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On Local Hormander-Beurling Spaces

Jairo Villegas*

Abstract
In this paper we aim to extend a result of Hérmander’s, that BLf (Q) € C™(Q) if
w € L,, to the setting of vector valued local Hérmander-Beurling spaces,
as well as to show that the space (12, Bfg‘;‘;kj (QLE) (1 < pj < oo, kj = &%,
j =1,2,...) is topologically isomorphic to &.,(f2, E). Moreover, it is well known
that the union of Sobolev spaces 'Hls"c(ﬂ) (= Bé?§1+|4|2)3/2 (Q)) coincides with the
space D' (Q) of finite order distributions on Q. We show that this is also verified

in the context of vector valued Beurling ultradistributions.

Key Words: Hoérmander space, Hormander-Beurling space, Beurling ultradistri-

butions, local space, Fourier-Laplace transform.

1. Introduction

It is well-known that Hérmander spaces B, play a crucial role in the theory of linear
partial differential operators (see [4], [5]). In [10] we have extended these spaces to the
vector-valued case and have studied some of their properties.

In this paper we continue on our study of these vector valued spaces, introducing and

analyzing certain properties of such local spaces Bé‘fi (Q, E). We show that

U By, B) =D, n(2, E),
ke,
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and if k; = €/*, j = 1,2,... space Ny Bé‘;fkj (Q, E) is topologically isomorphic to
E.,(Q, E), thereby extending Theorem 10.1.25 of [5] and Theorems 2.3.9 and 2.3.11 of [1]
to the vector valued context. Applications of spaces ﬂj’;l Bé‘;fkj (©) to analysis of linear
partial differential operators can be found, for example, in sections 10.5, 10.6, 11.1 and
12.8 of [5].

The motivating theme for this work is the study of linear partial differential operator
and apply it to the solution of vector valued differential equations and dependence of

parameters of solutions of scalar valued equations.

Notation. The linear spaces we use are defined over C. Let E and F be locally convex
spaces. Then L (E, F) is the locally convex space of all continuous linear operators

equipped with the bounded convergence topology. We write E — F if F is a linear

subspace of F' and the canonical injection is continuous. We replace — by 4 if £ is
also dense in F. The topological dual of E is denoted by E’ and is given the strong
topology so that E' = L, (E,C). C™, D, S, D' and &’ have the usual meaning (see [8]).
In the vector valued case we write C™ (E), D (F), S(E), D' (E) and &' (E) (see [9]).
Let 1 < p < o0, k: R® — ]0,00[ a Lebesgue measurable function, and E a Banach

space. Then L, (E) is the set of all Bochner measurable functions f : R" — FE for which

1/p . o
Hpr = (fRn f(2)||% dw) /P is finite (if p = oo we assume || f|| = esssup,epn || fll5z <
00). Ly (E) denotes the set of all measurable Bochner functions f : R® — E such
that kf € Ly, (E). Putting |fl,, &) = Ikfl, for f € Lypx(E), Lpk (E) becomes a
Banach space isometrically isomorphic to L, (E). When FE is the field C, we simply write
L, and L,. If f € Ly (F) the Fourier transformation of f, f or Ff, is defined by

2. Spaces of vector-valued ultradistributions

In this section we collect some basic facts about vector-valued ultradistributions. The
results are “elementary”in the sense that the usual scalar proofs carry over to the vector-
valued setting by using obvious modifications only. Comprehensive treatments of the
theory of (scalar or vector-valued) ultradistributions can be found in [1], [2], [3] and [6].

Our notations are based on [1].

Let M be the set of all continuous real-valued functions w (z) on R™ such that
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w (z) = o (|x|) where o (t) is an increasing continuous concave function on [0, co[ with

the following properties:

(i) o (0) =0, (ii) [;~ f_g)z dt < oo (Beurling’s condition), (iii) there exists a real number a
and a positive number b such that o (t) > a+blog (1 +t) for t > 0. The main assumption
is (ii), which is essentially the Denjoy-Carleman non-quasi-analyticity condition (see [1,

Sec.1.5]).

