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Abstract: We give explicit expressions of the Tutte polynomial of asymmetric complete flower graph and asymmetric
incomplete flower graph. We then express these Tutte polynomials as generating functions and decode some valuable
information about the asymmetric complete flower graph and asymmetric incomplete flower graph. Furthermore, we
convert the Tutte polynomials into coboundary polynomials and give explicit expressions of the k-defect polynomials
of these structures. Finally, we conclude that nonisomorphic graphs in this class have the same Tutte polynomials, the

same chromatic polynomials, and the same defect polynomials.

Key words: Tutte polynomial, cycle graph, flower graph, coboundary polynomials, k-defect polynomials

1. Introduction
There are several polynomials associated with a graph G; we refer the reader to [4] for a detailed background.
Polynomials play an important role in the study of graphs as they encode various information about a graph.
Chromatic polynomials of graphs are sometimes easy to compute. However, Tutte polynomials of such graphs
seem harder to find, and if known they are complicated. For example, the chromatic polynomial of K, is
/\H?:_f()\ — 1), but the Tutte polynomial of the same structure as described by Tutte [10] and Welsh [11] is
complicated. There are several methods that are used to compute the Tutte polynomial of a graph; just to
sample a few methods, we refer to [1, 6].

The coboundary polynomial B(G;A,S) of a graph G is a polynomial in two independent variables A

and S. It was originally defined and studied by Crapo [2] as a generating function in S as
B(G; A, 8) =Y S*¢r(G; N,

where ¢ (G; A) is a polynomial in A. ¢, (G; \) is called the k-defect polynomial of the graph.

Let G a vertex colored graph. An edge is called bad if it joins two vertices of the same color. The
k-defect polynomial, ¢x(G;\), counts the number of ways of coloring G with k& bad edges. It is easily seen
that the chromatic polynomial of a graph G, x(G;\), is equal to ¢o(G; ).

The coboundary polynomial of a graph G, B(G; A, S) can be obtained from the Tutte polynomial by the

following transformation:

S+A-1

B(G;A.8) = (S = 1)'T(Cs g5,
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Chromatic polynomials of graphs have been studied widely; we refer the reader to [3]. On the other hand,
little is known about the properties of the k-defect polynomials. The importance of the k-defect polynomials
should not be underestimated, since if the k-defect polynomials are known it is equivalent to finding the Tutte
polynomial. In addition, the improper coloring is applicable in network theory and time tabling just as is the
proper coloring.

Flower graphs form a class of graphs that is highly symmetric. Some classes of flower graphs have
attractive simple formulas for the chromatic polynomial; see [3]. In this paper, we study the asymmetric

complete flower graph and asymmetric incomplete flower graph.

2. Asymmetric flower graphs

In this section we give a definition and an example of an asymmetric complete flower graph and an asymmetric
incomplete flower graph.

A graph G is called a complete flower graph if it has n vertices that form an n-cycle and n sets of m —2
vertices which form m-cycles around the n cycle so that each m-cycle uniquely intersects with the n-cycle on
a single edge. This graph is denoted by F, . It is clear that F,  has n(m — 1) vertices and nm edges. The
m-cycles are called the petals and the n-cycle is called the center of F,, . The n vertices that form the center
are all of degree 4 and all the other vertices have degree 2. Note that m > 2 and n > 2.

Removing a petal p of F,  is to take one m-cycle and delete all the vertices of degree 2 and their
adjacent edges. We define an incomplete flower graph with i petals to be a complete flower graph with n — ¢
petals removed for ¢ € {1,2,--- ,n — 1}. This graph is denoted by FTLL It should be noted that the positions

of petals removed may be relevant and F,, = F} . Thus, we have several nonisomorphic graphs represented

m

by FfLm An asymmetric complete flower graph is a flower graph with center C,, and n petals of different sizes,
my, where k € {1,2,--- ,n}. If an asymmetric complete flower graph has jj petals of size my, it is denoted by

LI — where j1 +jo+- - j: = n. An asymmetric incomplete flower graph with i petals is isomorphic

to an asymmetric complete flower graph with n — i petals missing. If an asymmetric incomplete flower graph

has i petals where j, petals are of size my it is denoted by Ff;ml‘ R where j1 + jo + - jy = 1.
j1’ 0 %i2’ Jt

The diagrams in Figure are examples of an asymmetric complete flower graph and an asymmetric

incomplete flower graph.

