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Abstract: On the slit tangent manifold TM° of a Finsler space (M, F) there are given some natural foliations as
vertical foliation and some other fundamental foliations produced by the vertical and horizontal Liouville vector fields,
see [A. Bejancu, H. R. Farran, Finsler Geometry and Natural Foliations on the Tangent Bundle, Rep. Math. Physics
58, No. 1 (2006), 131-146]. In this paper we consider a (n,2n — 1)-codimensional subfoliation (Fy, Fr) on TM° given
by vertical foliation Fi and the line foliation spanned by vertical Liouville vector field I' and we give a triplet of basic

connections adapted to this subfoliation.

Key words: Finsler manifold, subfoliation, basic connection

1. Introduction and preliminaries

1.1. Introduction

The Finsler manifolds are interesting models for some physical phenomena, and so their properties are useful to
investigate [3, 6, 14]. On the other hand, in [5] Bejancu and Farran initiated a study of interrelations between
the geometry of some natural foliations on the tangent manifold of a Finsler space and the geometry of the
Finsler space itself. The main idea of their paper is to emphasize the importance of some foliations that exist
on the tangent bundle of a Finsler space (M, F'), in studying the differential geometry of (M, F') itself. In this
direction, in the last decades, the geometrical aspects determined by these foliations on the tangent manifold of
a Finsler space were studied [2, 8, 12, 15, 16]. The foliated manifolds, and some couple of foliations, one of them
being a subfoliation of the other, are also studied, related sometimes with cohomological theories [9, 10, 11, 17].
Our present work intends to develop the study of the Finsler spaces and the foliated structures on the tangent
manifold of such a space.

The paper is organized as follows. In the preliminary subsection we recall some basic facts on Finsler
spaces and we present some natural foliations on the tangent manifold TM? of a Finsler space (M, F'), according
to [4, 5]. In the second section, using the vertical Liouville vector field T' and the natural almost complex
structure J on TM° we give an adapted basis in T(T'M?). In the last section are given the main results of
the paper. There is identified a (n,2n — 1)-codimensional subfoliation (Fy, Fr) on the tangent manifold 7'M°
of a Finsler space (M, F), where Fy, and JFr are the vertical foliation and the line foliation spanned by T,

respectively. Firstly, we make a general approach about basic connections on the normal bundles related to this
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subfoliation and next a triple of adapted basic connections with respect to this subfoliation is constructed. The

methods used here are closely related to those used in [9] for the general study of (g1, ¢2)-subfoliations.

1.2. Preliminaries and notations
Let (M, F) be a n-dimensional Finsler manifold with (x%,4%), i = 1,...,n the local coordinates on TM (for
necessary definitions see for instance [1, 3, 14]).

The vertical bundle V(T M) of TMY = TM — {zero section} is the tangent (structural) bundle to

vertical foliation Fy, determined by the fibers of 7 : TM — M and characterized by x* = const. on the leaves.

Also, we locally have V(T M) = span { a?ﬁ } ,i=1,...,n.

A canonical transversal (also called horizontal) distribution to V(T'M?) is constructed by Bejancu and

Farran in [1] p. 225 or [5] as follows:

Let (¢7"(x,y))nxn be the inverse matrix of (gi;(2,y))nxn, where

1 9%°F?

§W($,y), (1.1)

gij(z,y) =

and F' is the fundamental function of the Finsler space.

If we consider the local functions

.1 . ( O°F* , OF? ;  0GI
i1 _ j_ o0& 1.2
¢ 47 <8y’f€)xhy oxk )’ Gi oyt’ (1.2)

then there exists on TM? a n-distribution H(TM?°) locally spanned by the vector fields

) 0 ;0
- = =, i=1,...,n. 1.3
Szt o' i 3yﬂ s 2 P ,n ( )
The local basis { 527? , azi } ,i=1,...,n is called adapted to vertical foliation Fy and we have the decomposition
T(TM®) = H(TM®) @ V(TM"). (1.4)

If we consider the dual adapted bases {dx?,dy’ = dy* + G; dz7}, then the Riemannian metric G on TM? given

by the Sasaki lift of the fundamental metric tensor g;; from (1.1) satisfies

6 9 o 0 o 0 .
G(M’c&rj) _G<8y“3y7> _gij’G(éxi’ayj> =0,5,7=1,...,n (1.5)

