symmetry, and contraction properties of Rsqsr, we have:

1

Réa'y’r = g5'yR0'7' - g5TRU'Y - go"yR(ST + gUTR(S’Y - 5 (g(;’ng'T - g(STgo"y) R (74)

Proof To prove (74), first we need to adopt the coordinate systems such that the g, vanishes for

"o

0
o # 7 at some point X . This can be managed by choosing % at X as the orthogonal matrix that
x

diagonalizes g, at X . Therefore, in this system, at X we have:

Ris = ¢** Ri303, Ri323 = g3312. (75)
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The equation (75) is in agreement with (74). Furthermore,

Ri1 = ¢*Rio12 + g% Ruzis, Ros = g% Razaz + g Roi21, (76)

S0,
g2aR11 + g11Rog = 2Ry912 + g*° (92231313 + 911R2323)
= Ri212 + G11922 (911922R1212 + 9" g% Rizis + 92293332323) (77)

1
Ri212 = gaaR11 + g1 Ra2 — 5911922}37
also the equation (77) is in agreement with (74). The other independent components of Rsy, are
Ri203, R1213, Ro323, and R3131, which can be obtained from Ri303 and Ri212 by permuting the values
1,2, 3, 8o, (74) holds for these independent components as well. Since (74) holds in a coordinate system
that is orthogonal at X and patently covariant, it generally holds. 0

So, four or more dimensions of the Riemann-Christoffel tensor Rs,y; are needed to describe the
curvature in spacetime. For example, in four dimensions, (66) gives the curvature tensor Cy = 20
independent components, whereas R, has only 10 independent components, so Rss,~ has ten
components beyond those which can be expressed in terms of Ry, .

1
Therefore, the EN 2(N? — 1) components of Rso~r describes the curvature of a general IN-dim

spacetime [33], but it does not do so in a consistent manner. Hence, these components’ values depend
on the intrinsic properties and the particular coordinate system chosen. When we talk about the
invariant characterization of the curved space, it must be in terms of scalars which are constructed
from Rsor and g, . Also, let us see how to count the scalars out there. Let us see the N 2 quantities
oz’
oz

1 1
Hence, there are EN 2(N? — 1) independent components of Rs,, and the §N (N +1) independent

components of gs~, so at this point, general coordinate transformations are subjected to IV 2 algebraic

for the general coordinate transformation as x — z it is everything in a given point X.

conditions. Therefore, the number of scalars that can be constructed from Rs,y; and g, are:

%NQ(NQ —1)+ %N(N +1)-N%2= %N(N —1)(N —2)(N +3). (78)
The case N = 2 is an exception to this argument since 2 dimensional spacetime has one parameter
subgroup of coordinate transformations that has no effect on g,, and Rs,+;, the correct number of
invariants here is not zero but one, that is the scalar curvature R itself. However, this exception does
not occur in higher dimension spacetime, so (78) holds for N > 3. Therefore, for N = 3, the equation
(78) tells that there is 3 scalar curvature, which suitably is chosen as the three roots of the equation:

Det(Roy ~ 3907 ) =0, (79)
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DetR

etg
tells that there are 14 independent components of scalar curvature; in order to enumerate them, we
need to decompose Rj,+, into terms that only depend on Ricci tensor R, plus a term W, which

which is equivalent to the three quantities as R, R,,R°7, and . For N =4, the equation (78)

does not contain nontrivial contractions. In N > 3 dimensions, the decompositions are:

1 R
N-—2 (N - 1)(N —2)

(gﬁ'yRaT - gJTRcr'y - ga'yR6T + gUTR6'y> - <g5’yga7' - gé‘rQa'y) + W&T'yf-

(80)
The tensor W, is called the conformal tensor or Weyl tensor [32, 34]. It is a necessary and sufficient

R6 oyt —

condition for the existence of coordinate systems in which g5, is proportional to a constant matrix
throughout the space and W, vanishes everywhere [31, 32]. This Weyl tensor has the same algebraic

oNT

1
properties as Rssr and in addition characteristics satisfies the §N (N + 1) conditions, W = 0, so

the number of its linearly independent components as shown below, also represented in figure 2 :

17121\72(1\72 1) - %N(]\H—l) _ T12N(N+1)(N+2)(N—3). (81)

T

200000

150000

A(n)