If w € M, then K, is the set of all positive functions k on R™ for which there exists a
constant A\ > 0 such that k (z +y) < e?®Ek (y) for all  and y in R™. If k, ki, ks € K.,
and s is a real number then logk is uniformly continuous, k* € K, kiks € K, and

My (x) = sup,cpn ksf(j)y) € K, (see [1, Th. 2.1.3]).

If w € M and F is a Banach space, we denote by D, (E) the set of all functions

f € L1 (E) with compact support, such that [|f|[, = [z. |f ()] ge** @ dz < oo, for

all A > 0. For each compact subset K of R", D, (K,E) = {f € D,(F) : suppf C K},

equipped with the topology induced by the family of norms {||-||, : A > 0}, is a Frechet

space and D, (E) with the inductive limit topology D,, (E) = indD,, (K, E) becomes a
K

strict (LF)-space. Let S, (E) be the set of all functions f € Ly (E) such that both f and f
are infinitely differentiable functions on R™ with Py x (f) = sup,egn €@ 0% f (2)|| 5 <

00 and G x (f) = sup,cgn @0 f(z)||g < oo for all multi-indices o and all positive
numbers A. S, (E) with the topology induced by the family of seminorms {Pu,x, o2}
is a Frechet space and the Fourier transformation F is an automorphism of S, (F). A
continuous linear operator from D, into E is said to be a ultradistribution with values
in E. We write D., (E) for the space of all E-valued ultradistributions endowed with the
bounded convergence topology. If Q is any open set in R™, D, (Q, E) is the subspace
of D, (F) consisting of all functions f with suppf C Q. D, (Q, E) is endowed with the
corresponding inductive limit topology. D/, (2, E) = Ly(D.(2), E) is the space of all ul-
tadistributions on 2 with values in E. A continuous linear operator from S, into F is said
to be an E-valued tempered ultradistribution. S/, (E) is the space of all E-valued tem-
pered ultradistributions equipped with the bounded convergence topology. The Fourier
transformation F is an automorphism of S/, (E). If u € LY and [, ¢ (z)u (z)dz = 0
for all ¢ € D,,, then u = 0 a.e ( see [1]).

Now, let €2 be any open subset of R, w any weight in M and E a Banach space.
Generalizing the definition of £, () (see [1, Def. 1.5.1]), we are led to consider the space

389



VILLEGAS

E,(Q, E) of all functions f : @ — F such that, for every compact set K in €, there
exists g € D, (Q, F) satisfying ¢ = f on K (see [6]). Obviously, all functions &,(Q, E)
are infinitely differentiable on € and the function f : @ — F belongs to &,(Q, E) if
px)f(z) ze

0 xé Q
E.,(Q, E) is considered endowed with the topology generated by the fundamental system
of seminorms {[|-\ , : A > 0, ¢ € Du(Q)} (if f € E(QE)[fllne = lefllx =

and only if ¢ f € D, (R, E), whenever ¢ € D, (). Here ¢ f(x) =

Jgn Hg;?(x)HEe)“"(m)dx). With this topology, &, (R, E) is a Frechet space. By using the
restriction ¢ — ¢|q, Du(Q, E) is continuously injected in &,(Q, E). D, (2, E) is dense
in £,(Q, E) and f : Q — E belongs to £,(Q, E) if and only if €' o f € &,(Q) for every
e eFE.

Finally, let us recall that if w € M, k€ K, 1 <p < oo and F is a Banach space, we
denote by B, k(E) (see [7] and [10]) the set of all E-valued tempered ultradistributions T
for which there exists a function f € L, i (E) such that (u, T) = S w(@) f () dz, u € S..
B,k (E) with the norm

(@9 feo Ik@T @) )" ifp < oc
7

pk

€SS SUP, cpn k()T (z)| & if p=o0

becomes a Banach space isometrically isomorphic to L, , (E) and, therefore, to L, (E).

