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Abstract: The main aim of this paper is to prove that the maximal operator g*f = supy lonfl _ is hounded from the
nepP

o8 (n 1)

Hardy space H,,, to the space L,/5, where o, f are Fejér means of bounded Vilenkin-Fourier series.
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1. Introduction

In one-dimensional case the weak type inequality
. c
po™f>x) <<l (A>0)

can be found in Zygmund [19] for trigonometric series, in Schipp [11] for Walsh series and in P4l and Simon
[10] for bounded Vilenkin series. Again in one-dimensional, Fujii [4] and Simon [13] verified that ¢* is bounded
from H; to L;. Weisz [16] generalized this result and proved the boundedness of ¢* from the martingale space
H, to the space L, for p > 1/2. Simon [12] gave a counterexample, which shows that boundedness does not
hold for 0 < p < 1/2. The counterexample for p = 1/2 is due to Goginava [7], (see also [3]). In the endpoint
case, p = 1/2, two positive results were showed. Weisz [18] proved that ¢* is bounded from the Hardy space
H; /5 to the space weak- Ly /5. For Walsh-Paley system in 2008 Goginava [6] proved that the maximal operator
o* defined by
o*f:=sup 7l0nf|
nep log” (n +1)
is bounded from the Hardy space H;/o to the space L;/o. He also proved that for any nondecreasing function

¢ : Py — [1, co) satisfying the condition

log? 1
m 2 \" T2 (n+1)

the maximal operator

o f]
sup
nepP ¥ (n)
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is not bounded from the Hardy space H; /o to the space L s.
For a Walsh-Kaczmarz system an analogical theorem is proved in [9].

The main aim of this paper is to prove that the maximal operator o* f with respect to Vilenkin system

is bounded from the Hardy space Hj /s to the space Lj/o (see Theorem 1).

We also prove that under the condition (1) the maximal operator

o f]
sup
nepP ¥ (n)

is not bounded from the Hardy space Hj /o to the space Lj/o. Actually, we prove stronger result (see Theorem
2) than the unboundedness of the maximal operator ¢*f from the Hardy space H,,, to the spaces L,5. In

particular, we prove that

onf
¢ (n)

sup
neP

I
8

Ly

2. Definitions and notation
Let P; denote the set of the positive integers , P := Py U {0}.
Let m := (mg,ma....) denote a sequence of the positive integers not less than 2.

Denote by
Zm,, :=90,1,...mp — 1}

the additive group of integers modulo my.
Define the group G, as the complete direct product of the group Z,,; with the product of the discrete
topologies of Z,,, s.

The direct product p of the measures

e ({7}) = 1/my (J € Zmy)

is the Haar measure on G,, with u(G,,) = 1.

If supm,, < oo, then we call G,, a bounded Vilenkin group. If the generating sequence m is not bounded
n

then G,, is said to be an unbounded Vilenkin group. In this paper we discuss bounded Vilenkin groups
only.

The elements of G, are represented by sequences
v = (w0, 71,75, (Tk € Zmy,) -
It is easy to give a base for the neighborhood of G,
Iy () := G,
In(x) ={y € Gm | yo = x0, --.Yn—1 = Tn—1}(x € Gp,n € P)

Denote I, := 1, (0) for n € P and I_n =Gm \ I .

309



and

TEPHNADZE/Turk J Math

Let

en=(0,...0,2,=1,0,..) €Gpn  (n€P).

Denote

Ik’l — IN(O, v 0, 2k 75 0,0,...,0, 2 75 0,.%'[.;,_17_“7.%']\[_1),/6 <l<N
NG In(0,...,0, 2, # 0,0, ...,,0),l= N

Ijlf,’a’l’ﬁ =In(0,...,0,2, = ,0,...,0, 2, = B, 2141, xN-1), k < I < N.

