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Abstract: We study the asymptotics of the ruin probability in a discrete time risk insurance model with stationary claims
following the aggregated heavy-tailed AR(1) process discussed in Puplinskaité and Surgailis (2010). The present work
is based on the general characterization of the ruin probability with claims modeled by stationary «-stable process in
Mikosch and Samorodnitsky (2000). We prove that for the aggregated AR(1) claims’ process, the ruin probability decays
with exponent «(1 — H), where H € [1/a,1) is the asymptotic self-similarity index of the claim process, 1 < a < 2.
This result agrees with the decay rate of the ruin probability with claims modeled by increments of linear fractional
motion in Mikosch and Samorodnitsky (2000) and also with other characterizations of long memory of the aggregated

AR(1) process with infinite variance in Puplinskaité and Surgailis (2010).

Key words: Ruin probability, dependent «-stable claims, aggregation, random-coefficient AR(1) process, mixed stable

moving average, self-similar process, long memory

1. Introduction and the main result

The present note studies the asymptotics of the ruin probability

n

Y(u) :zP(sup(ZY}—cn) >u), as u — 00, (1)

n2l o

where ‘claims’ {Y;} form a stationary, a-stable process of a certain type, 1 < a < 2, obtained by aggregating
independent copies of random-coefficient AR(1) heavy-tailed processes. In (1), ¢ > 0 is interpreted as a constant
deterministic premium rate and w is the initial capital. The above problem was investigated in Mikosch and
Samorodnitsky (2000) (see [8]) for stable processes {Y;}. Applying large deviations methods for Poisson point
processes, they proved the asymptotics ©(u) ~ to(u), where f(u) ~ g(u) means that f(u)/g(u) — 1 as
u — o0, and the function 1y is written in terms of the kernel and the control measure of stochastic integral

representation of {Y;} (see (15), below, in the special case when {Y;} is a mixed stable moving average). Using

the above result, Mikosch and Samorodnitsky ([8]) obtained the ‘classical’ decay rate t(u) ~ const.u=(*=1)
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(see e.g. [4]), for a wide class of weakly dependent symmetric a-stable (SaS) stationary claims, and a markedly
different decay rate 1 (u) ~ const.u=*~H) for increments of fractional Sa'S motion with self-similarity index
H € (1/a,1). In view of these findings, Mikosch and Samorodnitsky ([8], p.1817) propose the decay rate of the
ruin probability as an alternative characteristic of long-range dependence of a Sa'S process. See also [1], [2].

The present note complements the results in [8], by obtaining the characteristic decay of the ruin
probability when claims are modeled by the mixed SaS process studied in [10]. The latter process arises in the
result of aggregation of independent copies of random-coefficient AR(1) processes with heavy-tailed innovations,
following the classical scheme of contemporaneous aggregation (see [6]). Aggregation is a common procedure
in statistical and econometric modeling and can explain certain empirical ‘stylized facts’ of financial time series
(such as long memory) from simple heterogeneous dynamic models describing the evolution of individual ‘agents’.
See [3], [12], [13], [14], [5], among others.

Puplinskaité and Surgailis (see [9], [10]) discussed aggregation of infinite variance random-coefficient
AR(1) processes and long-memory properties of the limiting aggregated process. Let us describe the main

results of the last paper. Let {X;,t € Z} be a stationary solution of the AR(1) equation
Xi =aXy_ 1+ ey, (2)

where {e;,t € Z} are i.i.d. r.v.’s in the domain of the (normal) attraction of an «-stable law, 0 < a < 2, and
where a € (—1,1) is a r.v., independent of {&;} and satisfying some mild additional condition. Let the X;; =
a; Xi1—1+¢ei, i =1,2,..., be independent copies of (2). Then the aggregated process {N‘l/o‘ Zf;l Xt € Z}
tends, as N — o0, in the sense of weak convergence of finite-dimensional distributions, to a limiting process

{X;} written as a stochastic integral
X; = Z/ a'~*M,(da), (3)
s<t (_171)

where {M,,s € Z} are i.i.d. copies of an «-stable random measure M on (—1,1) with control measure
proportional to the distribution ®(dz) = P(a € dz) of r.v. a (see [10]). In the case when 1 < o < 2 and the

mixing distribution ® is concentrated in the interval (0,1) having a density ¢ such that
o) ~é1 (1—x)° asz — 1, forsome¢; >0, 0<b<a-1, (4)

the above authors proved that the aggregated process in (3) has long memory. In particular, it was shown
that normalized partial sums of {X;} in (3) tend to an a-stable stationary increment process {Z(7)}, which

is self-similar with index H =1 — (b/a) € (1/a, 1) and is written as a stochastic integral
20) = [ (far =)~ fla—e)w(da,ds) o)
(0,00) xR