(In the previous formulae we have written f(x) instead of f(z) we shall frequently
commit this abuse of notation.) Spaces B, ;(E) are called Hérmander-Beurling spaces

with values in F.

3. Some properties of local Hérmander-Beurling spaces

In this section we will define local Hérmander-Beurling spaces Bé‘fi (Q, E) generalizing

local spaces Bﬁj’;(ﬂ) considered by Bjorck in [1] and vector-valued local Hérmander-

Beurling spaces discussed in [7].

Definition 3.1 Let w € M, k € K, Q an open set in R", 1 < p < oo and E a
Banach space. We denote by Bé‘fi (Q, E) the space of all vector valued ultradistributions
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T € D, (Q, E) such that, for every ¢ € D, (), the map ¢T : S, — E defined by
(u,T) = (up,T), u € S,, belongs to By (E). Space Bé‘fi (Q, E) is endowed with the
ok P E D, ()}, where |T| = |l T| ok for

topology generated by seminorms {||-

T € By (2, E).

Dk,

Remark 3.2 1. Bé‘fi (Q,C) is the local space Bé‘fi (Q) considered by Bjorck in [1], and
our definition coincides with Definition 7 of [7] when w (z) = log (1 + |z|).

2. The topology on Bé‘fi (Q, E) defined by seminorms above is metrizable. In fact, if

T e Bé‘fi (Q, E)\{0} and ¢ € D,(Q) is such that (¢, T) # 0 it suffices to take 6 € D, ()
so that =1 on suppp to have ||T||,, , > 0, showing that the considered topology is

Hausdorff. On the other hand, if (K,)32, is any fundamental sequence of compact subsets

of Q and ¢, € D, () is such that o, =1 on K, and suppp, C IO(U_H, v=1,2,--- then
the topology on Bé‘fi (Q, E) is also generated by seminorms {|-[|,; , v =1,2,---}.
Indeed, if ¢ € D, (Q) and K, is such that suppp C K,, it follows that ¢ T = p(p, T) for
T € B (Q, E); and using [10, Prop.4.1] we have

1Tl ko = Nl T

p,k,p p,k = HSD(SD'U T)| p,k S HSD| 1,My HSD'U T| p,k = HSD| 1, My HT| p,k, v

establishing our assertion. (Note then the estimates

I pobpn = llow] v=1,2,---.)

1, My H Pk, v’
8. It can be shown that if w € M, k € K., Q an open set in R™, E is a Banach
space and 1 < p < oo, the space BL?E(Q,E) is a Frechet space. Moreover, &, (Q, E) —

B (2 B) < D, (U E) y Do (Q, E) is dense in B, (2 E) if p < oc.

In [5, Th. 10.1.25] it is proved that if k is a Hérmander weight such that w € Ly,
it follows that BLOE(Q) C C™(Q2) for every open subset Q of R™. In the following
proposition, we show that this is also true here when w € M and k € K. First, we

will establish a well-known lemma.

Lemma 3.3 Let w € M, Q an open set in R", m > 0 and E a Banach space. If
T € D,(Q E) is such that, for every ¢ € D,(), there exists f, € C™(Q, E) with
oT = f, in D,(Q, E), it follows T € C"(Q, E).
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Proof. Let (K;)$2, be any fundamental sequence of compact subsets of © and let
i € D,(Q) such that ¢; = 1 in K;, i = 1,2,---. By hypothesis, there is for each i a
function f; := f,, € C™(Q, E) with ¢; T = f; in D/,(Q, E). We check that f; = f; for

(o)

j > 4: In fact, for every ¢ € D, (K;), we have

[, @) - f@le@ds = (o, £ = o0 5

K,
= (o, 0;T) — (o, ¢: T)
= (pp;j—@p;, T)=0,

and it follows (see Section 2) that f; = f; in K.

