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Abstract: We study in this work a class of h-admissible Fourier integral operators. These operators are bounded

(respectively compact) in L? if the weight of the amplitude is bounded (respectively tends to 0).
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1. Introduction
The theory of h-pseudodifferential operators is well suited for investigating various problems connected with
semiclassical elliptic differential equations. However, this theory fails to be adequate for studying semiclassical
equations of hyperbolic type, and one is then forced to examine a wider class of operators, the so-called h-Fourier
integral operators.

Since 1970, many efforts have been made by several authors in order to study this type of operator (see,
e.g.,[l, 1-9, 11]). The first works on Fourier integral operators deal with local properties. We note that Asada
and Fujiwara ([1]) have studied for the first time a class of Fourier integral operators defined on R™.

The h-Fourier integral operators are represented by formulas of the type
(T )= [ [ et eDaa0.y) f () dyds, (1)
n JRN

f € S(R"™) (the Schwartz space). The function a(z,0,y) € C (R" x RY x R") is called the amplitude,
the function ¢ (z,y,0) C™ (R” x RN x R";R) is called the phase function, and h € ]0, ho] is a semiclassical
parameter.

The purpose of this work is to generalize the notion of h-admissible operators defined in [13] by studying
the h-admissible Fourier integral operators of the form (2.2) (below). On some conditions on a and ¢, we
show that the h-admissible Fourier integral operators are well defined and they are continuous on S (R™) and
on S’ (R™) (the space of tempered distributions). We give also a result where it is shown that these types of
operators are stable by composition.

The natural question is how these operators will be bounded on L? or will be compact on L2. It has been

proved in [1] with some hypothesis on the phase function ¢ and the amplitude a that all operators of the form

*Correspondence: senoussaoui_-abdou@yahoo.fr
2010 AMS Mathematics Subject Classification: 35530, 35505, 47G30.
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(1.1) are bounded on L2. The technique used there is based on the fact that the operators I (a, ¢;h) I* (a, ¢;h),
I* (a,¢;h) I (a,¢; h) are h-pseudodifferential and it uses the Calderon—Vaillancourt theorem [3] (here I (a, ¢; h)”
is the adjoint of I (a,;h)).

In this work, we apply the same technique of [1] to establish the boundedness and the compactness of

the operators of the type

(Fv) (z) = (2mh) ™ / / eFS@O=90) 4 (4, 1) 4p (y) dydb. (1.2)

To this end, we give a brief and simple proof of a result of [1] in our framework.

We mainly prove the continuity of the operator Fj, on L?(R™) when the weight of the amplitude a
is bounded. Moreover, F}, is compact on L% (R") if this weight tends to zero. Using the estimate given in
[10, 13, 14] for h-pseudodifferential (h-admissible) operators, we also establish an L?-estimate of ||Fj,]| .

We note that if the amplitude a is just bounded, the Fourier integral operator F} is not necessarily
bounded on L?(R"). In Hasanov [6] and [2, 15] a class of unbounded Fourier integral operators with an

amplitude in the Hérmander’s class S¥; and in ) 52,1 was constructed.
0<p<1

2. A general class of h-admissible Fourier integral operators

We are interesting in giving a sense of the integrals of type

(o) )@ = [ [ ko0 w0, f () duds (2.1)

with f € S(R™), z € R",h €]0, ho] .

Suppose that the function ¢ satisfies the following conditions:
(Hy) ¢:R" xRN x R® = R is a C> application (¢ is a real function)
(HQ) V(Oé,ﬂ7’}/) € N™ x NN X Nn’ Elca,ﬁ,’y Z 07

0208076 (2,0, y)| < Ca g X2~ 1HEFDD (36, 4

where A (z,0,y) = (1 + |z + y* + |0|2)1/2
(Hs) There exist real numbers K7, K2 > 0 such that
KX (2,0,y) < X(0y0,000,y) < Ko\ (x,0,y) ¥ (2,0,y) € R} x Ry’ x RY.
(H3) There exist real numbers K, K5 > 0 such that
Kix(z,0,y) < Xz, 090, 0,0) < K3\ (z,0,y),V (2,0,y) € R” x RY x RY.
For any open subset Q of R? x Ry x R7; € R and p € [0,1], we set

T () = {a € 0™ (Q) : |020° 9] a| < Cogy = rUlHBIFND (x,@,y)} .