1—e @ ifzx>0andt>0,
flz,t) =

0, otherwise,

with respect to an a-stable random measure v(dz,ds) on (0,00) x R with control measure ¢z~ “dxds. Let

us note that (5) is different from the a-stable fractional motion discussed in [8], which arises in a similar
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context by aggregating AR(1) processes with common infinite-variance innovations; see [9]. Under the same
assumptions in (4), Puplinskaité and Surgailis (see [10]) established, further, long memory properties of {X;}
in (3), namely, a (hyperbolic) decay rate of codifference and the long-range dependence (sample Allen variance)
property of Heyde and Yang (see [7]). They also showed that the value b = o« — 1 separates long memory and
short memory in the above aggregation scheme; indeed, in the case b > o — 1 the aggregated process has the
short-range dependence (sample Allen variance) property and its partial sums tend to an a-stable Lévy process
with independent increments (see [10]).

The present paper extends the above-mentioned characterization of long memory in the aggregated AR(1)
process of (3) to the ruin probability in (1) with stationary SaS claims {X;}, 1 < a < 2.

In the rest of the paper, we assume that {X;,t € Z} is the mixed moving average in (3), where M (da) is
a Sa'S random measure with characteristic function Eel?M:(A) — ¢=«alf1"®(4) g c R where 1 < a < 2, wy > 0

and A C (0,1) is any Borel set. This means that all finite-dimensional distributions of {X;,t € Z} are SaS. In

particular,
. alple = 1
Bel?Xo — e 7"l01" g c R, where 0% :=w, ZE|a|°‘k =W, E——.
1—al™
k=0
Let C, > 0 be the constant determined from the relation
. > 1
lim v*P(Xop >u) = gCaoo‘. (6)
The constant C,, depends only on « and is explicitly written in [11]
1—
Co = - .
(2 — ) cos(ma/2)
Also define
1—e™
z) = sup—, z>0. 7
o) = sup— 7

The function g¢ is continuous in the interval (0, 00) and satisfies the following conditions

limg(z) =1, lim zg(z) =1. (8)

z—0 Z—00

The main result of our paper is the following theorem.
Theorem 1 Assume that the mizing distribution ®(A) = P(a € A) is absolutely continuous having a density

(b(@) = <p(a)(1 - a)ba a € (Oa 1)) (9)
where b > 0 and ¢ is integrable on (0,1) and has limit lim,_.1 p(a) =: ¢1 > 0. Let ¥ (u) be the ruin probability
in (1) corresponding to {Y; = X;}.

(i) Let 0 <b<a—1. Then

CaK(a,b) u—e(—H)

5 u — 00, (10)
C (e
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where H=1— (b/a) € (1/a, 1) and

K(a,b) := 2} /OOO 2719 (2)dz + % /OOO 2bg%(2)dz. (11)

(07

(i) Let b > a —1. Then

CoK(a, ®) u— (@),

) ~ =

U — 00, (12)

where

K(a,®):= ailE[(l fa)a] (13)

In what follows, C' stands for a constant whose precise value is unimportant and which may change from

line to line.

2. Proof of Theorem 1

The proof of Theorem 1 is based on Theorem 2, below, due to [8], Theorem 2.5. For our purpose, we formulate
the above mentioned result in a special case of mixed SaS moving average in (14). For terminology and
properties of stochastic integrals with respect to stable random measures, we refer to [11].

Let {Y;} ={Y;,t=1,2,---} be a stationary SaS process, 1 < a < 2, having the form
Y; = / flv,z —t)M (dv, dz), t=1,2,---, (14)
W xR

where M is a SaS random measure on a measurable product space W x R with control measure v x Leb, v

is a o—finite measure on W, Leb is the Lebesgue measure, and f € L%(WW x R) is a measurable function with

Jovwg |f (0, 2)|*v(dv)dz < oo. Introduce

my = Cg/a(/w |if(v,:c — t)|au(dv)dw)1/a

xR =1

and a function vy : (0,00) — (0,00) by

C,, T fu,x =)
Yo(u) = — sup (2t 1 ))+ v(dv)dx (15)
2 Jwxrn>1 (u + nc)«
C, T fu,x =)
+ — sup (Xt S ) v(dv)de,
2 Jwxrn>1 (u+ nec)>
where 2 := max(z,0),z_ := max(—z,0) and where the constant C, is the same as in (6).

Theorem 2 (see [8]). Let {Y;} be given as in (14). Assume that m, = O(n®) for some 3 € (0,1). Then
Pu) ~ do(u)  (u— o0).
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Proof of Theorem 1. In order to use Theorem 2, we first rewrite the process in (3) in the form of (14):
X = / fla,t — )M (da, dz), (16)
(0,1)xR

where

;20
(a,x) € (0,1) x R,
0, x<0,

and M (da,dx) is a SaS random measure on (0,1) x R with control measure ® x Leb; [z] is the integer part
of z € R.