100000

50000 |

Figure 2. Weyl Tensor

Then from equation (74), W, = 0 for N = 3. Without any misconception, the curvature
invariants can be explained as comprising all the components of the Weyl tensor, except for a specific
choice of coordinate axes that make R, and g, diagonal. In this case, the elements of g, are +1’s
and 0's, plus the N-eigenvalues of R, [13, 35, 36]. Nevertheless, sometimes this enumerate breaks
down when some eigenvalues of R, are degenerate; also, we know that when the R, = 0, it describes
the gravitational fields in empty or vacuum space. Therefore, in this way, the curvature is invariant
for N =4, have 10 vanishing components of R, plus 4 quantities, W‘S‘”TW&WT, gdo W;’g VTW(;CWT,

B ~an 1
W e Wiy

V9

Wsonr WITPPWIZ and Wegnyr
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According to Petrov et al. [37], the Petrov type N has given an equivalent description of the 4
nonvanishing curvature invariants as roots of rooted equations and has classified various algebraic types
of Weyl tensors according to the degeneracies of these roots. Furthermore, it should be highlighted
that (78) gives the number of algebraically independent curvature invariants.

Also, we know that the Weyl tensor in pseudo-Riemannian metric g of the dimension n in terms of
the Riemann curvature tensor, Ricci tensor, and scalar curvature is given as [16, 38, 39]

R(S’YgoT - R67907 + Rchg&y - Ra'ygﬁ'r R

n—2 + (n—1)(n—2) (gUTgé’y - ga'ygdr) (82)

W50'y7' = Réo'yT -

which is the same as the equation given in (80).
Weisstein explained the independent component numbers in the Weyl tensor, which were discovered
by Sloane in 1964. This information is listed in the On-Line Encyclopedia Integer Sequences (OEIS)
and under the code A052472 [33], where n represents the integer starting from N = 3,...,40 which
are the independent number for Weyl tensor in N -dimension as follows:

N(N+1)(N+2)(N—3)

a(N) = e , (33)

and is illustrated in Figure 3.

[

[ LA

200000

150000} 5.8
Aln) [ y

8.0e.

100000f g

40e

50000

0.0

(a) (b)

Figure 3. (a) and (b) show the decomposition of Weyl tensor in four components of Petrov type N in
spacetime dimension, and it shows the gravitational fields locally obtained in a linear summation of those
distinct components, and where the graphs are monotonically growing with respect to ¢.

The slope of the logarithmic plot also demonstrates that the Weyl scalar invariants transverse
radiations in a long way as shown in Figure 4:

Additionally, the independent number of scalars that can be constructed from the Riemann
tensor and the metric tensor in N dimensions is given by the OEIS code A050297 for A050297,
N =3,...,40 [33], as shown in the following equation:

b(N) = ———, (84)
as illustrated in Figure 5.
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Figure 4. Weyl tensor: The transverse of radiations scalar invariants in the decomposition of Weyl tensor
through linear summation of distinct components.
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Figure 5. Riemannian Curvature Tensor: The graphs shown in (a) and (b) exhibit monotonic growth with
respect to t, similar to the behavior depicted in the graph of the Weyl tensor in Figure 5.

6. Weyl tensor in the Schwarzschild black hole

The contraction of the Weyl tensor, W‘S‘WTW(;MT is the scalar invariant principal for construction. The
Weyl tensor vanishes everywhere and is conformally flat in the spacetime metric. However, Penrose’s
hypothesis states that some scalar invariants of the Weyl tensor, like I/V‘;"“”I/V(;(777 the functions, are
monotone, which grows over time t. It can be identified as an arbitrary gravitational collapse of the
object in the universe [40, 41]. Also, we understand the Penrose hypothesis better by conceptualizing
the Friedman-Lemaitre-Robertson-Walker metric, which is based on the exact solution of the Einstein
field equations of general relativity, and discovered that spacetime is conformally flat and the Weyl
tensor vanishes, while the Ricci tensor persists [41]. Conversely, in the Schwarzschild black hole
solution, the Ricci tensor vanishes while the Weyl tensor persists [40].
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The Schwarzschild black hole metric is given by:

2GM 2GM\ 1
d52:—(1+ G )c2dt2+(1— ¢ ) dr® + 12(df? + sin*0d¢?). (85)

c2r c2r

The sloping in logarithmic the Riemann curvature scalars as the gravitational radiations going far
is represented in Figure 6: The Schwarzschild metric has the coordinates which correspond to the

1e+12
]

A(n)

1e+08

100 10000

0
|

0 1000 2000 3000 4000 5000

Figure 6. Transverse logarithmic graph of Riemann curvature scalar invariant.