3. Tutte polynomial

The Tutte polynomial T(G;z,y) of a graph G, is a polynomial in two independent variables z and y and is
defined as

F F}
62, ,31.49,51,61 63, ,45,61

Figure. Asymmetric complete flower graph and asymmetric incomplete flower graph.
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T(Giay) = Y (0= 1) P79y — X0,
XCFE

where r(X) denotes the rank of the graph (V,X), V the set of vertices, and X the set of edges. Recall that
G\e is the graph obtained by deleting an edge e of G and G/e is the graph obtained by contracting an edge

e of G. The Tutte polynomial can also be computed using the following deletion and contraction formula:
T1. T(I;z,y) =« and T(L;z,y) = y where I is an isthmus and L is a loop.
T2. If e is an edge of the graph G and e is neither a loop nor an isthmus, then
T(G;a,y) = T(G\e; 2, y) + T(G/e; z,y).
T3. If e is a loop or an isthmus of the graph G, then
T(Giz,y) =T(e; 2, y)T(G/es x,y).
The following theorem follows from the deletion and contraction formula of the Tutte polynomials.

Theorem 3.1 Let t,, be a tree on n vertices and let C, be an n-cycle. Then
(i) T(tn;x,y) =2 "
(ii) T(Cus,y) =y + >0y .

Some well-known evaluations of the Tutte polynomial are given in the following theorems; we refer to

[5, 7, 9.

Theorem 3.2 Let G be a graph of order n.. Then the chromatic polynomial of G follows:
X(G;\) = (—1)" N1y 1 - )\, 0).
Theorem 3.3 If G = (V, E) is a 2-connected graph, then each of the following statements holds:
(a) T(G;—2,0) corresponds to the number of Eulerian orientations.
(b) T(G;—1,—1) corresponds to the dimension of the bicycle space of binary codes.
(¢) T(G;0,—1) corresponds to the characteristic function of Eulerian graphs.
(d) T(G;0,0) corresponds to the characteristic function of the empty graph.

(e) T(G;0,2) corresponds to the number of orientations of a bridgeless graph G such that each edge is
contained in an oriented cycle.

(f) T(G;1,0) corresponds to the number of acyclic orientations with one fixed source vertez.

(9) T(G;1,2) corresponds to the number of connected spanning subgraphs.
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(h) T(G;2,0) corresponds to the number of acyclic orientations of G .
(i) T(G;2,1) corresponds to the number of acyclic subgraphs.
(G) T(G;2,2) corresponds to the number of spanning subgraphs.

To ease notation in this paper, if G; and G5 are disjoint graphs, the graph obtained by the operation
of merging one vertex of G; and one vertex of G5 will be denoted by G; e G5. For any flower graph F,im,
the edges of a petal will be labeled in the following sequence: ey, es, -+ ,en,e1, where e is the edge in both
the center and the petal, e; is adjacent to e;41, and e, is adjacent to e;. We are interested in the edge es
to ease our clarification in the following lemmas and theorems. Note that e; is an edge of the petal with one
vertex in the center and if we delete eq from Fﬁbm we get Ffb;l e P, o where P,,_o is a tree with m — 2 edges,
isomorphic to a path.

In the following lemmas and theorems, we shall use the edge e in the deletion and contraction formula

when applied to a petal unless otherwise stated.

Lemma 3.4 Let Fﬁn be a flower graph with 1 petal of size m and center C,, . Then

T(F,,:2,y) (Z mq) (Cnsz,y) + yT(Cr-1;2,y).

