Turkish Journal of Mathematics

Volume 37 | Number 6 Article 6

1-1-2013

Cartan equivalence problem for third-order differential operators

MEHDI NADJAFIKHAH

ROHOLLAH BAKHSHANDEH CHAMAZKOTI

Follow this and additional works at: https://journals.tubitak.gov.tr/math

6‘ Part of the Mathematics Commons

Recommended Citation

NADJAFIKHAH, MEHDI and CHAMAZKOTI, ROHOLLAH BAKHSHANDEH (2013) "Cartan equivalence
problem for third-order differential operators," Turkish Journal of Mathematics: Vol. 37: No. 6, Article 6.
https://doi.org/10.3906/mat-1205-31

Available at: https://journals.tubitak.gov.tr/math/vol37/iss6/6

This Article is brought to you for free and open access by TUBITAK Academic Journals. It has been accepted for
inclusion in Turkish Journal of Mathematics by an authorized editor of TUBITAK Academic Journals. For more
information, please contact academic.publications@tubitak.gov.tr.


https://journals.tubitak.gov.tr/math
https://journals.tubitak.gov.tr/math/vol37
https://journals.tubitak.gov.tr/math/vol37/iss6
https://journals.tubitak.gov.tr/math/vol37/iss6/6
https://journals.tubitak.gov.tr/math?utm_source=journals.tubitak.gov.tr%2Fmath%2Fvol37%2Fiss6%2F6&utm_medium=PDF&utm_campaign=PDFCoverPages
https://network.bepress.com/hgg/discipline/174?utm_source=journals.tubitak.gov.tr%2Fmath%2Fvol37%2Fiss6%2F6&utm_medium=PDF&utm_campaign=PDFCoverPages
https://doi.org/10.3906/mat-1205-31
https://journals.tubitak.gov.tr/math/vol37/iss6/6?utm_source=journals.tubitak.gov.tr%2Fmath%2Fvol37%2Fiss6%2F6&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:academic.publications@tubitak.gov.tr

Turkish Journal of Mathematics Turk J Math

(2013) 37: 949 — 958

© TUBITAK

T U B | TAK Research Article doi:10.3906 /mat-1205-31

http://journals.tubitak.gov.tr/math/

Cartan equivalence problem for third-order differential operators

Mehdi NADJAFIKHAH,' Rohollah BAKHSHANDEH CHAMAZKOTI**
1School of Mathematics, Iran University of Science and Technology, Narmak, Tehran, Iran
2Department of Mathematics, Faculty of Basic Science, Babol University of Technology, Babol, Iran

Received: 16.05.2012 . Accepted: 18.11.2012 . Published Online: 23.09.2013 . Printed: 21.10.2013

Abstract: This article is dedicated to solving the equivalence problem for a pair of third-order differential operators on
the line under general fiber-preserving transformation using the Cartan method of equivalence. We will treat 2 versions of
equivalence problems: first, the direct equivalence problem, and second, an equivalence problem to determine conditions
on 2 differential operators such that there exists a fiber-preserving transformation mapping one to the other according

to gauge equivalence.
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1. Introduction
The classification of linear differential equations is a special case of the general problem of classifying differential
operators, which has a variety of important applications, including quantum mechanics and the projective
geometry of curves [9]. The general equivalence problem is to recognize when 2 geometrical objects are mapped
on each other by a certain class of diffeomorphisms. E. Cartan developed the general equivalence problem
and provided a systematic procedure for determining the necessary and sufficient conditions [1, 2]. In Cartan’s
approach, the conditions of equivalence of 2 objects must be reformulated in terms of differential forms. We
associate a collection of one-forms to an object under investigation in the original coordinates; the corresponding
object in the new coordinates will have its own collection of one-forms. Once an equivalence problem has been
reformulated in the proper Cartan form, in terms of a coframe w on the m-dimensional base manifold M , along
with a structure group G C GL(m), we can apply the Cartan equivalence method. The goal is to normalize
the structure group valued coefficients in a suitably invariant manner, and this is accomplished through the
determination of a sufficient number of invariant combinations thereof [9]. Kamran and Olver have solved the
equivalence problem for second-order differential operator with 2 versions of the equivalence problem [7]. In
this attempt, we shall solve the local equivalence problem by 2 versions of the equivalence problem for the class
of linear third-order operators on the line. For simplicity, we shall only deal with the local equivalence problem
for scalar differential operators in a single independent variable, although these problems are important for
matrix-valued and partial differential operators, as well.