We can then define a function f on Q putting f(x) := fi(z) if z € IO(Z-. Obviously
f € C™(Q, E). Let us see that f and T coincide on D/ (2, E). Take any D, (Q)-

locally finite partition of unity (6;)$2,, for which suppé, C K;, i« = 1,2,---. Then,
for every ¢ € D, (), there is a positive integer r such that ¢ = > ¢ 6; and so
(p, T) = 22:1 (p0;, T) = 22:1 (pbipi, T) = 22:1 (b, i) = 22:1 (@b, fi) =
Soi_1 (pb;, f) = (o, f) and the proof is complete. O

Remark 3.4 Let w e M, k € K., E a Banach space, 1 < p < oo and w € Ly

(m is a non-negative integer and 11—7 + z% = 1). Then B, i(E) is continuously embed-

ded in CY(E). In fact, if u € B, x(E) functions t — (t)t* e™®, |a| < m belong to
Ly(E) for each x € R™ (using Holder’s inequality, we have that [, ||a(t)t* eimHEdt <

(27T)n/pHqu,k HWH ). Therefore the function x +— (2m)~" [, a(t)e™®dt is in
p/

CS(E). But the vector w-tempered ultradistribution associated to this function coincides
with u since for each 0 € S, we have by virtue of Fubini’s theorem for vector valued

functions that
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(2m)" / 0(a) ( / n a(t)ei“dt> de = (2m)" / ) ( / n Q(x)emdx) dt

(2m)" / n A0 dt

— (2m <51 a> — (6, u).

Hence, finally u € C§(E) and maz)q, |0% ul|, < (2m) /%" ||ul

A+]-p™
p,k k

p’.

Proposition 3.5 Let w € M, k € K,, 1 < p < 00, m non-negative integer and E a
Banach space. If w € Ly, then B(Q, E) C C™(L E).

P,
Proof. By using the above remark, it is quite easy to see that B, x(E) — CJ*(E).
Hence, if T' € BL?E(Q, E), we have that, for every ¢ € D, (), ¢ T coincides on S, (E) and
a fortiori on D/, (2, E), with the ultradistribution associated to some function in CJ*(E).

By applying the above lemma, the conclusion that T € C™(2, E) follows easily. O

Theorem 3.6 Let (2 be any open subset of R®, E a Banach space, w € M, k; € K, and
1<p;<oo, (j=1,2,...). If the space

H= () B, (. E)
j=1

is endowed with the topology given by seminorms |\-Hpj7kj7¢, J=12,..., ¢ € D,(Q),
then H becomes a Frechet space. In particular, if k; = €%, j = 1,2,..., H is naturally
topologically isomorphic to &,(Q), E).

Proof. If (K,),-, is any fundamental sequence of compact subsets of Q and ¢, €

D, (Q) is such that ¢, = 1 on K, and supp ¢, C IO(U_H, v =1,2,..., then the topology
on H is generated by the collection of seminiorms {H-prkhw cjyv=1,2---} and it
is therefore metrizable. Completeness of H follows immediately from completeness of
Bé‘;fkj (2, E). Let us prove now that if k; = /¥, j > 1, then H ~ &, (2, E). From the
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inequality a + blog(l + |z|) < w(z) (a € R, b > 0) it follows that for each j, there is
an ¢ such that (1:[# € Lp;,. Now, applying the above proposition, we see that T € 'H

is also in C*°(Q, E). Moreover, if T € H it is also easily verified that ¢/ o T € &,()
for all ¢ € E’ (use [1, Th. 2.3.9]). Consequently, every T € H coincides with the
ultradistribution corresponding to an element of &,(2, E) (see Section 2). We deduce

that natural application
EL(QE) — H

f o {peDu(@) — /Q (@) (z)dz € F}

is continuous. Since we deal with Frechet spaces this isomorphism is topological and the

proof is complete. O

Remark 3.7 1. If E = C the above proposition reduces to Theorem 2.3.9 of [1].

2. Applications of spaces ﬂ;’il Bé‘;f K (Q) to analysis of linear partial differential operators

can be found, for example, in sections 10.5, 10.6, 11.2 and 12.8 of [5].