We also notice that there is a natural almost complex structure on TM? compatible with G and locally defined
by

5 , 0 , ) 0 0 0
5z 20 Ay’ war, ((5xz> oy’ <8y’) ozt
According to [0, 14] we have that (TM°,G,J) is an almost Kéhlerian manifold with the almost Kéhler form

given by
QX,Y)=G(JX,Y), VX,Y € X(TM"). (1.6)
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It is easy to see that locally we have
Q= g;j0y" Ada?. (1.7)

84
oy*
defined on TM°. We also consider Lr = span {I'} the line distribution spanned by I' on TM° and the

following complementary orthogonal distributions to £r in V(T'M°) and T(T M), respectively,

Now, let us consider I' = 3

the wvertical Liouville vector field (or radial vertical vector field) globally

Ly ={X eD(V(TM?)) : G(X,T) =0}, (1.8)

L ={X eT(T(TM°)) : G(X,T) = 0}. (1.9)
In [5] it is proved that both distributions E/F and Ef: are integrable and we also have the decomposition
V(TM®) = L & Lr. (1.10)
Moreover, we have £ = H(TM°) @ L1 and the following result (see [5]):

Proposition 1.1 i) The foliation Fi= determined by the distribution Li- is just the foliation determined by
the level hypersurfaces of the fundamental function F of the Finsler manifold, denoted by Fr and called
the fundamental foliation on (TM°,G).

1) For every fized point xg € M, the leaves of the vertical Liouville foliation ]-'1: determined by the distribution
E/F on Ty M are just the c-indicatrices of (M, F):

I, M(c)={y € Ty, M : F(zo,y) = c}. (1.11)
iit) The foliation .7-"1: is a subfoliation of the vertical foliation Fy .

2. An adapted basis in T(TM?)

In this section, using the vertical Liouville vector field I" and the natural almost complex structure J on TM?,
we give an adapted basis in T(TM?).
There are some useful facts that follow from the homogeneity condition of the fundamental function of

the Finsler manifold (M, F'). By the Euler theorem on positively homogeneous functions we have, [5]:

o OF 1 . 0G;;
2 .1 A ) i 7 vy _

F —yngzjy 8yk —Fygkz7y ayk —0,]{1—17...,71. (21)

Hence it results in
G(I,T) = F~. (2.2)
As we already saw, the vertical bundle is locally spanned by { 881' } ,t=1,...,n and it admits decomposition

Y

(1.10). In the sequel, according to [13], we give another basis on V(T M?), adapted to .7-'1:, and following

[2, 7, 13] we extend this basis to an adapted basis in T(T'M?).
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We consider the following vertical vector fields:

3} )
@:W—tkr,k::l’...,n, (2'3)

where functions t;, are defined by the conditions

G(a,F>:0,Vk:1,...,n. (2.4)
oy*

The above conditions become
0 .0
Gl|=—,v'— | —t:G(I',T) =0
<8y’f’y 8y1) k ( y )

and so, taking into account also (1.5) and (2.2), we obtain the local expression of functions ¢; in a local chart
(U, (=",y"):

1 1 OF

tk:ﬁylgkizﬁaiyk,szl,...,n. (25)

If (U, (F,3")) is another local chart on TM?, in UNU # (), then we have:

- 1, 10%" 02" 9a7 2P
tk, = 72l Gk = ﬁﬁy ﬁﬁgkj = %th

Therefore, we obtain the following changing rule for the vector fields (2.3):

_ L
9 99 i1 (2.6)
ayll axll ayk

A straightforward calculation, using (2.1), results in:

Proposition 2.1 ([15]). The functions {ty}, k =1,...,n defined by (2.5) satisfy:

i) y'ti =1,y 52 =0;

Ay
i) 2= 2ty + fagi, T = —te, VEI=1,...n;
iii) Y5 = —t;, Vi=1,...,n, y'(Tt;) = —1.