When Q =R? x R}’ x R, we denote I'4 (€2) = I'4.
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In order to generalize the notion of h-admissible operators (cf.[13]), we give the following definitions

Definition 1 We call h-admissible symbol of weight (u, p), every C°° application a (h) of |0, ho] in I't, such

that
N

YN EN, a(h)=> Wa;+h"*lry (),
j=0

where a; € Fﬁ‘Q”j , and {ry41 (h),h €]0,hg]} is bounded in I’ﬁfQP(NH),

Definition 2 We call h-admissible Fourier integral operator, every C° application A of 10, hg] in L (S (R"), L2 (R”))
(L (E,F) is the space of bounded linear mapping from E to F), for which there exists a sequence (aj)j ey

satisfying
N .
A(h) = Z W (aj,¢;h) +hY T 'Ryyy (h), for N €N and N large enough, (2.2)
§=0

where

(It @) = [ [ eF5e09a; 0.0 f () dyd,

sup ||Rn+1 (h)”L(LZ(R”)) < 00
h€]0,ho]

To give a meaning to the right-hand side of (2.1), we consider g € S (R} x Ry x R?), ¢(0) = 1. If

a € I'y, we define

xT

0 y)
a, (z,0,y) = — == )a(x,0,y), p>0.
p(2,0,y) 9<p i (z.0,y)

Theorem 1 If ¢ satisfies (Hy),(Hsz),(Hs), and (H3), and if a € Tk, then

1. Forall f € S(R™), limpo0 [(I (ap, @; ) f)] (x) exists for every x € R™ and is independent of the choice
of the function g. We then set

(I(a,¢5h)f):= Jim (I (ap, 5 h) ).

2. I(a,¢;h) € L(SR™)) and I(a,¢;h) € L(S'(R™)).
Proof Let 6 € C§° (R™) such that suppd C [—1,2] and § =1 on [0,1].

For all € > 0, we set

10,0]° + |0p0|°
e (x,0,y)°

we (z,0,y) :5<

The hypothesis (H3) implies that there exists v > 0 such that we have on the support of w,
3 1
Mot < | (15 b7) + A
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Therefore, there exists g and a constant g, such that for all € < ey we have the inequality

A(z,8,y) <o (1+|y|2)%~

on the support of w.
In the sequel, we fix ¢ = g¢. Then it is immediate that I (we,ap,¢;h) f is an absolutely convergent

integral and we have
lim I (weqap, d;h) f =1 (we,a,¢;h) f. (2.3)

p—00

Using (Hs) we prove also that I (w.,a,®;h)f is a continuous operator from S (R™) into itself. To study

lim, oo I ((1 — wey) ap, ¢; h) f, we introduce the operator

L

(T 00,9) g + L (00,9) )
K 0y61” + [000l” '

Clearly we have
L(e"?) = e, (2.4)

Let Qg be the open subset of R” x RY x R™ defined by
€
Qo = {(@,0,9),10,0" + 1000l > SA(@,6,) } .
We need the following lemma.

Lemma 1 For all integer ¢ > 0, and b € C*> (}R;‘ X Rév) , we have

(L)' (A —wep)b) = D g2 50705 (1—we) ),
le|+181<q

where the gg’ﬁ are in Lg% () and depend only on ¢. Recall that 'L designates the transpose of L.

We prove the lemma by recurrence. It is obvious for ¢ = 0. Now we see easily that
tL:ZF'i+ZG'i+H’ (2.5)
; J 6yj 5 J 39j

where F; € Ty (Q), Gj €T (), and H € T;%(Qp) (which results from the hypothesis (Hs)). Therefore,
the recurrence is immediately proved. O

For all integer ¢ > 0, we have from (2.4)

(1 = wey) ap, 63 h) f () = / / OO (FL)T (1~ we,) ap, f) dydo. (2:6)
Now (*L)? ((1 — we,) apf) described (when p varies) a bound of 'y~ %, and
pllglo (tL)q ((1 - wﬁo) apf) (x’ 97 y) = (tL)q ((1 - wEo) le) (ma Hvy) ’ (27>

for all (z,0,y) € R® x RV x R™.
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Finally, for all s > n+ N we have

// (z,0,y) dody < v AN =5 (). (2.8)

