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The Riemann Hilbert problem for generalized ()-holomorphic
functions

Sezayi Hizlwel and Mehmet Cagliyan

Abstract

In this work, the classical Riemann Hilbert boundary value problem is extended to generalized Q-

holomorphic functions.
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1. Introduction

In [6] A. Douglis developed an analogue of analytic functions theory for more general elliptic systems in
the plane of the form
Wy + twy + aBw, + bEw, =0, (1)

where E is an m X m constant matrix, w is an m x 1 vector, and a and b are complex valued functions of z
and y. Subsequently in [5] B. Bojarskii extended the function theory of Douglis to a system which he wrote in

the form
Wgs = qu,. (2)

He assumed that the variable m x m matrix ¢ is “lower diagonal with all eigenvalues of ¢ having magnitude
less than 1. The systems (1) and (2) are natural ones to consider because they arise from the reduction of
general elliptic systems of first order in the plane to a standard canonical form.

Douglis and Bojarskii theory has been used to study the elliptic systems of more general form:
wz — qw, = aw + bw.

Solutions of this equation were called generalized (or pseudo) hyperanalytic functions. Works in this direction
appear in [7, 8, 10, 11]. These results extend the generalized (or “pseudo”) analytic function theory of Bers
[4] and Vekua [17]. Also, the classical boundary value problems for analytic functions were extended to the
generalized hyperanalytic functions. A good survey of the methods encountered in the hyperanalytic case may
be found in [3, 9], see also [1, 2].

AMS Mathematics Subject Classification: 30G20, 30G35, 35J55.
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In [13], Hile noticed that what appears to be the essential property of the elliptic systems in the plane
for which one can obtain a useful extension of analytic function theory is the self commuting property of the

variable matrix @, which means
Q(21)Q(22) = Q(22) Q (21)

for any two points z;, zo in the domain Gy of (). Further, such a () matrix can not be brought into the
quasi-diagonal form of Bojarskii by a similarity transformation. So Hile [13] attempts to extend the results of
Douglis and Bojarskii to a wider class of systems in the same form as (2). If @ (z) is self-commuting in Gy
and if @ (z) has no eigenvalues of magnitude 1 for each z in Gg, then Hile called the system (2) generalized
Beltrami system and the solutions of such a system are called @ -holomorphic functions. Later in [14, 15] using

Vekua and Bers techniques a function theory is given for the equation
wz — Qu, = Aw + Bw, (3)

where the unknown w(z) = {w;;(2)} is an m x s complex matrix, Q(z) = {¢;;(2)} is a self commuting complex
matrix with m x m, and ggr—1 # 0 for k = 2,...m. A = {a;;(z)} and B = {b;;(2)} are m x m-complex
matrices commuting with ). Solutions of such equation were called generalized @ -holomorphic functions.

In this work, we consider the Riemann Hilbert boundary value problem for the equation (3) with the

boundary condition

Re(7w) = ¢ on 0G,

where the coefficients A and B are Holder continuous in a bounded simply connected region G with piecewise
Holder continuous boundary. < is commuting with Q. A and B are continuous in G U dG. Moreover, vy

has one Hoélder continuous derivative, ¢ is real Holder continuous function on dG. Also we assume that Q

commute with Q.

2. Fundamental operators

To investigate Q-holomorphic functions, Hile introduced the notion of generating solution for generalized

Beltrami operator

0] 0]

This generating solution can be written as ¢ (z) := ¢¢ (z) I + N (z) and satisfies the equation D¢ = 0, where
N is the nilpotent part of ¢ and ¢q is the main diagonal term of ¢ satisfying the Beltrami equation

Obo _\ 0¢0

oz 5:

where |A(z)| # 1.
Hile also gave the following representation formula called the generalized Cauchy-Pompieu representation

for the m x s complex matrix-valued functions.
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Theorem 1 Let G be a regular subdomain of Go, with T' = 8G and w be an m x s-matriz in C* (G)NC (G)
with bounded first derivatives in G. Then for z in G

w(z) = P / (6(0)—6(2)) " do (Qw Q) (5)
N
2P [[6:00(0) - 0! [0~ (0w (0] dedn
G

In (5) P is constant matrix defined by
P(z) = / (21 +2Q) " (Idz + Qdz) . (6)
|z|=1

It is called P-value for (4) [13].