There are some recent works on solving equivalence problems on third-order ordinary differential equations
[8, 10, 6]. The problems here are related to the more general equivalence problem for third-order ordinary
differential equations, which Cartan studied under point transformations [3], while Chern turned his attention

to the problem under contact transformations [4].
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2. Equivalence of third-order differential operators

Our starting point is a third-order differential operator:
2= filz) D', (2.1)

where fy, f1, f2, and f3 are analytic functions of the real variable z; D = d*/dxz*; and D° = 1d is the identity

operator. Applying & on a scalar-valued function u(z), we obtain the following expression:

Dlu] = Z fi(z) D'u. (2.2)

We discuss the problem of equivalence under general fiber-preserving transformations, which are linear in the
dependent variable.

T=¢£), w=¢)u (2.3)
where ¢(x) # 0. The total derivative operators are related by the chain rule formula:

_ d 1 d 1
P~ o a-ew” (24)

3
Zf,»(m) D'u = gu] = 9[u] = Zﬁ(f) D'a. (2.5)
under change of variables (2.3). This induces the transformation rule
P=9 —— when z=¢&(x) (2.6)

on the differential operators themselves, and we try to find explicit conditions on the coefficients of the 2
differential operators that guarantee that they satisfy (2.5) for some change of variables of the form (2.3).

The transformation rule (2.6) preserves neither the eigenvalue problem 2[u] = Au nor the Schrodinger
equation iu; = P[u], since we are missing a factor of ¢(z). To rectify this problem, we need to multiply by

() and use the gauge equivalence with the following transformation rule:

o

9:30(93)'9#7(96)

when T =&(x). (2.7

In quantum mechanics, equivalence plays an important role since it preserves the solution set to the associated
Schrédinger equation, or its stationary counterpart, the eigenvalue problem.

The appropriate space to work in will be the third jet space J?, which has local coordinates Y =

{(x,u,p,q,7) € J3 : p = Uy, q = Upsy,” = Uszz}, and our goal is to construct an appropriate coframe on J?,

950



NADJAFIKHAH and BAKHSHANDEH CHAMAZKOTI/Turk J Math

which will encode the relevant transformation rules to our problem. Note first that a point transformation will

be in the desired linear form (2.3) if and only if, for some pair of functions «, 3, one-form equations

dz = adz, (2.8)
du d
== B sde (2.9)
u u

hold on the subset of J where u # 0. Indeed, (2.8) implies that # = £(x), with a = &, , while (2.9) necessarily
requires 4 = p(z)u, with 5= @, /p.

Second, in order that the derivative coordinates p,q, and r transform correctly, we must prolong the
transformation (2.3) and need to preserve the contact ideal Z = (du — p dx,dp — q dx,dq — r dz) on J* as the

following form:

di—pdz = ai(du—pdx), (2.10)
dp—qgdz = aa(du—pdz)+ as(dp— qdz), (2.11)
dj—7dz = a4(du—pdz)+as(dp— qdx) + ag(dg — r dz), (2.12)

where a;;s are functions on J3. The combination of the first contact condition (2.10) with the linearity

conditions (2.8) and (2.9) constitutes part of an overdetermined equivalence problem. Since

1 0
dz p adx
(du>: LAY ()\(du—pdz))’ (2.13)
« AU

2 x 2 matrix A

we determine that the entries of A matrix in (2.13) are invariant for the overdetermined problem, and therefore

we should normalize f = —p/u, A = 1/u. Hence, the one-form

du—pdr du—pdr

(2.14)

u u

is invariant, and (2.14) be replaced with both (2.9) and (2.10). Therefore, we may choose 4 elements of our

coframe as form

du—pd
w! = dz, wzzw, w3 =dp—qdr, w'=dg—rde, (2.15)
u

which are defined on the third jet space J3 locally parameterized by (z,u,p, q,7), with the transformation rules

3 3

Nk L &2 2 = asw? + asw®, @* = ayw? + asw® + agw?, (2.16)

= qw, W =w’, w

where a; with 4 = 1,--- ,6 are functions on J3. According to (2.5), the function I(z,u,p,q,7) = P[u] =

fa(x)r + fo(x)g + f1(x)p + fo(x)u is an invariant for the problem, and thus its differential,
w® = dI = fadr + fadq + frdp + fodu + (fir + foq + fip + fou)de, (2.17)

is an invariant one-form. We thus take it as the final element of our coframe.
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In the second problem (2.7), for the extra factor of ¢, the invariant is

I(z,u,p,q,7) = @1[7] _ fs(@)r + f2(5)q + fi(z)p o). (2.18)