Einstein metric gos(x) which is spherically symmetric; it has time-independent ¢, mass M, and

2GM

Schwarzschild radius r = 5
c

. The displacement of Killing vector n associated with time coordinate

t are spherically symmetric and § = (¢,7,0,¢) = (1,0,0,0) from equation (85) and the line element
can be summarized as [42]:

dx? = r2d0* + r2sin*0d¢>. (86)
Regarding the changes of angles like # and ¢ as in (85) and (86), the Schwarzschild geometry is
spherical symmetric for ¢-direction such that the metric is independent of ¢-invariant under the
rotations near the z-axis. From (86), the Killing vectors associated with the symmetry will be

n® = (0,0,0,1). The area of the Schwarzschild metric in two-dimensional spacetime at r and t
is written as

A = 4nr?, (87)

which we get from (86) and also can be written on a flat surface as

dA = dI*dl® = \Jgi1gmdatda?. (88)
The spatial metric of the homogeneous closed universe is written as

2
ds? = dzr)2 +7r2d0? 4 r?sin*0d¢?, (89)
1 —_ (=

a
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then, the area of the two surfaces will be:

™ 2m
Area = /dA = / d9/ dpr?sing = 4dmr. (90)
0 0

The Schwarzschild black hole geometry is the unique spherically symmetric solution of the vacuum
Einstein field equations. The exact form of the weak field in static metric (85) with the gravitational
potential ® is given by

GM

® = m (91)

where the weak metric with gravitational potential is given by [42]:

ds* = — (1 + %{)C(;l)>c2dt2 + <1 - %{)C(fz)) (dz? + dy* + dz?). (92)
The Newtonian theorem states that it is spherically symmetric outside of the falling object, which is
governed by the Newtonian gravitational potential and is as given in (92), whether the objects changing
the directions with time ¢ or not. Therefore, outside of the falling objects, it could be there due to
the conserved mass. Nevertheless, similarly, the general relativity theorem shows the distribution of
mass is time-dependent and outside of the spherical symmetric geometry of the gravitational collapse
is time-independent in Schwarzschild geometry.
The local coordinate of the inertial systems surrounding the geometry of a black hole at a certain
point p in spacetime is given by
9or () = Nor, (93)

at given point of the curved spacetime, first derivative vanishes, and then, someone can say that the
spacetime is flat as:

9/07 (33;7) = Nor- (94)

The Killing vector outside the event horizon surrounding Schwarzschild geometry generated through
null vector fields are given by [42-44]:

dg.
I =0 95
oz’ ’ (95)
T=Typ
which can be also written as:
A2z
=0. 96
p

From equation (85), we see that the radius of Schwarzschild is r = 2GM , where G is the Newton
gravitational force of the collapsing object and M is the total mass contained in the collapsing object.
Therefore, the corresponding scalar invariant in the Schwarzschild metric (85) will be written as follows
[40, 42, 43, 45];

R=0, R,7R°" =0, (97)
and the Riemann curvature and Weyl scalar invariants are written as:
48(GM)?
R(SO-’YTR&T’)/T — W(SO"YTW(;U’YT — % (98)
r
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7. Weyl Tensor in the Reissner—Nordstrom (RN) Black Hole

The Reissner—Nordstréom black hole is a non-rotating black hole with a charged electromagnetic field,
which is significant in the vacuum solutions of Einstein’s field equations. It represents a charged black
hole in an asymptotic Minkowski space with more than three dimensions [20, 21]. The Reissner—
Nordstrém metric is the exact solution to the Einstein-Maxwell equations. These equations are
spherically symmetric due to the absence of rotation but involve an electric charge.A distinctive feature
of the Reissner—Nordstrom black hole, compared to the Schwarzschild black hole, is the presence of
two horizons: the event horizon and the inner horizon. The inner horizon is believed to be unstable
under small perturbations due to the mass inflation phenomenon. The Reissner—-Nordstrom solution
also has an ever-moving inward spacetime that, instead, ends on the Cauchy horizon, which can then
travel into a region where singularity can be vividly seen but evaded [22, 23]. The correlations inside
a black hole show perturbations and instability of the internal Cauchy horizon, which occurs, as the
spacelike or null radiations where singularity emerges inside a charged Reissner—Nordstrém black hole
[17, 46]. The RN solution is an exact solution to the Einstein and Maxwell field equations (Einstein—
Maxwell) of general relativity in the presence of an electromagnetic field, exhibiting the same spacetime
symmetries as the uncharged Schwarzschild solution [18, 19]. Recently, many researchers have focused
on solutions for black holes constructed in the framework of power-law Maxwell theory [17-19, 46],
where the power-law function can be written in the form of:

L = —a(F,,F"), (99)

where « is a coupling constant and k is a power parameter. Therefore, the asymptotic behavior of the
solutions depends on the power parameter k. However, we consider the solutions of black holes in the
modified Maxwell field, including nonminimal coupling between the gravitational and electromagnetic
fields [17], which shows that the coupling terms are used to modify the gravitation and electromagnetic
structures of the charged black holes. A generalized electromagnetic theory with electrodynamics of
Weyl correction, which involves coupling between Maxwell field and Weyl tensor, has been observed
by [16, 17]. In this theory, the electromagnetic field of the Lagrangian density is modified to be:

1
L = =7 (F,WF‘“’ _ 404W““""F,WFW>, (100)

where F},, is the electromagnetic tensor, which is related to E,,, an electromagnetic vector potential,
in such a way that F,, = E,, — E,,, and the coefficient « is a coupling constant with a squared
length of dimensions. W, is the Weyl tensor, which is related to Riemann tensor R,,,s, the Ricci
tensor R, , and the Ricci Scalar R, and can also be written as in equation (82):

2 2
W,pro = R,uvpa - m gu[pRa}v - gv[pRa]u] + (N _ 1)(N — 2) Rg,u [PQU]U7 (101)

where N refers to the dimensions, g, is the metric, and the indices in brackets refer to the antisym-
metric portion.

In order to study the RN black hole solutions, we use the Weyl tensor corrections for static and
symmetrically charged black holes. The action of the gravity system, coupled with the Weyl tensor
and electromagnetic field, is given by [16, 17, 47]:

1
S = / d*z\/—g [R = P M oW E By | (102)
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Through the adoption of the Schwarzschild coordinates, the line elements of RN in static and
spherically symmetric black hole spacetime can be written as:

ds* = f(r)dt* — (f(r))"tdr® — H(r)(d6? + sin*0d¢?), (103)

where f(r) and H(r) are the metric coefficients which represent the functions of the polar coordinates
r. However, assuming the electromagnetic fields inherit the static spherical symmetries, the potential
of electric field for four-vectors can be expressed in the form of:

E, = (¢(r),0,0,0). (104)

Through inserting equations (101), (103), and (104) into equation (102) and verifying the actions with
respect to f(r), H(r), and E,, we can have three coupled equations of motion as follows:

3(H'(r)? = 2B H" (1) + 404(% [0 M H) (208" (1) + B ()6’ ()| =0, (105)

’

8|0 PH@? + £ (H (1) = 2B H" (1)) —2H@) (HE) ) + B (0)f (1))

!
’

~1a[2H()8 (0 (6 ()7() + 2HH 0) (7006 0)7) — & 0 (B (02 50) + 26 (1) H()?)

+ 21 () H () (r) (H()e" (1) + H' (1) ()] =0,
(106)

"

d% {qﬁ’(r)H <r>+4f;2)0‘ o) (H 2= )+ 1) (H (1) (1)~ f () (r)>—2H(r)]} 0.

(107)
Therefore, we must solve these three coupling equations above to obtain the solutions of black holes
attached with Weyl tensor correction. In equation (105), we can obtain the solutions of the Reissner—
Nordstrém black hole by using o — 0. Nevertheless, it will be complicated for nonzero Weyl coupling
constant « to obtain the analytical solutions of black holes. Otherwise, we can decide for ourselves in
which case the deviation of the coupling parameter is minimal, starting from zero. For this justification,
we can say it is a weak Weyl correction. The terms containing parameter « on the left-hand side of
the three coupling equations are regarded as perturbation, and using the theory of perturbation, we
get:

H(r) = Ho(r)+aH(r)+®(a?), f(r) = fo(r)+afi(r)+®(a®), é(r) = ¢o(r)+agi(r)+P(a®). (108)