Using Beltrami homeomorphism p(z) = ¢o(z), we may write

0 0 e 0 ~ 0
QI = o) <B—E—Q6—p>,

where Q = [P-(AQ — 1)] - [p:(AT — Q)] is self-commuting matrix whose the main diagonal terms are zero (see

[14], pp. 431). Note that for the equation in normal form the generating solution is ¢(z) = zI + N(z) and the

complex Pompieu formula is

w(z) = P—l/z_”_%dg — 2¢P—1//?%(2d§dn, (7)
G

oG

where N(z) is m x m-type nilpotent matrix (see [16], pp. 581). The operators
E)acw(z) = P_l/—?ECiCK
oG
~ wx
Tow(z) = —2¢P—1//<<—(Od§dn
-z
G

and

~ . w#(()
Hew(z) = —2iP~! > _dgdn
/G/ (¢ —2)?

have similar properties as ®, T and II-operators of Vekua’s theory and the following theorems concerning

&)ag, Te and TIg can be proved as in the book of Vekua [17].

Theorem 2 If G € C7, then By : CTH(IG) — C™(G).
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Theorem 3 If f € Li(G), then dsTaf = f. If p > 2, then Tg : Ly(G) — Cp2(C). If G € C,w € C(G),

and Ozw € L,(G),p > 2, then

w(z) = ocw(z) + Ta(Ozw)(2).

Theorem 4 If G € C7! | then Tg : CT(G) — C™U(G) and T : C(G) — C™(G). Moreover 3,1 = Il
The operator ﬁG can be extended to a bounded linear operator on L,(C),p > 1, with Bzfc = 1:[@.

As in the complex case (see [12], pp. 259), using the complex Pompieu formula, for any complex matrix-

valued function w that is C'(G) and Holder continuous in G' we have the representation
w(z) =Q) +Pf)(2), wz) = f(2),
where

Q(z) = —2miP™! / [dnG' (¢, 2) — idG' (¢, 2)] Rew (¢)

te!
_QWP_l/dnGII (¢, 2) Imw (¢)

(Pf)(z) = —2zP! // [GE(C,2) + G (¢, 2)] f(¢)d¢dC
G

—onP- / / +GH (¢, )} FO)dcdz. (8)

GT and G are the first and second Green’s functions for G and d,, denotes the differential in normal direction.
If 4 is a conformal mapping of G onto the unit disk Cg, then the Green functions of first and second kinds

may be expressed as

G' (¢ 2) =_—110 9(0__9(2)
A e
GG = los|0(Q) - 6(2) (1-800 ()]
Thus P f has the representation
e ORI — GG
(Pf) () = P 1é/md<d<+13 e é/ W ey (9)
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and %(P f)(z) may be expressed as

ML ()

B 0 ( fC) 0" (€) f (¢ =
A // 7 )]2+ - ) dcde.

The operator P may still put in a more convenient form. If we introduce the inverse mapping z = p(t) := 0~ 1(¢),

we have
() (2) = (Tesf () ) 0(2)) = 0 ) (Teres i (1) 1) (0(2)

where Cg is the unit disk and

(z€C\Cy)

/_\
ST
S~

Il
|| —
kﬁ
\_/
~—

fi(p1(2))

By writing P f in above form we obtain certain imbedding properties of T and II
Co (Pf,G) < Mi(a,G)Cq (f,G) (10)

Co (IIf,G) < My (a,G)Co (f,G) . (11)

3. The Riemann-Hilbert problem
We consider the problem
Dw=Aw+ Bw in G, Re(7w)=¢ on 0G. (12)

where the coefficients A and B are Holder continuous in a bounded simply connected region G with piecewise
Hélder continuous boundary. v = oI + N(z) is commuting with . A and B are continuous in G U 0G.
Moreover, « has one Holder continuous derivative and ¢ is real Holder continuous function on 0G. We assume

Q commute with Q. It is natural for us define the index of this problem as

1
K= indy := o /dargﬁo.
T
oG

Case 1. k =0. In the case of index zero, we may reduce our problem by setting w = Jw to the case

Dv = Aw+Bw in G,
Rew = ¢ on O0G,
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where
A=A+5'Dy, B=%By .

L exits in G.