It is evident

and

mrp—1m;—1 kol
Ik:,l - U U I QL 2
N a=1 p=1 N ( )

B N—2 N-1 N—1
IN=<U Ulj’yl>u<UI]’3N>. (3)
k=01=k+1 k=0

If we define the so-called generalized number system based on m as

My :=1, M1 = my My, (k € P),

o0
then every n € P can be uniquely expressed as n = Y n;M; where n; € Zm, (j € P) and only a finite

k=0

number of n;s differ from zero. Let |n|:=max {j € P; n; # 0}.

Denote by L; (Gy,) the usual (one dimensional) Lebesgue space.
Next, we introduce on G, an orthonormal system which is called the Vilenkin system.

At first define the complex valued function r (z) : G, — C, the generalized Rademacher functions as
r () := exp (2mixy/my) (*=-1,2€Gp,keP).

Now define the Vilenkin system v := (¢, : n € P) on G, as
Un(@) == kﬁjorgk (z) (neP).

Specifically, we call this system the Walsh-Paley one if m = 2.
The Vilenkin system is orthonormal and complete in L (Gp,) [1, 14].
Now we introduce analogues of the usual definitions in Fourier-analysis.

If f € L1 (G,) we can establish the Fourier coefficients, the partial sums of the Fourier series, the Fejér

means, the Dirichlet and Fejér kernels with respect to the Vilenkin system ) in the usual manner:

310
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n—1

onf == S Sif (n€ Py,
k=0

n—1
D, = Zwk,(ne P+),
k=0

n—1

1
Kn:EE Dk,(TLEPJ,.).
k=0

Recall that
M, ifzel,
DMn (‘T) - { 0 if x ¢ In- (4)

It is well known that

n

sup/ |Ky (z)| dp (2) < ¢ < o0,
G'VYL

In|

n|Ky, (2)] < ¢y MalKu, (). (6)
A=0

The norm (or quasinorm) of the space L,(G,y,) is defined by

1£ll,, = (/ If(w)lpdu(w)>1/p (0<p<o0).

m

The o-algebra generated by the intervals {I,, (z) : « € G,,} will be denoted by F,, (n € P). Denote by

f=(f"™,n € P) amartingale with respect to f, (n € P) (for details, see e.g. [15]). The maximal function
of a martingale f is defended by

f* = sup |
nepP

In case f € Ly, the maximal functions are also given by

. _ 1
@) = s )

/ £ () e (1)
L, ()

For 0 < p < oo the Hardy martingale spaces H, (G,,) consist of all martingales for which
1L, = 1], < .

If f € Ly, then it is easy to show that the sequence (S, (f) : n € P) is a martingale. If f = (f("), n e P)
is martingale then the Vilenkin-Fourier coefficients must be defined in a slightly different manner:
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The Vilenkin-Fourier coefficients of f € Ly (G,,) are the same as those of the martingale (Sys, (f) : n € P)
obtained from f .

For the martingale f we consider maximal operators

o* f = sup |onfl,
neP

~ |Unf|
o' fi=sup —5——.
nep log® (n + 1)

A bounded measurable function a is p-atom, if there exist a dyadic interval I, such that

a) J;adp =0,
b) lalloo < (D717,
c) supp (a) C I.

3. Formulation of main results

Theorem 1 The maximal operator

~* . |Unf|
o fi=sup —5——
nep log” (n + 1)

is bounded from the Hardy space Hj /s (Gy,) to the space Ly o (Gh).

Theorem 2 Let ¢ : P — [1, 00) be a nondecreasing function satisfying the condition

log® 1
lim log” (n+1) = +o0. (7)
n—oo ¢ (n)
Then there exists a martingale f € Hj /s, such that
onf
sup = 00.
nep || (n) Ly
Corollary 1 The mazimal operator
o f|
sup
nepP ¥ (n)

is not bounded from the Hardy space H,/y to the space Lq/5.
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4. Auxiliary propositions

Lemma 1 [17] Suppose that an operator T is sublinear and for some 0 < p <1

/|Ta|pdu§cp < 00

I

for every p-atom a, where I denotes the support of the atom. If T' is bounded from L, to L., then

HTfHLp(Gm) < ¢ HfHHp(Gm) .