Proof We use induction on m and the deletion and contraction method of the Tutte polynomial. Let m = 2;
thus, we have a flower graph with center C,, and a 2-cycle petal. Thus, Fﬁz is just C,, with one pair of parallel
edges. Let e be one of the parallel edges. If we delete e we get C,, and if we contract e we get C,,_; with a

loop. Hence,

T(Fy 2,y) = T(Cuia,y) +yT(Coiiz,y)
= (Z a:q> (Criz,y) + yT(Cpo1; 2, y),

therefore true for the base case. Assume it is true when m = k and £ > 2. Now let m =k + 1 and let e be an
edge ey of the petal P. By deletion and contraction method,

1 . —
T(Fnk+17x7y) - T( nk+1\e T y) +T( nk+1/e € y) (31)

However, Fnkﬂ\e is isomorphic to C), @ P;_1. Recall that Pyx_; is a tree isomorphic to a path with £ —1 edges.

Thus, the k — 1 edges of Py_; are isthmuses in F! \e. Hence,

Nk+1

T( nk“\e z,y) = 2" 1T(Criz, y).

F,..,/e is isomorphic to Fy, . Thus,

T(FL,,, [eiw,y) = T(FL;

nkva)
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By induction hypothesis,

k—2
T(Fﬁkﬂ/e; T,y) = (Z xq> T(Cp;x,y) + yT(Cro1;x,y).
q=0

If we substitute in Equation 3.1 we get the required result. O

oy is an asymmetric incomplete flower graph with center
B

Recalling the following notation, Fy,
J1’ g

C,, and i petals where j petals are of size my. The following lemma gives the recursive method for the Tutte

polynomial of an asymmetric incomplete flower graph with center C,, and i petals, FfLml

g1 20 My
Lemma 3.5 Let G be an asymmetric incomplete flower graph with i petals, Fflm . where i € {1,2,--- |
ji’ e
n — 1}. If we pick one petal, say of size my, then
me—2
. _ i—1 . i—1 .
T(Gz,y) = [Z ' T(Fflmlj e FYTEG Ty sa ).
Py 1 Jt J1 Jjr—1
Proof Let G be FZLM g my - We fix and consider one petal of G of size m; and call this petal P. Let
g1 e M

e be an edge ey of petal P. Now by deletion and contraction formula of the Tutte polynomial,

T(G;z,y) = T(G\e;z,y)+T(G/e;x,y). (3.2)
Now G\e is isomorphic to F,’L; . e P, 2 and the m; — 2 edges of P,,, o are isthmuses G\e. Hence,
FER PR
T(G\esw,y) = a™ *T(F, 2,y).

My M -1

G /e is isomorphic to F£m1 . Now petal P is of size m;—1. Repeat the deletion and contraction

PRI o0 2 J(my—1
i1 tj,—10(me—11

formula on petal P until this petal is removed and get T(G/e;x,y) . Then substitute back T(G\e;x,y) and
T(G/e;x,y) in Equation 3.2 to get the required result. O

Lemma 3.6 Let Fflml be an asymmetric flower graph with i petals, where i € {1,2,--- n}

ey, mpa .
g1 M T

and let ji41 = 1. Then

t+1 . my—2 br
> o) ()
d1+-+orp1=i+1—k [r=1 "

0<¢r<jr

(57), 2. 1O E-)

q=0

$1+ -+ =it1—k
0<¢r<jr
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Proof Since j; 41 =1, then ¢y11 € {0,1}. Thus the sum

= s

14+ P 1=i+1-Fk |r=1 q=0
0<¢,<jr

can be split into two sums where one sum takes the case ¢¢41 = 1 and the other sum takes the case ¢¢11 = 0.

If ¢ppy1 =1 then ¢+ -+ ¢ppy1 =i+ 1—k implies ¢1 +---+ ¢y =i — k and (jt“) = (}) Hence,

dt4+1

t+1 j my—2 or
> ) (%) 0
P14+ prr1=i+1—k |r=1 r

0<¢r<jr

Pt+1=1

(%) s me)(se)

=0 $rt A =i—k | r=1
0< by <jr

If ¢y41 =0 then ¢y + -+ 1 =i+ 1—k implies ¢1 +---+ ¢y =i+ 1—k and (g;:rll):((l)) Hence,

S HOES) - s JioE) ] e

b1t A dip1=i+1—k |r=1 q=0 b14-Fdi=it1—k |r=1 q=0
0<¢,<jr 0<ér<ir
¢t41=0
Hence the result if we sum both cases when ¢;11 =0 and ¢y = 1. O

The following theorem gives an explicit expression of the Tutte polynomial of an asymmetric incomplete
flower graph.