To see that such a transformation is valid it is necessary to demonstrate that the inverse v~
This follows directly from the fact that |y9| # 0 on OG, and hence it is possible to continue harmonically the
component of v := R exp (—if) into interior of G such that Ry := |y9| nowhere vanishes. Our problem may

be written as the system

Dwre = Appwre + Bex@re + fre in G
Rewre = ¢re on 0G, k=1,--- . m, £=1,--- s (13)
where
k=1 By ~ B
frie=0, fre=" (q’”—a; + Agjwie + Bkﬁjé) , (2<ksm, 1<L<s).
=

The problem (13), which may be solved successively, may be replaced by integral equation by using Green

functions G!(¢, 2), G (¢, 2) of first and second kinds respectively. We obtain
wpe = Qe + P (gkkwké + Bike + flcé) ;

where ¢ is an analytic function given by

Qe = —2aP 7! /6 3 [d,G' (¢, 2) —idG™ (¢, 2)] re + cre (14)

and cgy is arbitrary constant which can be fixed by setting it equal to boundary norm,
Cre = 27TP_1/ Im (wpe) d G (¢, 2), k=1,---,m, £=1,---,s.
oG

Taking advantage of the fact that @ is nilpotent yields a concise representation for w as

w=0+P

m—1 ks - ,
;;J (QH) (Aw—i— B+ QQ )] :
where

o 9] ~ 0P
Q= Z Qe Q@ ==— and IOI=—.
— = 0z 0z

and e*¢ denotes m x s constant matrix in which k& — th row and ¢ — th column terms are 1 and the others
terms are 0. Moreover, by introducing

()" (15)
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we obtain the matrix integral equation
WZQ—R(QQ’)JFR(&;JFEw). (16)

Using imbedding properties (10) and (11) we have following imbedding property in C,(G)

Ca (R1.6) < My (0,6) T =10 (1.6). a7)
where
Ms (o, G) := (m — 1) My (a,G) Cq, (Q, G) (18)
and the norm C,(f, Q) is
Cal£,G) =" Cu(fxe;G) .
1=1 ¢=1

The operator R is then seen from (15), (17) and (18) to be compact in C,, hence is a Fredholm integral
operator. To show that integral equation (16) has a unique solution we consider the homogenous version of
(12) i.e. Rew |apg= 0, ¢ = 0. This means, since Ref |g9c= 0, that Q = 0 and the Fredholm integral equation

corresponding to homogenous Riemann Hilbert problem is homogenous integral equation
w=R (gw + Ew) .

It is easily seen that this homogenous integral equation has only trivial solution. This discussion is then
summarized as

Theorem 5 For any given real, m X s matriz-valued function ¢ € Co(0G) and given real, m X s-type constant

matriz ¢ there exits a unique solution w of the integral equation (16) which satisfies
/ Im(w) d, G (¢,2) = c.
oG

Case 2. k < 0. We assume in present case the index is a negative integer

1
_27T 8G

Kk = ind¥ : dargvy, = —n.

We introduce a transformation

where the points z; lie in G. The boundary value problem becomes
Dv=Av+ Bv in G, Re(pv) =¢ on G,
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where
A= A, B =y By and p= .

This reduced Riemann Hilbert problem has index zero, and we have modified the problem to case previously
discussed.
The homogenous boundary value problem for v which is normalized such that

%:—%m*/:m%@%m%g@
oG

has non-trivial solution v;. That exits a non-trivial solution to this problem can be seen by considering 1 — th

row and ¢ — th column of vy,

Ovp1e ~ S Tr 2z 2
5% - Auvhw-i-BuTl_[:l —, Uhie
Re(privnie) = 0, Indpir=0

which is known to have a solution non vanishing in G (see [12], 11.1).

Now, for fixed ¢, 1</ <s, we consider the boundary value problem

Dw* = Aw'+4 Buw’ in G
Re(ﬁwé) = o' on 8G, (19)

where w! = Z:il wiee’t and cpé = Z:il cpigeié are m X s matrix-valued functions. Hence the homogenous

solutions wf of (19) with index k = —n has a representation of the form
u}f; = )\ngﬁ,
where )y is a real constant matrix commuting with @) and vf; = Z:il vhice is a solution of
Dv' = Av’ + B, Re(pv*) = 0.

Note that if A commutes with @) then A can be written as

A= Pl
k=1

where Py =1, P, =>1", Z;;ll (Cij), €7, (2 <k <m) and (Ck,k—1),, are real or complex constants such that

_ L, p=k

(Cha)y = {0, p#k
qk,k—1
Ch h— = =
(Cre—1)z 421
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(Crk—1),,
1 1 (Crp—s)y (Cr k—s)
- ’ k=) forp=3,....1+1
=9 (Crotp-i-1)ys=t] (Cr-sp—i-1)y (Cr—sk-1-1), H
0 for p >1+1
Qk k-1 1 A q
Chiel), = ot Chrit)
(Crk—1)g . (Ck—l,k—l—l)gl;( ok —1) . .