Proposition 2.2 ([15]). The following relations hold:

{3‘,3,] PR P,r} _ 9, 2.7)
oyt OyJ oyJ ay*

forall i,j =1,n.
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By conditions (2.4), the vector fields {5%1, cey %} are orthogonal to T', and so they belong to the
(n — 1)-dimensional distribution L}. It results that they are linear dependent and, from Proposition 2.1 i), we
have
0 1,0
O L1pd (2.8)
8yn Y aya

since the local coordinate y™ is nonzero everywhere.

We also proved that [13]:

Proposition 2.3 The system {%,...,WE,F} of wvertical vector fields is a locally adapted basis to the

vertical Liouville foliation Fp, on V(T M?Y).

More clearly, let ([7, (Eil,ﬂ“)) , (U, (x, yi)) be 2 local charts whose domains overlap, where y* and y" are
nonzero functions (in every local chart on TM? there is at least one nonzero coordinate function y*).

. (3 ) il ) [ i 5
The adapted basis in U is {TF""’W’W""’W’F}' In UNU we have relations (2.6) and

(2.8); hence

d ff or' Y 9a"\ @ 9 z”: oF g 9F\ @
5@‘1 T2 AT yn 0T 5yz" 5yj - oxJ y* Oz 5@;‘1’

i=1 Ji=151#k
forall i1 =1,...,n,4 #k, j=1,...,n—1. We can see that the above relations also imply
ozt yt Ox™ zn: g (ﬁxi Y &T”)
~k  .m 97k =k \ 97 amgaa )
or y™ 0x i Y drr  y™ gz

By a straightforward calculation we have that the changing matrix of basis

{ 0 B) } { a J 0 0 }
==l =2 9=, == =T
8y1 8yn—1 ayl 6yk—1 ayk-‘rl ayn

on V(TM®) = L} & Lr has the determinant equal to (—1)’”"“% det (%)

i,j=1n

Also, we can denote

78 = E;Ll -, a
oy° oyt

=1,...,n—1,
where rank E; =n —1 and Ely/g;; = 0.

Now, using the natural almost complex structure J on T(TMY), the new local vector field frame in
T(TMO) is

5 3}
— & =T}, 2.9
{596“ : dy* } (29)

where

.0 ) 0 .0
- F: 17. = - = :EZ =
e A T
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Since the vertical Liouville vector field I' is orthogonal to the level hypersurfaces of the fundamental function F,

the vector fields {%, &, %} are tangent to these hypersurfaces in TM?, and so they generate the distribution
L. The indicatrix distribution E,F is locally generated by {%}, and the line distribution Lr is spanned by

I'. Also, the vertical foliation has the structural bundle locally generated by {%, F}.

Finally, we notice that if we consider the line distribution £¢ spanned by the horizontal Liouville vector
field ¢ then in [5] it is proved that the distributions Lr, L¢, and Lr & L, respectively, are integrable and their
foliations Fr, F¢, and Fra, respectively, are totally geodesic foliations on (TM?, G).

Also denoting by E; the complement of L in H(TM 9), it is easy to see that ﬁ% is locally spanned by

the vector fields {5%} and we have the decomposition

Ly =Le® L, ® L (2.10)
Remark 2.1 In the computation we shall replace the local basis 2 ,a = 1,...,n— 1 by the system
oy®
{gi} ,i=1,...,n taking into account relation (2.8) for some easier calculations.

3. Subfoliations in the tangent manifold of a Finsler space

In this section, following [9], we briefly recall the notion of a (g1, ¢2)-codimensional subfoliation on a manifold
and we identify a (n,2n — 1)-codimensional subfoliation (Fy-, 1) on the tangent manifold TM° of a Finsler
space (M, F), where Fy is the vertical foliation and Fr is the line foliation spanned by the vertical Liouville

vector field I'. Firstly we make a general approach about basic connections on the normal bundles related to

this subfoliation and next a triple of adapted basic connections with respect to this subfoliation is given.

Definition 3.1 Let M be an n-dimensional manifold and TM its tangent bundle. A (q1,qz)-codimensional
subfoliation on M s a couple (Fy, F3) of integrable subbundles Fy, of TM of dimension n—q, k=1,2 and

F5 being at the same time a subbundle of F7 .