Condition m,, = O(n?) of Theorem 2 for the process in (3) is verified in [10], (A.12), with 3 = H =

—(b/a) € (1/a, 1). Therefore it suffices to show (10) with ¢ (u) replaced by 1o (u) as defined in (15). We have

»oaltmH(e > 2)”
Yo(u) = Ca sup (Eim 0 (t2 z)) ®(da)dz
2 J0,1)xr n>1 (u+mnc)®

= (Zsupz’flam —i—EisupZtI)))

= n>1 u~+ ne)® = n>x u+ne)®

%(11 + ). (17)

Consider first the expectation

o0

1—a* @
IQ - EZ 1—@ k>1( +(/€—1+$>C)

1 (1 =)k a
= C_a/o y ol -y dstup( u/lc) —iflk —yl)-i-w)
© {/o yrell-y dstup( (u/c) —l—lk_—yl)—i-:c)a

- / o=y dyzlili?(u/c +1k_—y1)+x)a}

=: c_a{fm +122}. (18)

Clearly, in view of (9), we can replace ¢(1 —y) by ¢13° in the integral Io;. For notational simplicity, assume
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that ¢(1 —y) = ¢13°, 0 <y < €. Then ubly; can be rewritten as

W'l = ¢1ub/0 - adstup( (u/c) -iflk_—yl)—i-w)a
- (1_y)k (e
= o / Y dyz_;fgf( u/c :c—l)—i—yk)

k
e((u/c)+x—1) b #) @
b z Z (a0 T
p1u /0 ((u/c) +z—1)° "\(u/c) —i—x—l 12&? z—i—(u/c)_m T

b

o U e((u/c)+z—1) N
- (bl; ((U/C) Lo — 1)b+1 /O Zb(gu,z(z)) dz, (19)

where

1-(1- —2—)"
Gu,z(z) = sup ( (u/zck)ﬂ_ ) 1(0< z < e((ufc) +z —1)). (20)

k>1 Z+W

According to Lemma 3 below, the function g, ,(z) tends to g(z) in (7) as u — oo, and satisfies condition (25);
therefore, by dominated convergence theorem, the integral in (19) tends to [~ 2°¢%(z)dz < oo uniformly in

x > 1. We also have that

Q

3 u! o dx b
Z ((u/c) +z —1)b+1 Z_ (1/e) + (/))b+1 _’/0 /) + a1 =5

m:l

Whence and from (19) we obtain that
lim u’ly; = —/ 2 g%(2)dz. (21)
U—00 0

On the other hand,

Is| < CE[(I—a) *10<a<1—e¢) Zi‘iﬁ((u/c)i_lﬁux)a]
< CZ( (u/c) —l—x) = O ™),

implying lim,— ubI55 = 0 thanks to condition b < o — 1.

134



PERILIOGLU and PUPLINSKAITE/Turk J Math

Consider the term I; in (17):

I

0 n JEPSRNYo 'S
_ (thl a* z)
= B Z ,Sgi (u + nc)>

T=—00

0

a(l—z)a(l _ an)a
= E
Z ,Sg{ (1 —a)*(u+nc)>

T=—00

0

= ¢ /Oldyy‘%(l —y) 3 A=yt (1@/(2)195)&

T=—00

0

i /: dyy “o(1—y) z—z:o(l _ )l sup (%)a}

=: C_a{fu + 112}-

For notational simplicity, assume that ¢(1 —y) = ¢13°, 0 < y < e. Then u’I;; can be rewritten as

0

b _ b ‘o bhea _\(1-a)a 11—y "\«
e = (bl/o vy Z;w(l v) igli( (u/c) +n )
* ‘ y (1—y)® 1—(1—y)"\

- ¢1/o Wy (1—y) ig((yu/C) +yn)

eu/c @
b ¢y (L—ecz/u)r
N C(bl/o dz (5)1—(1—cz/u)0‘2 ,Sgi(

e [T e (L—ezfu)r o
= C¢1/O dz(g)mz (gu,1(2))"

1—(1- cz/u)")a

z 4 czn/u

Using Lemma 3 below, and the facts that lim, 0 z(1—2)*/(1—(1—-2)%) = 1/a and 0 < 2(1—2)*/(1—(1-2)*) <
1/a for all z € (0, 1], we have that

Next,

I

U—00 (%

b [e'e]
lim w’l;; = <Z51_C/ zb_lgo‘(z)dz.
0

= E[(l —a) “10<a<1—e¢) i EEEI :g]}i (%)a}

aoz

1—a0‘]u_a

< caE[(l —a)*1(0<a<1—e)

= Cu “.

Since b < a — 1, we have limy_ o u?I12 = 0. This proves part (i).