Thus, we take

W=dli =2

/ / !
f3 dr+@dq+ﬁdp_f3r+f22q+f1p du+{f3”f2q+f1p+f(g}dx
U u u U u

(2.19)

as a final element of the coframe for the second equivalence problem (2.7). In both cases, the set of one-forms

{wl w? w3 w W’} is a coframe on the subset

O = {(:C,u,p,qm) € J®|u#0and f3(x) # 0}. (2.20)

We restrict our attention to a connected component £ C * of subset (2.20) such that the signs of fo(z) and w

are fixed. In both the first and second problems, since w® = dI is a closed invariant one-form, the last coframe

element agrees up to

@® = Wb, (2.21)

Proposition 2.1 Suppose 9 and @ are third-order differential operators. Let {w',w? w3 w* w®}, and

2 03, @t @) be the corresponding coframes, on open subsets Q and 0 of the third jet space, given by

{whe* e
(2.15) and (2.17) or (2.19), the choice of w® and &° depending on the equivalence problem under consideration.
The differential operators are equivalent under the pseudogroup (2.3) according to the respective transformation

rules (2.6) and (2.7) if and only if there is a diffeomorphism ® that satisfies

5
(b*((IJZ) = Zg” (J.Jj7 (222)
=1
fori=1,---,5, where g = (gij) is a G-valued function on J3,

ag 0 0 0 O

0 1 0 0 O
G= 0 ap a3 0 0 |:aq;€R; 9=1,---,6, ajazasg#0 (2.23)

0 ag ay Qg 0

0O 0 0 o0 1

and ®* denotes the pull-back map on differential forms.

In order to apply Cartan’s reduction algorithm for direct equivalence and gauge equivalence problems so as to

prescribe invariant normalizations of the 6 group parameters ai,as,--- ,ag, we must lift coframes to the space
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J3 x G. The lifted coframes have the forms

0' = aqwt,
6% = w?
0% = asw? + asw?, (2.24)

4 2 3 4
0% = ayw” + asw® + agw”,

0% = WP,

3. The direct equivalence problem

Theorem 3.1 The final structure equations for the direct equivalence problem with (2.15) and (2.17) coframes
are

do* = % 0 A 62,

> = 6" A 6°,

do® =0 n ot + %92 A O3, (3.1)
do* = —160" N 6% + %Ig&l AP+ 1OP NG+ 0" N O° + 202 A 64,

do® =0,

where the functions 1,1, and Is are

I = f3r + faq + fip + fou,
I = (f3 — fo)u — 2f3p, (3.2)

33/ (fzu)?

(8f3fa +3fsfy = 4F5 = Of1 fo)u® + 5f30% — 2 fFuq + (Tf4fs — 15fs 2)up),

1
b= |

the fundamental structure invariants of the problem.

Proof First, we take the initial 4 one-forms (2.15) and (2.17) as our final coframe constituents. The next step

is to calculate the differentials of lifted coframe elements (2.24). An explicit computation leads to the structure

equations
o' = o' A6,
do* = TLO' N> + TH0M N6,
do® = PN+ aB NP+ TELO ANO* + T N O3+ T2.0" N6*, (3.3)
do* = a* AP +P AP+ S A0 FTHO AN O? + THON A G2 +TLO A O* +TEOM A 6P,
e’ = 0,
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with

1 da1 2 (Lgdag — agda?, 3 da3

b a b b)
ai as as

oh agagday + (asas — asaq)dag — asasdas o — asdas — asdag b — dag

b ) )

azae azag ae

forming a basis for the right-invariant Maurer—Cartan forms on the Lie group G. The torsion coefficients in

the structure equations (3.3) are explicitly given by

2 2
T2 — a2 + asp T2 — 1 T3 — _ (206a3P + asa6 — azasazu + azasu
12 ajazu B aazu’ 12 a1G306U ’
asQg — azasU a
3 _ Q206 — G305 3 a3
Iy=——"—"—, 1T} = ) (3.4)
aj1aszaegl a1Qg
2 2 2 9
Th (azasaep + azasae + asazas — azag) fs + (azasas — asazae) f2 — azag f1 + agasu? fo
2 aiazag fsu ’
2 2
4 (aaa6 — agu) f3 + asagufo — agufi 4 as f3 — ag f2 — agag 4 a6
T3 = NAVES o Tis = .
ajazag f3u a1a6 f3 ay f3

In the absorption process, we replace each Maurer—Cartan form in the structure equations with a linear
combination of coframe elements, with " — 22:1 zf@j ; where coefficients 27 are allowed to depend on

both the base variables z,u, p, q,r and the group parameters ai,as,...,as. Therefore, we have
Ol = —200" NO? — 230" NOP — 210" NO* — 2201 NP,
0% = TE0 A 6% + T2 A 63,
O3 = (22 + T NO? + (23 + T30 A0 + T30 N O* + (25 — 22)02 A 6P
—2302 N O* — 2303 NO* — 2207 N O° — 230° N 0P, (3.5)
0% = (2] + T15)0" N0 + (27 + T5)0 A 0% + (28 + T4)0M A 0* + (25 — 23)6% A 63
F(25 = 2D0P N0+ (25 — 2P N+ TLOY AN O° — 2207 AN 05 — 220% N 05 — 280 A 65,
0% =0.