For a subfoliation (F}, F»), its normal bundle is defined as Q(F1, F2) = QF»1 @QF;, where QFb; is the quotient

bundle F;/F, and QF; is the usual normal bundle of F}. So, an exact sequence of vector bundles

0— QFgl L) QF2 L) QFl — 0 (31)

appears in a canonical way.
Also if we consider the canonical exact sequence associated to the foliation given by an integrable
subbundle F', namely
0— F -5 TM ™5 QF — 0

then we recall that a connection V : T'(TM) x T'(QF) — I'(QF) on the normal bundle QF is said to be basic
if
VxY = 7p[X,Y] (3.2)
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for any X € I'(F), Y € I'(TM) such that 7p(Y) =Y.
Similarly, for a (g1, g2)-subfoliation (F}, Fy) we can consider the following exact sequence of vector
bundles

0— F ~% ™% QFy — 0 (3.3)
and according to [9] a connection V on QFs; is said to be basic with respect to the subfoliation (Fy, Fy) if
VxY =m[X,Y] (3.4)
for any X € I'(Fy) and Y € I'(F}) such that m(Y) =Y.

It is proved, [9]:

Proposition 3.1 For any V', V, V? basic connections on QFy, QFy, QF,, respectively, and any vector
field X € T(Fy), we have

i(VXZ)=Vxi(Z), n(VxZs)=Vin(Za),
for any Z € T(QF»1) and Zy € T(QF3).

Such a triple (V!,V,V?) of basic connections on normal bundles QFb, QFy, QF}, respectively, is
called in [9] adapted to the subfoliation (F}, F3).

We also notice that according to Definition 3.7 from [J] the connection V' = V! @ V2 in Q(Fy, F) is
basic, and its curvature K satisfies K(X,Y) =0 for any X,Y € I'(Fy) (see Corollary 3.8, [9]).

3.1. A (n,2n — 1)-codimensional subfoliation (Fy,Fr) of (TM° G)

Taking into account the discussion from the previous section, for a n-dimensional Finsler manifold (M, F), we
have on the 2n-dimensional tangent manifold TM° a (n,2n — 1)-codimensional foliation (Fy, Fr). We also

notice that the metric structure G on TM?° given by (1.5) is compatible with the subfoliated structure, that is
QFy = H(TM®), QFr = L, V(IT'M°)/Lr = Ly
Let us consider the following exact sequences associated to the subfoliation (Fy, Fr)
0— Lr 2 V(TM°) 2% £ — 0,
and to foliations Fy and JFr, respectively
0 — V(TM") 2 T(TM°) =% H(TM°) —s 0,

0 — Lp 2 T(TM°) 22 £ — 0,
where ig, 41,172, 7o, 71, T2 are the canonical inclusions and projections, respectively.

Our goal is to determine a triple (V', V2, V) of basic connections on normal bundles L., H(TM°), L,

respectively, and hence a triple of basic connections adapted to the subfoliation (Fy,Fr).

By (3.4) a connection V' on Ly is basic with respect to the subfoliation (Fy,Fr) if

VLZ =m[X,Z),VX €T(Lr),VZ € T(V(TM®)), m(2Z) = Z. (3.5)
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Proposition 3.2 A connection V! on L} is basic if and only if

VLZ =[I,Z],YZ € T(Lyp).

Proof Let V' be a connection on £y such that VLZ = [I', Z]. Let X € I'(Lr) be a section in the structural
bundle of the line foliation Fr, so its form is X = aI', with a a differentiable function on TM?. An arbitrary

vertical vector field Z that projects into Z € EIF is in the form

Z =27+

with b a differentiable function on TM?9.
We have

[X,Z] = [a',Z + bl
= a[l, Z] + (al'(b) — bT'(a) — Z(a))T.

According to the second relation from (2.7) for any Z = Zi% el (ﬁ%) , we have

T, 2] = (D(Z) — Zi)aii erT (ﬁ’r) ,

and so m[X, Z] = a[l', Z]. We also have VLYZ =aViZ =a[l, Z] = o[ X, Z]; hence V1 is a basic connection

’

on L.