(22)
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(ii) We use Theorem 2 as in part (i). Condition m,, = O(n”) is proved in [10], (A.13), with 8 = 1/a € (0,1).
Therefore it suffices to show (10) for ¢y(u). Consider the expectation Iy in (17). Then

1 = 1
a—1 a—1 —« «
u* Iy, = u" ¢ E[ gy (a, )|,
o 2 g+ a1 4@
where
1—ak
qula,a) = sup ——— .

k=1 L+ (u/c)+x—1

Note 0 < gu(a,z) <1 and gu(a,z) — 1 (u— o0) for any 0 < a < 1, z > 1 fixed. Indeed,

k k k k
—0" — oy " + rora—1
gu(a,z) —1 = sup (u/,:)—m Lo inf R CYOREY /])€+ ! 0
S R (7O e R o=

follows by taking, e.g., k = [logu] in the last infimum. Therefore by the dominated convergence theorem

lim v 'y, = ¢ @ lim E

U—00 U—00

1 0 w1
[(1 —a)* = ((u/e) +x - 1)

x=1

1 1

- E = ¢ 'K(a, ® 23
cla—1) [(1—a)a] ¢ (o, ®), (23)
where we used the fact that the last expectation is finite.
Next, consider
a® 1—a™\«
L = E ( ) .
! (I1-a*)(1—a)> ,Sg; u+nc ]

We claim that I; = o(u~(®~1) and therefore part (ii) follows from the limit in (23). To prove the last claim,
split the expectation I; = I;; + I12 according to whether 0 < a <1 —¢€ or 1 —e < a < 1 holds, similarly to
(18). Tt is clear that I;; = O(u~%) = o(u~(@~1). Therefore it suffices to estimate I;5 only. Then using (26),
below, and the inequality |1 — (1 — y)*| > Cy, 0 < y < €, we obtain

€ b—a n
y’~dy 1—(1—y)"\©
I < C (su )
12 = /0 1—(1-y)> nﬁ U+ nc

s 1= (1 —y)"\
< C b 1d sup —m——
B /0 Y y(nﬁ y(u/c)—i—ny)

€ l—e ™ \o
< C b_ld sup ———
- /0 Y y(nZIi y(U/C)+ny)
< C / ¥ g% (yu/c)dy

0
<

€ yb—l
c / YV gy
o (1+yu)>
eu b—1
= Cu_b/ Zidz,
o (1+2)~
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where the last inequality follows from (8). If a > b, the last integral is bounded and hence I;o = O(u~%) =
o(u~(@=1). On the other hand, if b > a, we easily obtain Iy; = O(u~*log(u)) = o(u~(®~1). This concludes
the proof of Theorem 1.

Lemma 3 Let g(2), gu.(2) be defined at (7), (20), respectively. Then

lim g, (2) = g(2) Vz>0, Vo >1), (24)
gua(z) < Cg(z), VMz>0, Vu>1, Vz >1), (25)

where the constant C' is independent of u,x,z. The function g(z) satisfies (8).

Proof Let 7(y) := (1 — (1 —9)¥)/(1 —e ), 0 <y <1,k =1,2,---. Let us first prove the elementary
inequality: for any 0 < € < 1 there exists a constant C' > 0, independent of 0 < e <1, k > 1 and such that

I(y) — 1] <Cle+ k™), VO<y<e Vh=1,2,.... (26)

Indeed, let 0 <y <1/(2k). Since 1 —e™® >2/2,0< x < 1/2 so

—ky _ _ k -y _
le A-9)" _ okle™ — 1 +y]

-1/ <2
17k (y) | < ky > ky

< Cy<CJk.

Next, let 1/(2k) <y <e<1. Then 1 —e % >1—e"/2> 0 and log(1 —y) < —y(1 — €). Therefore

me(y) =1 < Cle™ —(1-p)*|<C  sup o178 — 77
k>1,1/2<xz<ek
< C sup (e_z(l_e) — e_z) < (e,
z>1/2
since Sup,>1 /o re~®(1=9 < o0, This proves (26).

Using (26) we can write

_ zk
z 1 —e /ote—1
Sup T )

P ((u/c)—i—x—l 10< z<e((u/c)+x—1)) (27)

Ju,x\Z z
( ) z+ (u/c)-llc—z—l

1 — ¢ Tarote=T
< COsup ———F—
k>1 2+ (u/c)+x—1

IN

Cy(z),

thus proving the bound in (25). The convergence (24) follows similarly from (27) and (26).

To show (8), note that w — 1;i;w increases on the interval (0,w,) and decreases on (ws,0), where

wx = ws(z) > 0 is the unique solution of w + 2z + 1 = e¥. Thus, g(z) = ﬁ It is clear that
wx — 0(z — 0) and therefore lim, ,pg(z) = 1. Moreover, w, — o0 (z — o0) and w, < log(l + 2), im-

plying lim, .o 2g(2) = lim, oo s755- = 1. Lemma 3 is proved. O
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