Some coefficients of #7 A % in (3.5) that happen to be independent of the parameters 5 are invariants of the
problem, and so one can normalize to reduce the structure group. In the above, the essential torsion components
are T, T4, T3, Tk, as given in (3.4), which is able to absorb all the torsion components except them. By
direct inspection of the structure equations (3.3), we deduce that any torsion component in df? is essential
because there are no Maurer-Cartan forms in it and since the Maurer—-Cartan forms in d#® multiply either 62,
or #, and df* multiply 62,03, and #*, they can never produce a multiple of the two-form ' A 6* and 6 A 65
upon replacement, respectively.

Since the essential torsion coefficients all depend on the group parameters, the next step in the process is
to normalize them to as simple a form as possible. We first normalize T2 = 0 by setting az = —azp, thereby
eliminating the group parameter ay. Second, we can normalize T}, = Tt = 1 by setting a3 = ajag, ag = a1 f3.

With these 3 normalizations, the fourth essential torsion coefficient becomes T% = 1/(a3 fsu). By assumption
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f3(z)u # 0, and because of using real-valued functions, TZ = 1. Therefore, we normalize a; = (fzu)~/3. The

group parameter normalizations are

1 o/ f sl f s/ f
ap = ma az = \/Epa as = \/UE’ ae = \/E (36)

Now substituting normalizations (3.6) in the lifted coframe (2.24), in the second loop through the equivalence

procedure, we calculate the differentials of the new invariant coframe, and so the revised structure equations
are

dot = % o' A 62,
do? = 0 A 63,
do® = T35 NO> + T0P NO> + 0 A O* + %02 A6, (3.7)
do* = o' NO* + 0?2 AOP + THLOY A 0% + TL0T A O3+ T0" A 0" 4 T6% A 63
—%92 NG+ 01 NG5,
de® =0,

where o' and o2 are the Maurer—Cartan forms on the structure group G. The essential torsion coefficients are

7 3 — 5pfs 2f3u — 3fau — fap
T3 = —a —{‘/—f3 . T3 _ W= 5pfs —as, TH=as+ =23 ) 3.8
12 4 uw ! 137 3 f5u)? 5 14 = a5 33/(f5u) (3.8)

Since in (3.7) the other torsion coefficients can be absorbed by the Maurer—Cartan forms, we just normalize the

essential torsion coefficients (3.8) and we find the following parameters:

_ s/ f3 _ fau—>5f3p
aqg = —\/Eq, as = ;B(W (3.9)

The normalizations (3.9) have the effect of reducing the original structure group G to a one-parameter subgroup
and we have finally normalized all the group parameters. Inserting their prescribed values (3.6) and (3.9) into

(2.24), the invariant coframe is now given by:

ol _ dx
Visu’
92_du—pdx
u Y
03 = ¢ S [(dp —qdx) — B(du —-p dm)] (3.10)
u? u ’
5/ f3 qdu —pg dz\  fiu—5fsp 5| f3
0t = -/ 2 + 23 dp — q dz) + {/ = (dg — r dz),
L) SWW g dz) + /= (dq )

0° = fadr + fadgq + frdp + fodu+ (fir + foq+ fip + fou)dz.
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Therefore, the structure equations (3.1) with fundamental invariants coefficients (3.2) are obtained. O

In a local coordinate T on J3, the coframe can be written in terms of the coordinate coframe, such that

0t = > a%(x)dz? , where A = (a}(z)) is a nonsingular m x m matrix of functions. The differential of a function
can be rewritten in the coframe-adapted form:

5

oF .

dF - 7,0]

067"’

j=1

(3.11)

where one will refer to the resulting coefficients dF/067 = 3", b;(x)aF /0x as coframe derivatives of F where