Conversely, by the second relation from (2.7), in the adapted basis {5?]1.,1“} in V(TMP?), every basic

connection V! on ﬁlr is locally satisfying

9 0
Vi=— = —— (3.6)
oy’ dy*
forany i=1,...,n.
Now, if (3.6) is satisfied, then
ViZ = r(zi)fa, + Ziv%fa = F(Zi)fa, ) -
oy’ oy’ oyt oy’
Hence the condition (3.6) is equivalent with VLZ = [, Z], VZ €T (L}) . O

Moreover, by relation (2.6), it follows that condition (3.6) has geometrical meaning. We obtain the locally

characterisation:

Proposition 3.3 A connection V! on L,F is basic if and only if in an adapted local chart the relation (3.6)
holds.

Now, by (3.2), a connection V2 on H(TM?) is basic with respect to the vertical foliation Fy if
VLY =m[X,Y] (3.7)

for any X € I(V(TM°)) and Y € I'(T(TMO)) such that m(Y) =Y
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Proposition 3.4 A connection V? on H(TM?°) is basic if and only if in an adapted local frame {5‘;7;, 8‘;}

on T(TM®) we have
)
N

oyt (5xi

=0

foranyi=1,... ) n.

Proof Obviously, the above condition has geometrical meaning since if (U, (Z%,%")) is another local chart

on TM®, in UNU # 0, we have

59t s 8 9P 9
o7n  Oznox Oy On Oyl

If V2 is a basic connection with respect to the vertical foliation, then by definition it results in

) § 0 oOGF 9
2 —_ = —_— | = v =
vajj szt {63:“ 3yj] m < oy’ 8yk> 0

Conversely, let V2 : T(TM%) x H(TM°) — H(TM?®) be a connection on H(TM?) that locally satisfies

5
V3,

oyt &L‘i

=0

forany i =1,...,n.

An arbitrary vertical vector field X has local expression X = X* 821' and a vector field Y whose horizontal

projection is ¥ = Y}/ 5% is by the form ¥ =V + Y 2.

We calculate
. 5 Y7 6§
ViV =X'V%, (V/— | =Xx""h
X By < h(53ﬂ> Ayt owi’

JOY7 6 (Xiayg' .5Xj> d

(0N 0T o),
Oyt dxJ oyt hszi ) oyi 1oyt 6ad |’

[X, 17} — X
hence the relation (3.7) is verified, since {8%,-7 %} e T(V(TM?)). So, V? is a basic connection with respect
to the vertical foliation Fy . O

Also, by (3.2), a connection V on E% is basic with respect to the line foliation Fr if
VxY = m[X,Y] (3.8)

for any X € I'(Lr) and Y € T(T(TM°)) such that m(Y) =Y.

We have the following locally characterization of a basic connection on L :

Proposition 3.5 A connection V on Li is basic with respect to the line foliation Fr if and only if in an

adapted local frame {6‘; , 5‘31} on L we have

Vr— = V= 4
Ui oy’ oy’

478



MANEA and IDA/Turk J Math

foranyi=1,...,n.

Proof Let V be a basic connection on L. Since £ is locally generated by {éi , 5‘31, }, the condition (3.8)

give us the following relations:

Vg =7 o+ T = (61 - TG 505 4T =0

since by homogeneity condition of the Finsler structure we have [5, 6, 14]:

R0G] _  0°GY

Jy — —
F(Gz) =Y 6yk Yy aykay, - Giv
and
a a il 0
"oy m[ 9y’ g } 7r2< Iy’ ) ) dy’

Conversely, let V : T(TM°) x L — L be a connection on £ that locally satisfies (3.9).

An arbitrary vector field YV € T° (Ef:) is locally given by Y = Y} 525 + Y%‘?ﬁ and a vector field

Y € I(T(TMP)) that projects by 7 in Y is ¥ = fT + Y. For an arbitrary vector field X = aI' € I'(Lp) we
calculate

) -0
VxY = V. (Y,: +Y'= )

oxt ayZ
= r(yi)i +aYyiv i + F(W’)E +aY 'Vp=
= a h 61'1 a h F(S,rl a gy a ngl
5 ) ]
= al'(V}))— ryH-v"H)=
al (V) g+ al0(Y) =¥
and
~ 0 » )
m[X,Y] = m aI’(f)I’—fF(a)F—i—aF(Y}f)F—&-aY,f F’ﬂ
x T
; 0 . da - Oa
+ ryy)y-vy)—-v!—I'-Y'—T
o (a0~ V)2 —vigtr -yt
i 0 i i 0
since [F, %] = 0. Thus, we have obtained that the connection V is a basic one. O