Theorem 3.7 Let G be an asymmetric incomplete flower graph with @ petals, FfLm g g where
D R I

i€{1,2,---,n—1}. Then

) t j my—2 b n—1—k

T(Gizy) = » o > 11 <¢’"> (Z xq> <y+ > xq>.
k=0 pr+p=i—k [r=1 N'T q=0 q=1
0<¢r<jr

Proof We use induction on the number of petals i. Let ¢ = 2, and let G be F? , an asymmetric

nmll Mgy

incomplete flower graph with 2 petals, one of size my, the other of size my and center C,,. Then, by Lemma 3.5,
ma -2

T(Gsz,y) = ( ZO xq) T(Fy,, i%:9) +yT(Fi 1), 57,9). (3.5)
=
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By Lemma 3.4,

m2—2
T(F,, ;a,y) = ( > xq) T(Cniz,y) + yT(Cror; 2, y),

q=0

m272
T(}P(lnfl),,”2 3 Ly y) = ( Z lﬂ) T(Cn—l; z, y) + yT(Cn—Q; z, y)

q=0

Hence, if we substitute in Equation 3.5, we get
mi—2 ma—2 n—1
(o) (5 o) (s )
q=0 q=0 q=1
mi—2 n—2 mo—2 n—2 n—3
q=0 q=1 q=0 q=1 q=1

2 2 . mp—2 ér n—1—k
Sl () (z ) <y+ > >
k=0 ¢1+02j;¢2727k r=1 T q=0 q=1

T(G;z,y)

Hence, it is true for an asymmetric incomplete flower graph with 2 petals. Now we assume it is true for i =1
where [ >2 and l<n—1. Let i=1+1 where [+1<n—1. Let G be F!t1 such that it

MNmy . ,meg. ,--- ,my. ,m
Ly Mg M T L

has one petal of size 1,41 more than F} . Then by Lemma 3.5,

. ,m9 . PRI 122708
g1 %52 i

mt+172
T(G;x,y)=< > wq) T(Fo s s 359 FyT(Fly, o say).

J2’ Jt J2’ Jt
q=0

By induction hypothesis,

mt+172
(%« ) 56

q=0

M1 —2 1 . my—2 ér
(L) | 2 ) (B e
r=1 r

q=0 k=0 b1+ =l—k q=0
0<¢,-<jr
and
yT(F(ln—l)ml mo my 3 Ly y) (3 7)
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Hence,

T(G;z,y) (3.8)
Mmep1—2 l tj me—2 és
(8250 2 B (E) ] )recsen
a=0 k=0 dr+etgp=l—k |r=1 N7 4=0
0< ¢ <jis

1 t . my—2 ér
x| s ) () || e

k=0 b1t tp=l—k |r=1
0<e¢r<jr

Let s be a fixed integer in the set {0,1,--- ,1}. Then track the term y*T(C,_s;x,y) in Equation 3.6; it occurs

when k = s. In Equation 3.7, the term y*T(C,,_s; z,y) occurs when k —1 = s. Thus, in Equation 3.8, we have
the term y*T(C—s; x,y) with coefficient

mip1—2 t . my—2 ér
( 3 m> Y (5)) (z x> (3.9)
=0 $1+-e=l—k | r=1

q=0

0<¢,<jr

t j my—2 ér
+ ’”> x?
ORI (Z
o1+-di=l—(k—1) |r=1 q=0
0<¢-<jr

t+ my—2

1, ér
= Z ((Z;) ( Z xq> by Lemma 3.6,
1 T

P1++prp1=i+1—k |[r= q=0
0<¢r<jr

hence true for any i € {1,2,--- ,n — 1}. O

In order to state our next result we need the following notation. We denote the coefficient of 2™ a power
series f(z) by [2™]f(z). Define

Ci’k(d) = Cl,k(dy mlajh v amtvjt)