Lemma 2 [2, 8/ Let 2 < A€ Py, k<s<A and ga = Maa+ Mop_2+ ...+ My + My. Then

Mo Moy
qa—1 |K<ZA71 (LL')| > %

for

T € Ixp (0, ey T2k 75 0,0,...,0, 224 75 0,x25+1, ...CL'QA_l) ;

k=0,1,..,A-3  s=k+2k+3,..,A—1.

Lemma 3 [5] Let A>t, t, A€ P, z€ I,\ ;41 . Then

0 if 2 — zier & 14,
KMA(Z)_{ #f(z) if z— ziep € 14.
Lemma 4 Letwe[ﬁ,’l , k=0,..N—-1,l=k+1,....N. Then

CMle
ME,

when n > My.

/ K (2 — 1) s (1) <

In

Proof. Let x € Iﬁ,’a’l’ﬁ. Then applying lemma 3 we have
K, () =0 when A> 1.
Hence we can suppose that A <. Let kK < A <[. Then we have

Mk < mkMk

Kaa (@)] = 1 —rk(z)] = 27ma

Let A <k <. Then it is easy to show that

| K, (2)] < e M.
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Combining (8) and (9), from (2) we have
| K, ()] < cMy, when z € Ijlf,’l

and if we apply (6) we conclude that
-1
n|K, (z)] < ¢y MaMj < cM;M,. (10)
A=0
Let z € Ijlf,’l, for some 0 < k<I<N-—1. Since x —t € Ijlf,’l and n > My from (10) we obtain
CMle
| K-l < S (1)
In N
Let x € IJ’%’N , then applying (6) we have
|
[ nla = 0ldu® < >0 [ (Kaey (=0l dinto). (12
In a0 In
Let
{ T = (0, oy 0,21, #0,0,..0, 2N, TN 1, g, ooy Tin|—15 )
t= (0, ...,O,LL'N, ...LL'q_l,tq 7& LL'q,tq_H, ->t|n|—17 ) , @ = N, ceey |7’L| —1.
Then using Lemma 3 in (12) it is easy to show that
(13)

[ i@ 0ldu® < £ 0 [ dnaut)
A=0 In

In
CMqu < CMk
nMN - MN.

IN

Let
(07 vy 0, T 7é 0,0,...,0,zn, TN+1;Lgs -5 LIn|—1) ) )

{

If we apply Lemma 3 in (12), we obtain

“7%\717t|n|7 ) .

T+ 8

(0,0, ey TNy -

In

c i cM;,
< - My My dp (t) < —.
AZZ:O In My

Combining (11), (13) and (14) we complete the proof of lemma 4.
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5. Proof of the theorems
Proof of Theorem 1. By Lemma 1, the proof of Theorem 1 will be complete, if we show that

/( 0wl )”2d <e<
sup ——m— C [ee]
. nelF)’log2 (n+1) =

In
for every 1/2-atom a, where I denotes the support of the atom. The boundedness of maximal operator

SleIIF)’ % from Lo to Lo follows from (5).

Let a be an arbitrary 1/2-atom with support I and p(I) = MJ\_,l. We may assume that I = Iy. It is
easy to see that o, (a) =0 when n < My . Therefore we can suppose that n > My .

Since ||al|,, < c¢M%, we can write

|7 (a)]
log? (n + 1)
1

m/m la ()] [ K (x —t)| dp ()

IN

lall _
m/m |K (2 — 1) dp (2)

2
cMy

T / K (2 — )] du ().