It is well known that the union of local Sobolev spaces H¢(Q) (= Bl206+|-|2)3/2 Q)

coincides with space D' ¥ () of all finite order distributions on Q. We will see now that
this is also true in the context of vector-valued Beurling’s ultradistributions, thereby

generalizing [1, Th. 2.3.11]. For this, we put

(L E):={T €D,(Q2E):3Xx>0, VK € Q2 3Cx >0
{e, D)l g < Cx lleplly Voo € Do)}

Theorem 3.8 Letw € M, p € [1,00], Q an open set in R™ and E a Banach space. Then

we have

U B B) =D, (2, E).
ke,

Proof. Assume that ke K, andT € Bﬁfi(ﬂ, E). Now let then K be a compact subset
of @ and ¢ € D, () such that ¢ = 1 on K (see [1, Th.1.3.7]). Since ¢ T € B, x(E)

394



VILLEGAS

(see [10, Prop. 4.1]) and ﬁ < ce*“@ (¢, X > 0), we have for every § € D, (K),

b = (27)7"6 that

160, T = 100, T = 1160, Tl
= e, = e @, - | [ A@taras|
< (27r)_"/n ﬁ(w)HE 9(—x)‘dw
< o IT@hE)li-a)e s

AT (@)k()| e

9(_35)‘ OB w(@) g

{8>0} /
= c

Wl | o), e aa.

n

[A*

and using Holder inequality, obtain

1/p’
160, Tl < el Tl ([ e 0ae)
* (Ifw € M, ¢ € L1, A € R, then (according to [1, Def.1.3.25]), [[[¢][» = supgepn |$(€)]e* ).
The last integral is finite for a sufficiently large § so that we finally obtain ||(6, T, <
Cr 0[5 (by [1, Cor. 1.4.3] we know that the families of norms {||-[[, : A > 0} and
{1/l = A > 0} are equivalent on D, (K) but examining the proof of Theorem 1.4.1 of
[1] we deduce that VA > 0 3C = C(n, A, K) such that |[|¢[||, < Cl¢]l,, V¢ € Dy (K)),
where constant C' depends only on the compact set K. Therefore T € D:u, (QE).
Let us prove now the reverse inclusion. So let T' € D[, (€2, E) and A > 0 such that, for ev-
ery compact K C Q, there exists Cx > 0 with ||[(¢, T)| ; < Ck @], for all p € D, (K).
We should find k € K, such that T" € Bé‘fi(ﬂ, E). For the time being let us take § > 0
and write k(z) = e #“®) . We will show that ¢T € B, x(E), for every p € D,(Q) if 3
is chosen sufficiently large. Given such ¢ we know that the Fourier-Laplace transform of
©T, denoted here by go/T\L ((,D/T\L(C) = <e_i4('), oT) = <<pe_i<('),T>, ¢ € C"), is an entire
analytic function with values in E (see [6]). Moreover, if supp ¢ C K € €, we have that

AT, = [[pe =0, )], < O e 20, = Cicllply < Ci gy ) (z
E
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R™) and it follows that <p/T\L |gn € Ly, x(E), since,

(L.

if 3 is large enough (usual modification if p = o). Finally, from

<9, go/T\L |rn > = /n 0(x) <e_”(')<p,T> dx = /n <9(w)e_”(')<p,T>
</n Q(x)e_im(')@dx,T> = <é@,T>

<é, <pT> - <9,<;T>, 0 €S,

. » 1/p 1/p
)| i) < el ([ @00 i) <,
E 0

R”

[1=+

it follows that go/T\L |gn = oT in S!(E). Therefore, ¢T € B, x(F) with k = e and the

proof is complete. O

 (The function R® — Dy (K) : z +— 0(z)e **(p(-) is Bochner integrable (since it is
continuous and for each v > 0, ||9(w)e_”(')5"(')||7 € L; because 0 € S,))).
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