SO x e n)e)

b1+t be=it1—k r=1 Pr
(mi1=D)p1+-+(mr—1)pr =
0<pr<¢r<jr

Corollary 3.8 Let G be an asymmetric incomplete flower graph with i petals, F°

nm,l. s . Mg ’ where
ie€{1,2,--

J1 J2’ it

,n— 1}. Then the coefficient of x%y"* in T(G;x,y) is given by

[29YMT(Gs 2, y) = Ci(d) + Cin(d — 1) — Cin(d — (n — k).
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Proof By Theorem 3.7, we have

k - _ ; : Jr _ gl ér
Gy (1 =@yt ¢1+~~+%:=?+1—k LI:[1 <¢T> (1 ) ]

0<¢r<jr

* ﬁ Z [H (;:) (1- xmr—l)%] (1— 2"~ 1=k,

b1t tdi=i—k Lr=1
0< 6, <y

which implies that [z%y*|T(G;x,y) = C; x(d) + Ci(d — 1) — C; 1.(d — (n — k)), which completes the proof. O

Theorem 3.9 Define Cj ;. (d,n) = C; ;(d)+Cix(d—1) = C; (d—(n—k)). Let G be an asymmetric incomplete

flower graph with i petals, Fflm , where i € {1,2,--- ;n—1}. Then the {-defect polynomial of G

LMy e Mg
i1 250 i

18
T’d r—d d
oGN = ¥ Y Clu@-y e -yt n (TG (1,
d,k>0a=0 a —a-
Proof By Corollary 3.8, we have that
B(G;\,8) = (S—=1)"T(G; 1+ M/ (S —1);8) = Y C(d,n)(S— 1) 4" (S + A - 1),

d,k>0
which implies that the coefficient of S in B(G; )\, S) is given by
= r—d d
wlGN = ¥ Y Clu@-y -y n (T (1,
d, k>0 a=0 a —a-

which completes the proof. O

We need the following lemmas before we give the explicit expression of the Tutte polynomial of an
asymmetric complete flower graph.

Lemma 3.10 Let G be Fy
Then

an asymmetric complete flower graph with 2 petals of sizes mq, and msy .

my, ma !

7TL172

T(Gz,y) = ( > xq) T(Fy,, 52.9) +y*T(Cry—137,Y).

q=0

Proof We consider the petal of size m; and call this petal P, so we use deletion and contraction formula of
the Tutte polynomial on the edges of petal P that are not in the center. Remove isthmuses and loops to get

the required result. O

The following lemma gives the recursive method of the Tutte polynomial of an asymmetric complete flower
graph.
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iy, g, e ey, an asymmetric complete flower graph. Then

je—1 J1 Jjt—1

me—2
T(G;x,y)<z )T(Fﬁmf o ) FYT (P, oy 5 T0).

Proof Similar to the proof of Lemma 3.5. o
The following theorem gives an explicit expression of the Tutte polynomial of an asymmetric complete

flower graph.

Theorem 3.12 Let G be the graph F, , an asymmetric complete flower graph. Then

n—1—k
.’ﬂq
q=1

Proof By induction on the number of vertices of the center n. The base case is n = 2. By Lemma 3.10,

my . ,mo. e ,my
Li1 250 My

TGy = |3 Y H(;)(Zfb)(b <y+

k=0  ¢1+-+¢i=n—k |r=1
0<¢r<jr

ma 2
T(F2m11 may L y) B ( Z $q> T(F21m21 L y) + yZT(Om2—1; T, y)

q=0

Applying Lemma 3.4 and then Theorem 3.1 part (ii), we get
T(FQm L me2y) Y y)

777,172 m272 WZ172
= ( > xq) < > w") T(Coiz,y) +y ( > 33") T(Ci;2,y) + y°T(Cpy — 152, y)
q=0
maq 2
0

q=0 q=0

mi—2 ma—2 — mo—2
(59 (§ oo (5 E2)
q=0 q=0 q= q=1

Rearranging, we get

T(Fgm1 yma 3 T ,Y)
m172 m272 2—1 777472 MQ72

- ( Z zq) ( Z xq) (y ' qu) ! y2 ( Z xq) ! y2 ( xq) ' (y3 B yz)
q=0 q=0 q=1 q=0 q=0

) + [ =97

Hence, it is true for an asymmetric complete flower with 2-cycle center. Assume it is true for n = [ where [ > 2.