Let z € Ijlf,’l, 0 <k <l<N. Then from Lemma 4 we get

|Un (a)| < CMJ%[ Mle o CMle

= 15
log? (n+1) ~ N2 M3 N? (15)

Combining (3) and (15) we obtain

/ 5%a ()] du (2)

In
N—2 N—1 m;—1 . 1/2
- Yy Y e we
k=0l=k+12;=0,j€{l+1,..,N—1} VI~
N-1
~x 1/2
sy [ Fa@ du)
k=0 "IN
N—2 N—1
< CZ Z ml-',-lj-\;"nN—l ]\f\l[Mk
k=01=k-+1 N
N-1
1 My M,
+CZ—MN N
k=0
N—2 N—1 N-1
v M, vM
< c b +c k <c< oo
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Which completes the proof of Theorem 1. O

Proof of Theorem 2. Let {\x;k € P} be an increasing sequence of the positive integers such that

2
lim 108 M)
k—o0 (p()\k;)

It is evident that for every A there exists positive integers mj, such that D!, < g < Uy +1 < WE Q!

M :=supmy. Since ¢ (n) is a nondecreasing function we have
k

N\ 2
(i) ()
B s g 108 W) (16)
k=000 (qmy ) — k=00 ©(Ak)
let {ny;k e Py} C {m);k € P} such that
2
lim — -k =
k=00 © (qn,,)
and
fnk (LL') = DM271k+1 (LL') - DMznk (LL')
It is evident
o N 1, ifi:Mzn 7---7M2nk+1_1;
P (3) = { 0, otherwise. *
Then we can write
Di (LL') — DMznk (LL') s ifi = Mznk yoeeey M2nk+1 —1
0, otherwise .
From (4) we get
ankHHl/z sup Sn,, fr (18)
nepP Lo

HDM27%+1 — Dy

2np, L1/2
2
1/2 1/2
= Mgnk d/L (l’) + (M2nk+1 - MZn;C) d/L (LL')
1271;C \I2nk+1 12nk+1
1/2 2
_ 1
_ Moany, 1M1/2+ (mz”k + ) 1/2
Mopy41 % any, +1 2
&
<
2np,
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By (17) we can write:

-1
‘ank fnk (CL’)‘ 1 I
= S fri (T
¢ (qn,) © (ans) any ; e (2)
N .
= - x
@ (qne) Gn,. =M, .
1 an_l
= D;(z)— Dy (w))
‘P(an)an »_% ( ! 2k
J= 2ny
1 an—l_l
= Dijiym, (x)— Dy )
© (qny,) qny j=0 ( o 2%( ) 2%( )
Since
My, (z) - My, (z) = wMzn i J = 1,2, "7M2nk L
we obtain
O, Frun (w)‘ 1 dnj—1—1
= Dj (z)
@ (qns) ¢ (@) i | =
1 an—l ‘
= K ny — (‘/E)‘ *
‘P(an) Any, e
Let =z € Ifffl. Then from Lemma 2 we have
Ogn,, fnk(x)‘ S cMos Moy
@ (qni) B M2nk(p (qne)”
Hence we can write:
1/2
|0'anfnk(x)|
Fan T B0 ()
G \ P (an)
ng—3ng—1 mMai41 M2n, —1 1/2

=YY Yy [ ()

s=0 l=s+1Z2141=0 Tan,—1=0" "2ny (p(an)

m g —1 Mo M-
> ¢ Z Z 2041 2ng 2s54V121 >
]\4271;C

c Z Z My, Cng

>
s=0 l=s+1 \/M2ZM27L;C SO (an) \/MZH;C SO (an)
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Then from (18) we have

(1]

2

3

4

(15]

(16]

(17]
(18]

(19]

318

2
|UQ7L fnk(TJ)l 1/2
(*[Gm ( SZ(nk) ) d/,L (:L.) CTL%

> Moy,
||fnk(I)||H1/2 Mznk@(an)
cnﬁ
zZ —— — 00 when k — oo.
¥ (an)
Theorem 2 is proved. O
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