B = (bi(z)) = A~'. Comparing (3.11) and the formulae (3.10) for the invariant coframe, we find that coframe

derivatives of F' are given explicitly by

OF o ~

20T V fau D, F,

@_uai+ (23 37F7(f2Q+f1P+fou)57F
902~ “au " Pap "oy 75 ar’

oOF u OF 5pfs — fiu

or (5f2f3p — fafsu+ 3f1f3u)8£

oF _ or 3.12
903 /fsu Op ( 3f3/ fau ) Jq 33V fu or’ (312
OF _u oF__ju oF
90*  Y/(fau)? 0a  f33/(fsu)2 Or’
or _1or
695 N f3 8r’
where
~ 9 d d d ) for + frg + fop + fir + fsa + fip + fou
D _ - - — J— = — .
v 6x+p8u+q8p+raq+R3T’ i f3

The Jacobi identities for the coframe derivatives are found by reapplying the exterior derivative to the structure
equations (3.1). An easy calculation shows that d?6' = d?0? = d?6® = 0 automatically, while the identity

d?0* = 0 implies the following syzygy among our fundamental invariants and the derived invariants:

oI, oI, oI, 2 oI, oI,
ZL_ Tl 2 _ g 2 951 2 oy
002 b o3~ 7 002~ 3% ags ~ 004 ’

and also we have dI = 6°, meaning that 9I/06° =1 and 9I/06" =0 for i =1,2,3,4 .

4. The gauge equivalence problem

Theorem 4.1 The final structure equations for gauge equivalence with (2.15) and (2.19) coframes are

dot =0,

de? = o' A 63,

de® =61 A 64, (4.1)
do* = 110 A 6% + LY A O* + 01 A 65,

de’ =0,
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where the coefficients 11 and I,

(fsfd —=3fifs+ fafs— 5 1 u+ 3(f3f5 — 2f2f3)p — 9f3q

I —
' 3fsv/fsu

_ fau —3fsp — fou

Wi

are the fundamental invariants of the problem.

I

Proof We determine the solution to the problem of gauge equivalence of third-order differential operators by
a similar computation of the previous section. The Cartan formulation of this problem will use the same initial
4 one-forms (2.15), but now the final coframe element is (2.19). In the first loop through the second equivalence
problem procedure, the structure group (2.23) is exactly the structure group of direct equivalence, and then the
equivalence method has the same intrinsic structure (3.3) by the essential torsion coefficients

as 4 agl

1 .
2 _ 3 _
—, ITiy=——, Ty = NVACES . (4.3)
aiasu aijasu aiag a1 f3

One can normalize the group parameters by setting

1 3f3 3f3 3f§
alzﬁ, (LQZ—\/EP, agzwﬁ, ag = B (4.4)

In the second loop of the present equivalence problem, we substitute the normalizations (4.4) in lifted coframe
(2.22) and calculate differentials of the new invariant coframe to obtain revised structure equations. Now we

normalize the essential torsion components (4.3) by the remaining parameters

3 fg? féu_6.f3p
= — =2 = — 4.
e L (45)

Thus, the final invariant coframe is now given by

ol — dx
3 f37
g2 = du—pdr
U )
93 = \/ufig{(pz—qu) dr —pdu+udp|, (4.6)
1
0= X [(3f3u2r + f3u®q — fyup® — 9fupq + 6 fsp®) d +

(fiup + 3fsuq — 6 f3p°) du + (6f3p — fiu)u dp — 3fsu’ dq|,

) f3d

/ ! I
g5 _ Jar +faat fip+ fou - fsr+ f2q+ fip du+ﬁdp+7dq+7 "
u u u

U u?

Then the final structure equations (4.1) with fundamental invariant coefficients (4.1) are obtained. O
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Note that the original invariant I, given in (2.18), does not appear among the structure functions of the

adapted coframe. Nor can it appear among the derived invariants, since the coframe derivatives are

OF ~
20T v/ f3 D F,
oF oF oF oF oF

a2 ~"ou "Pap "o T ar

OF _ u OF (6f3p—f§u)3£+ ((f2f§*3f1f3)u*6f2f3p)3j (47)
96°  /fs op 3f33/f3 7 9q 3125 or’
OF _ _u OF  ju or
0% /2 0q  f33/f2 or’
oF _u oF
605 N f3 87”
where
~ 0] 0 0 0 0
DI = . a.- 9. a. . 4.
6x+p8u+q8p+r6q+R8r (4.8)
R Jerut fiqu— f1p® = fapq — fapr + firu+ fiqu+ fip + fou® (49)
fsu
The identity d?6* = 0 leads to the following syzygy among fundamental invariants and the derived invariants:
ol 0l ol
= = L= o[, 4.1
90"~ or . o 2 (4.10)
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