Substituting equation (108) into equations (105)—(107), we obtain a series of perturbation equations.
Apparently, the normal Reissner—Nordstrém black hole is a solution of the zeroth-order equations,
with
2m 2
Ho(r) =12 fotr)=1-""+%, @) =1 (109)

r

By solving the first order differential equations and using (109), we obtain

Aova? 2 2 4ag? 10m  26¢2 37q?
) =1-t LS SR S o) = LS [ -2 (1)

H(r) =r?
(r)=r"+ 9r2 "’ r o r2 3t 3r  15r2)
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Clearly, the static electric potential and metric coefficients depend on the coupling parameter «, which
means that the Weyl tensor corrections affect the behaviors of electric fields’ and charged black holes’
behaviors. Notably, we find static electric potential ¢, which depends on the parameter m, sometimes
different from regular RN black hole in which the static electric potential ¢(r) depends only on the
charged particle ¢ because of the Weyl tensor coupling between the gravitational and electromagnetic
fields. The radius of the black hole horizon is located when f(r) = 0 from the above equation (110)
of the charged black hole with Weyl tensor correction. Though the equation f(r) =0 has more than
two real distinct roots, we focus only on the roots close to the radius of RN black hole horizon using
the weak Weyl correction and leaving the rest.

8. Weyl tensor in the Kerr and Kerr—-Newman (KN) black holes

Kerr black hole is the black hole solution that has no electric charge but only mass and angular
momentum. Nevertheless, the Kerr—-Newman black hole is a rotating and charged black hole. However,
Kerr and Kerr—-Newman black holes are solutions to Einstein’s field equation of general relativity. They
describe the rotating black holes, but there is a difference between the two: the Kerr—-Newman black
hole has an electric charge, while the Kerr black hole does not have an electric charge. In addition
to mass and charge, the Kerr—-Newman black hole also possesses angular momentum, which arises
from its rotation. We will use the rotating black hole with a charged electromagnetic field for the
investigation to get the solutions of Kerr and Kerr—Newman black holes through coupling between
the Maxwell field and Weyl tensor. The investigation will be of a rotating charged black hole with
minimal Weyl corrections that have also been done by [16, 17]. The electromagnetic field coupling with
the Weyl tensor was introduced in [17] as stated in equation (102), where F, = E,., — E,.,, which
means F, = 0,E, —0,F, is the electromagnetic tensor and E,, is the vector potential written in the
form of (104). The significance of charged rotating spherically symmetric black hole spacetime with
minimal Weyl tensor corrections was obtained in [17]. The chosen convention signature coordinates
is (—,+,+,+) with geometry units (G = ¢ = 1). Considering the spacetime formula written in
equation (102) is an electrovacuum solution, then we can apply the method of complex transformation
coordinates of the Newman-Janis Algorithm in Boyer-Lindquist coordinate (¢, r,6, ¢) to the spacetime
metric of the charged rotating black hole spacetime with minimal Weyl correction [17]. We know that
the coupling between the Maxwell field and Weyl tensor causes difficulties in getting solutions for field
equations for a rotating black hole. From previous static black hole solutions, we need to construct
a rotating black hole with minimal Weyl corrections (110) to study the properties of spacetime black
holes. Even if the previous method of perturbation is different, the solution is true since equation
(102) is the only nongravitational mass-energy present with an electromagnetic field and the spacetime
described in equation (102) is electrovacuum and the approach of Newman-Janis is substantiated for
electrovacuum [3, 39, 48]. However, we will neglect calculations of order terms ®(a?) from the above
section and keep consistency with the terms of higher order in consideration of the minimal Weyl
corrections from the above section. We can introduce new variable w defined by [17]:

dr
w=t-— 0 (111)
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so that we can rewrite the metric (110) as:
ds® = f(r)dw® + 2dwdr — H(r)*(d6? + sin® 0d¢?).
The inverse metric using null tetrad vectors will be written as:

ng = —Vp¥ — [¥p¥ + bvgw + bwgv’

such that using the differential equations obtained from (110), the null tetrad vectors will be:

1 2m  ¢*  4daqg® (1 10m 26q2>}

v __ sV CR R . 1

! 1o =10 2[ r +7’2 3rd 3r +157‘2
1 7 ~ 1 7

W= ——= (0 + ——0% b = —— (05 — ——=8% ).
2H(r)< 2+ sin 3)’ 2H(r)( 2 siné 3)