1 2 . M —2 ér

St > (T e y+

¢

k=0  ¢14+=2—k [r=1 7T q=0
0<¢r<jr

1-k
PBES
q=1

Now consider n =1+ 1 and let G be F(ll':ll) such that G has one petal of size m;y+; more
ML M2, M ST ]
than F,llm ey Then by Lemma 3.11,
L2 My
Me41 2
T(Giz,y) = ( > wg) T(F(lm)ml_ e ;:Lzy)+yT(F(z)m1_1,.__,mtj 3T, Y). (3.10)
4=0 i1 it 7 t
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By Theorem 3.7,

mep1—2
( Z aﬂ) T(F(ll-&-l)ml_ - 1T, Y) (3.11)
J1 It

q=0

q=0 k=0 P14+ b =l—k |r=1 q=0 q=1
0<¢r<j,
By induction hypothesis,
YT (Fly iy 355Y) (3.12)
J1 Jt
-1 i mp—2 ér I-1—k
| 2 ) (S ) | (e[S )| s
r a=0 o

k=0  ¢1+-+¢s |r=1
=l—k
0<er<jr

Hence, if we substitute Equation 3.11 and Equation 3.12 in Equation 3.10, we get
T(G;2,y) (3.13)

e s [HEE ]S v
0<, <jr |

Let s be a fixed integer in{0,1,--- ,n — 1}. Track the term y* (y + [22;1175 xq_) in Equation 3.11; it occurs

when k = s. In Equation 3.12, the term y° (y + [Eé;ll_s chD occurs when k—1 = s. Thus, in Equation 3.13,

l—1—s
q=1

my41—2 t . m,—2 ér
( )9 x> Y0 (jb) <Z x> (3.14)
=0 $1--e=l—k | r=1 =0

0<¢r<jr

t . mye—2 v

oy ) (S
prtgi=l—(k=1) [r=1 "/ \ 4=0
0< by <iir

t41 me—2  \ ¢
= Z <]T> x4 by Lemma 3.6.
L \&r

P1+ -t prp1=i+1-k |r=
0<¢r<jr

we have the term y*® (y + [Z xq]) with coefficient
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Hence,
(G z,y)
(+1)—-1 t+1 j my—2 ér (I+1)—1—s
= Z y® Z H <¢r> <Z $q> Y+ Z 24 + [yl+2yl+1},
s=0 b1t toreyr =1 N q=0 q=1
=(+1)—s
0<¢r<jr
therefore true for any asymmetric complete flower graph with center C,, where n > 1. O

By the proof of Corollary 3.8 and Theorem 3.12, we obtain the following result.

Corollary 3.13 Let G be the graph F, , an asymmetric complete flower graph. Then the

m . ,M9 . yrrt,mMm .
Li1 250 R

coefficient of x%y* in T(G;x,y) is given by

(24T (G5 2, y) = Cpp(d) + Cp(d — 1) — Cpp(d — (n — k) — S.nda0,
where g =1 if a =b and . = 0 otherwise.

Similar techniques as in the proof of Theorem 3.9, Corollary 3.13 lead to the following result.

Theorem 3.14 Define ;:k(d, n)=Cip(d)+Cik(d—1)—Cip(d— (n—k)) — dprdao, where 0gp =1 if a=0b

and . = 0 otherwise. Let G be an asymmetric incomplete flower graph with i petals, Fﬁml g ey
S b I I

where © € {1,2,--- ;n —1}. Then the £-defect polynomial of G is

UGN = T S -1 1yt (i)

d,k>0a=0

4. Conclusion

Two nonisomorphic graphs are y-equivalent if they have the same chromatic polynomial. Two nonisomorphic
graphs are Tutte-equivalent if they have the same Tutte polynomial. The following theorem highlights classes
of graphs that are y-equivalent and Tutte-equivalent and that have the same k-defect polynomials.

Theorem 4.1 Let G; and Gy be nonisomorphic asymmetric incomplete flower graphs represented by
Fi . Then

(1) x(G1;A) = x(G2; A),
(iii) ¢u(G1;A) = ¢r(G2; A).
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