Ak fo— 1 a
_ k,k—1 . Z (Ck,k—l) Ll

as (Cr—tk—1-1)5 = " a9y

(see [14], pp.442). Moreover, it is clear that A; and A2 commute with @ then A\; commutes with As.
From this it is easily seen that each homogenous solutions of (19) having n + 1 distinct zeros must be

vanish identically in G. The general solution to (12) may be written as w = (v + Yy, Aevt ), where vy is a

particular solution of reduced equation and A, are real constant matrices commuting with Q.

If w{, wh are distinct solutions of

Dw'* = Aw'+ Bw! in G,
Reyw! = 0 on 0G (20)

with negative index, then any combination of them
w = A\wt + Agw}

with real constant matrices Ay and Ay commuting with @ is also a solution of (20). The general solution of
(20) contains 2n arbitrary real constant z, = z, +iy,, (1 <7 <n) and an arbitrary real constant matrix

A¢. Tt may therefore be conjectured that there are 2n + 1 linearly independent solution of (20).

r solutions wf{, - -, w’ of (20) are said to be linearly independent if the equation

Z)\jwfzo, (A; commuting with Q)
j=1

implies that A; = 0.

Suppose that we already know (2n + 1) linearly independent solutions w§, oy, - - - , w5, of (20). No pair
of these solutions can have the same zeros. To show that there are no more than (2n 4+ 1) solutions, with non
vanishing 1 — th row and ¢ — th column terms , we show that each such solution can be written as a linear

combination of zﬂf , (0<j <2n). To this end let

S

i=1 j=1
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be non-trivial solution of the system
n
Z )\Lo)zﬂf;(zT) =0, 1<7<n.
In component form this becomes

SS AD @e(z) =0, (1<i<m, 1<0<s, 1<7<n)
=0 j—1

For each p we define the functions
2n
wy, =Y N (2)
k=1

where )\,(C“ )

are real constant matrices commuting with @ that are uniquely determined as the solution of system

L 14

Wy, (Z‘r) = Oyr€ ) wéu—l (Z-,—) = i&l“—elé.

In complex form this becomes

Z Z )\](gtl;)wkjé Z‘r) = 51t5;rr7

k=1j=1

§ )\kt] wkjé(z‘r) = i51t5MT7
k=1j=1

1<t<m, 1< pu,m<n. To show that these inhomogeneous equations have a unique solution it is sufficient
to demonstrate that the system

2n
Z kaﬁ (2:)=0
k=1

possesses only trivial solution, where x; commutes with . This follows directly the fact that if

2n
> Xk, ()
k=1

is a solution of (20), that is, linearly independent of wé, it must be trivial solution. From this we conclude,

since Gﬁ are linearly independent, that the xj are all zero. In this way we construct a system of functions wf;,

u=0,---,2n satisfying the conditions

14 14

U)é (ZT) = 07 wgu (ZT) = Our€ wgu—l (ZT) = i(SHTe

1<t<m, 1<u,7<n.]TItisseen that each solution of (20) may be represented as a linear combination of

sz;. For instance if we set (A2, )r1 = Rewge(2,) and (A2r—1)r1 = Imwye(2,) then the function w* —Zi’;l )\Mwﬁ
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is a solution of (20) and it vanishes at z., 7 = 1,--- ,n. Where (---)g1 means the k — th row and 1 — th

column elements of (---). Therefore there is a unique real constant matrix commuting with @ such that

Z)\w ) = Aow§ (2).

We can, moreover, show that there are at most (2n + 1) linearly independent solutions. To this end, we

; ¢ 4 : hati .
introduce ws, . and w;,_, . as linear combinations of w":

E : (2p,t) ~é
w2u t )\
. (2u—1,¢) ~é
wzu I E A
which moreover satisfy the conditions
14 A te 0 ) 0
w2u,t (ZT) T MTe ’ w2ﬂ_17t (ZT) = 715;“—6

These two conditions for determining )\,(3“ ’t), )\,(3“ —LY) may be formulated in terms of their components as

ZZ)\I(CK]M wk_]é Z‘r) = 5”5/“'

k=1j=1

2n 1
Zz)ﬁf “)wkﬂ (2r) = budpur

k=1j=1

1<t l<m, 1<p,7<n.If wefix wf, = (wo)w (1<t<m),then each solution of (20) may be written as
a linear combination of wﬁt(z).