We treat radius r as the complex variable, then;

v
1>

1 1 1. ¢ 4dog? 5m,1 1. 26¢>
I’ =6}, vzéﬂ—fﬁ— o)+ = - (L———f = )}%
Lont=0 g [lem T TR T g 3 G TP T 15 [0
1 i - 1 i
b= (4 =0y, B = (05— <}
2H(rf) \ © sinf ° 2H(rf)\ ©  sing”

(112)

(113)

(114)

(115)

where 7 is the complex conjugates of r. Now we need to perform complex transformation coordinates

3, 17, 39, 48]:
v =v—iacosh, 1 =r+iacosl, 6 =6, ¢ =o,

then, we find transformed tetrad as follows:

v =6,
2 sy 1[ B omr’ — 2 B 4aq? ( B 50mr’ — 26¢2 )} ;
) "2 +a%cos?20  3(r'2 4+ a? cos? 0)? 25(r'2 4+ a2 cos2 ) /1Y
'y ]- . . v v (i Z (U
b :ﬂﬂmpwmm%—@ng+mﬂ@}
b ! [ asin0(5 — oY) 4 6 — 5”}
= ————| —iasin = —— 8.
2H(r") o 2 sin6?

(116)

(117)

We can check the metric of rotating charged black hole using Weyl corrections with the help of

new formed tetrad by:

g’vw _ _l’vn’w . l’wn’v + b’fug’w + b’wi)'v,

(118)

and the transformed coordinates (v/,r/, 6?,, ¢/) the covariant derivatives of the metric components in
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equation (118) can be written as:

’ f(?“/,H/) i ’ . ’
Joo = mv g1 =1, Gi13= —asin®@ )
I ro ’ f(T/,el) . ’
goo = —A1(r,0),  go3= (1 - m)asm%’ ) (119)

. ’
/ sin? 6

953 = ~ R0 ) AC6)8:07,6) + a?sin? 0 220", 6) - £07,0)].

4og?
9(r'2 + a%cos?§')’

4ag? [ 50mr — 26¢2 ]
3(r'2 + a2 cos?0") 15(r"2 + a2 cos26') 1

A 0)=r?+d%cos?0, A, 0) =17+ a’cos? 0 +
(120)
f(r/,ﬁl) =72+ acos?0 —2mr +q* —

Now we need to use transformations of coordinates (v,,rl,9',¢>/) to remove the elements 961
and g5 [17]:
' =dt— Q@ ,0)dr, v =r, 6 =0, d¢ =dp—G(r,0)dr (121)

where

/ 9/) = 9;,3961 — 9,13963 = A(T/’ 9/)A1(7“/7 9/) + a?sin? ¢’
a0 — 965 FO0)DM(,0) + AG,0')a?sin? 0 (122)

" gy 913900 — Jo39o01 _ aA(r,0)
G(T79)_ / / /9 - I I "0\ 2 a2t
933900 — 903 FO0)AL(r,07) + A(r', 0" )a?sin” 0
Therefore, the charged rotating black hole metric with Weyl correction tensor is:

A(r,0)Aq(r,0)dr?
f(r,0)A1(r,0) + a2 sin® 0A(r, 0)

2 _ f(?“,@) 2 f(?",@) 2
a5’ = X gyt 2(1 -~ A 9)>asm fdtde — -
sin? 6

A(r,0)

~ A (r,0)d6? — [A(r, )AL (r,0) + a2 sin (2A(r, 0) — f(r,0))|dg?.

where

4og?
9(r? + a2 cos?0)’

4aq? 50mr — 264>
3(r% + a? cos? 0) 15(r2 + a?cos? 6) 1

A(r,0) =12 +a*cos? 0, Ai(r,0) =7+ a® cos® 0 +
(124)
f(r,0) =%+ a%cos® 0 — 2mr + ¢* —

J
Notice that, in the whole process, m represents the mass of black holes, a = — is the rotational
m

parameter, J is the angular momentum of the black hole, ¢ is the electric charge, and « is the
coupling constant parameter which has the squared-length of dimension. Therefore, the above metric
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(123) is reduced to Kerr—-Newman black hole metric in Boyer-Lindquist coordinates as aw = 0 and the
same equation (123) to be reduced to Kerr Black hole solutions, we should have the electric charge
q = 0 and the parameter o = 0. When a parameter of the charged rotating black hole a vanishes, we
can have solutions of the static and spherically symmetric black hole with Weyl correction as in (110).
When the terms a = ¢ = 0, the metric (123) reduces to Schwarzschild black hole metric as in (85).