3.2. A triple of adapted basic connections to subfoliation (Fy,Fr)

In [4, 5] there are several connections studied on T(TM°) and their relations with the vertical and fundamental
Liouville distributions. The Vranceanu connection V* is locally given with respect to basis {%7 6%1-} adapted
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to vertical foliation by [4]:

* 3 _ k a * a _ k a
vﬁ oy’ Cij oYk’ vﬁ oy G ok’
1) 1) 1)
* _ * _ Fk
V% dxt 0, vﬁ Szt 9§k’

where

kLo (0g9i 095 _ 09
(¥ 2 6£Ej (S{EZ 6le .

The restriction of Vranceanu connection to T(T'M°) x H(TM?) is a connection on H(TM?) denoted by V7,
which satisfies the conditions from Proposition 3.4, and so it is a basic connection on H(T'M°) with respect to
vertical foliation Fy .

On the other hand, in [12] there is introduced the Vaisman connection, also called second connection
[18, 19], V¥ on V(TM°) as it follows. Let v : V(TM°) — Ly, h: V(TM°) — Lr be the projection morphisms
with respect to the decomposition V(TM°) = L @ Lr. We search for a connection on V(TM°) with the

following properties:

a) If Y € I'(Lp) (respectively € T'(Lr)), then V%Y € I(Lp) (respectively € T'(Lr)), for every vertical
vector field X .

b) v(T?(X,Y)) =0, (respectively h(T?(X,Y)) = 0) if at least one of the arguments is in L., respectively,

in Lr, where TV is the torsion of the connection V".
¢) For every X,Y,Y’ € T'(Ly) (respectively € I'(Lr)),

(VX&) (YY) = 0.

d) Moreover, we need to give V%Y for every X € H(TM°) and we put the above a), b) conditions also for

X an horizontal vector field.

It is proved that V" locally verifies:

s 0 0
"oy oyt
which means that V* is a basic connection on E%.
Indeed, if we put
0 ;0 0 0
f=—=sl— V' T =5, VI =sI', V'3 = =s};—,
oy’ oyt By 5,7 Oyl dy*
5 -
VY = =pBE—— V' I =BT,
57 oy’ A oyk = b
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then from T (581. , F) =0 weget s; =0, sf =0Vi#j, s =—1. For details concerning the other coefficients
Y

see [12].
Hence we have the basic connection Vi on H(T'M?) and the basic connection V on Eiﬂ. Following [9],

we can build now a connection on Li as follows:
YV T(TM°) x L — L, VxZ = Vi Zh + V%2’

for any Z = Z" + 7' € T (L) =T (H(TM®)) @ T (ﬁ’r) and X € T(T(TM)).

By direct calculus we have

0 _o, ﬂfa. :VFfa, :_76"
oy’ oy’ oyt

_ 4§ .
Vet = Virg,

so the connection V satisfies conditions from Proposition 3.5; hence it is a basic connection on Li:.
Now, for the (n,2n — 1)-codimensional subfoliation (Fy,Fr) we can consider the exact sequence (3.1),
namely
0 — Lp — L = H(TMP) — 0,

and we can apply the general theory of (g1, ¢2)-codimensional foliations; see [9]. In our case, Proposition 3.1

leads to the following result:

Proposition 3.6 The triple of basic connections (VV,V%,V) on AC/F, H(TM°), and Li, respectively, is
adapted to the subfoliation (Fy,Fr) of (TM°,G) and we have

i(V4Y) =Vxi(Y), 7 (VxZ) = Vixn(Z), VY €T (.c’r) L ZeT(Lh).

Finally, according to the general discussion after Proposition 3.1, we remark that the connection V = V' @& V7

is a basic connection on Q(Fy, Fr) = Lp & H(TM®) = L& and its curvature K satisfies

K(X,Y)=0, VX,Y e T'(Lr).
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