Now we show that there are exactly (2n 4+ 1) linearly independent solutions of (20). Let w§(z) be non-
trivial solution of (20) that vanishes at each of given points z; (1 <7 <n). If we have 2n additional solutions

that moreover satisfy the conditions
whi(z) = Opre,  why_((2;) =idpret, 1<k 7 <n,

then these solutions also have non-vanishing 1—th row and £—th column terms and form a linearly independent
system with wp(z).
Let us define

fo=] 1o (2) — ¢ (2.

T
.

Al
T

Then if w’ is a solution of (20), v’ = I Lw! is a solution of the homogenous boundary value problem of index
~1,
Dvt = Av® + fk_lBﬁv_é i G, Re (Tfkvé) =0 on 0G. (21)
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If ¥4, vf are two non-trivial solutions of (21) that satisfy the boundary conditions Rev’ = Imvj = 0 on 9G,
then it is known (see [12], pp.272) that without loss of generality we may assume that Imwvgi1, > 0, Revyie > 0
on OG. Furthermore let vf,(z), Ué(z) be two solutions of (21) that satisfy v’ (z,) = Ué(zT) = 0 and the

inhomogeneous boundary conditions

Re(ﬁfkvﬁ) = —Re(ﬁfkvf;) on OG
Re(ﬁfkvé) = —Re(ﬁfkvﬁ) on 0G.

Then the two functions w{ := fi,(vh +v4), wh == fr(vf + vé) are solutions of (20) that satisfy

(e

wi(zr) = wh(zr)=0, 7#k 1<7<n

wi(z) = fu(ze)vh (2k) #0, wh(2) = fr (1) vh (21) # 0.

Consequently, one has Im [(wl)u (zx) (w2)12 (21)| # 0 and the linear equations

ADGE () + APl (z) = e
)‘giz)—lwf (2k) + )\gz)—lwé (z) = ielt

may be solved for real constant matrices )\gil), )\éi), )\Sl)_l, )\éi)_l, commuting with @), having non vanishing

main diagonal terms. In this way we may construct two solutions
¢ 1) 0 2) ¢
wM:AL)wl +)\L)w2 , p=2n-1, 2n
with the properties
wék (ZT) = 51@7'616 ) wék—l (Z‘r) = iékTelé'

By doing this for each k, we obtain 2n + 1 linearly independent solutions. Hence, the homogenous boundary
value problem (20) has exactly (2n + 1)m linearly independent solutions over R. This discussion is then

summarized as the next theorem.
Theorem 6 The homogenous boundary value problem
Dw=Aw+ Bw in G, Re(Fw)=0 on IG

has ezxactly (2n + 1)ms linearly independent solutions with non-identically vanishing 1 — th row and ¢ — th

column terms of w over R.
Case 3. k > 0. We consider the boundary value problem

Dw=Aw+ Bw in G, Re(yw)=¢ on 0G.
We assume in present case the index is a positive integer

1

k= Indy = 7
oG

dargy, = n.
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We introduce a transformation
K

w=yw, ¢ =[]l -¢ ()",

T=1
where the points z; lie in G. Then the new boundary value problem becomes
Dw=Aw+ Bw in G, Re (Tw_lw) =¢ on 0G,
where
A=A, B=v¢ByL.

Each of non-trivial solutions of homogenous boundary value problem with integral index has no zeros on

the boundary O0G. Since wis and 7, are perpendicular on G, wis has the same index as 7. So, with each

solution w’ of differential equation
Duw' = Aw® + Buw*

which has no zeros on 9G, i.e. w # 0 on G, we can always associate a homogenous boundary value problem
of integral index. Hence the index

1
n=_— / dargwyg
2
oG
of a solution w’ of homogenous differential equation
Duw' = Aw® + Bu?,

which has neither zeros nor poles on 9G, is equal to the difference between the numbers of its poles and zeros

in G. Hence every such solution w has a representation of the form

w = Z Aevbws,
=1

and the poles and zeros of ¥ coincide with those of w.

We clearly do not investigate the conditions under which there are continuous solution in G even when
the boundary vector family has positive index
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