9. Implications of study findings for current astrophysical observations

The initial theme developed for advanced astrophysics connects astronomical observers with the
underlying physical phenomena that initiate our cosmos. Effective planning is essential for the
tools and mechanisms used to observe astrophysical phenomena. Laboratory astrophysics includes
both experimental and theoretical studies to produce tangible observed processes in astrophysical
research. Six areas of physics are relevant to astrophysics and astronomy, with observational science
focusing on detecting protons generated by atomic, molecular, and condensed matter physics [49-
51]. Additionally, chemistry plays a role in condensed matter and molecular physics. The growth of
space-based in situ observations of the solar system bodies necessitates advancements in astrophysical
activities. These advancements should be conducted through sophisticated laboratory experiments to
detect gravitational waves in cosmic objects [49].

Advanced laboratory work requires both experimental and theoretical contributions to understand
our universe comprehensively. Studying and conducting experiments in atomic, molecular, condensed
matter, plasma, nuclear, and particle physics are key components. These aspects are crucial to
observe during experiments and theoretical investigations in advanced laboratories. Understanding the
effects of strong magnetic fields on atomic structure necessitates analyzing spectra from the vicinity of
magnetized compact objects like neutron stars and black holes. Agencies concerned with astrophysics
should prioritize laboratory astrophysics, recognizing its potential contributions to national research
in plasma, magnetized objects, and high-energy plasma. The experiments and theoretical insights
gained from laboratory astrophysics will serve as a foundation for generations to come. It extends
beyond mere detector and instrumental development, playing a pivotal role in maximizing the scientific
returns from astronomical observations.

10. Conclusion

The Einstein field equations (1) in the distributions of matter and energy with the radial null vector
field, p? in the manifold of a collapsing object, can be written in the form of [39, 52]:

Rorpi”u" >0, (125)

where R,; is the Ricci tensor. By applying the field equations (1), equation (125) implies the radial
null energy conditions for stress-energy tensor of matter, denoted as T,,, such that:

Torp " > 0. (126)

From equation (97), we observe that the Ricci scalar equals zero in the Schwarzschild metric, while the
Riemann scalar curvature and Weyl scalar invariants are as expressed in equation (98). This implies
the presence of the Weyl tensor in the Schwarzschild black hole. Suppose T,, = 0 due to the zero
Ricci scalar. However, this does not imply the absence of energy distribution; it could be less, and
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this condition holds in vacuum situations, akin to vacuum Maxwell field equations [53]. In a vacuum,
T, vanishes from the equation:

Ryr = —87G(T,; - %ngj). (127)
Therefore, when T,, = 0, from (127), we conclude that the Einstein field equations are empty space
as R,y = 0 and T,, vanish. Additionally, the equations (23,24,25,26,27) and (52,53, 54,55) are
the identities that show the stress- energy-momentum tensor equal to zero due to the source of Ricci
scalar-tensor in the matter distribution. Furthermore, the divergence occurs near the event horizon in
a stagnant Schwarzschild geometry with a proper acceleration [41, 53]. Indeed, in scenario, spacetime
resembles the flat and static Schwarzschild black hole [7, 16, 52, 54, 55]. Therefore, in the stated
conditions, the spacetime black hole might be flat, stagnant, and uncharged. Nevertheless, when
we refer to Figure 7, comparisons of the Weyl scalar invariant and the Riemann curvature tensor
show that the functions grow monotonically in the positive direction with respect to time t. Based

%
P

2O
S
b

o b

(a) (b)

Figure 7. (a) and (b) show the comparison of the behaviors of the Riemann curvature and Weyl tensors, which
almost behave the same.

on these interpretations, we can infer that the collapsing model could represent an uncharged and
nonrotating body in spacetime, assuming it is far from external disturbances. This collapse may lead
to the formation of a static Schwarzschild black hole, accompanied by the emergence of the Weyl
tensor. Furthermore, we observe the presence of the Weyl tensor in the formation of RN, Kerr, and
KN black holes, indicating a coupling between the Einstein—-Maxwell equations and the Weyl tensor
through minimal Weyl corrections
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