It results so from (2.6)—(2.8) and using Lebesgue’s theorem we have

Jim T((1 = we) ap, 63h) f () = / / en IV (L) (1~ wey) a, f3 1) dydo, (2.9)

where ¢ satisfies ¢ > n+ N + . From (2.3) and (2.9) we can prove the first part of the theorem.
Now let us show that I ((1 —we,)a, @) is continuous. Taking account of (2.5) and (2.9), we get

I((1—we)a,é Z// @00 (,0,y) 9] f (y) dyds, (2.10)

[vI<q

with b € TA~7. On the other hand, we have
298 (e%%@ (x,@,y)) e prmatlal+isl, (2.11)

We deduce from (2.10) and (2.11) that, for all ¢ > n+ N + p+ |a| + |3], there exists a constant Cy g4 such
that

29071 (1 — wey) a, ¢35 h) f (2)| < Capg sup 02 f (@)1,
we n

[vI<q

which proves the continuity of I ((1 —we,)a, ). O

3. Composition of two h-admissible Fourier integral operators

Theorem 2 Let ¢1, P2 be two phases satisfying (Hy), (Hz), and (Hs). Set
¢(x,9,z) :(bl (xaelay)+¢2 (%92’2), (31>

with 61 € RM 0, € RN2 2 € R" .y € R", 2 € R, 0 = (01,y,02). Then ¢ verifies (Hy),(Hs),(H3) and, for all
a1 GFO , 4o EF , we have

I(ay,¢1;h) I (az,¢2;h) = I (a1 X ag, ¢;h), (3.2)
with

(a1 x az) (x,0,2) = a1 (z,01,y) az (y, 02, 2) .
Proof (H;) and (Hz) are immediate to verify for ¢. Therefore, we will prove the hypothesis (Hj).

The left side of the inequality (H3) is evident; it suffices to show that ¢ satisfies the right side of the
inequality:
there exists K > 0 such that

A (iﬂ, 01, Y, 92, Z) S KX (Z, az¢23 ay¢l + ay¢27 891 ¢17 802¢2) . (33)
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Applying the property (Hs) to ¢1 and ¢o we get that there exists C' > 0 such that

A (Ia 01; Y, 023 Z) < CA (ay¢1, 891 ¢17 Y, 602(72527 az¢27 Z) . (34)
We have also
A(y) < C' X (00,02, 0:02, ) , (3.5)

from (Hs) applied to ¢2, and
|0y 2] < C"A(y,02,2) < C" (X(Dp, 2,052, 2)), (3.6)

from (Hs) and (Hj3) applied to ¢s.
Finally, we note that
|0y 1| < [Oyd1 + Oy o] + [0y P2l - (3.7)
The inequalities (3.4)—(3.7) imply (3.3).

Now let us show the composition formulas. For this, let us introduce the sequences of functions (i = 1,2)

X (.05,y) = exp (—p" (Ja* + 16> + [y*) ) s (2,6:,) € R" x R xR

It is clear that (3.2) is satisfied for

1 2

_ 1 _ 2
a, = a1Xy, a4, = a2X;-

However,
1 2 —1 2 2 2 2 2
Xp (m7917y) Xp (y,9272) = exp (_p <|$‘ +2 |y‘ + |91| + |92‘ + |Z| )) .
Hence, it results that

lim (I (apa2,d;h) f) (z) = (I (ara2,9) f;h) (), (3.8)

pP— o0

for all f € S(R").
On the other hand, the proof of theorem 1 shows that there exists, for all [ € N and j7 = 1,2, an integer
M;; and a constant Cj; > 0, such that, for all f in S(R") and p > 1, we have

11 (s &35 1) fll g1 < Cug 1 fll g (3.9)

where B! (R") = {u € L*(R"),z*D%u € L*(R"),|a| +|B8] < 1}.
We deduce first from (3.9) that, for all fixed fo in S (R™), g, = I (a2, ¢2;h) fo describes a bounded of

S (R™) when p varies. S (R™) being Montel space, we can extract a subsequence, suppose that g, converges
in S(R") to g =1 (a1, p2;h) fo, but we have

17 (ap, d1;h) gp — I (a1, d1;0) gl i < || (ap, 15 1) (9p — 9)|| i (3.10)

+ || (I (ap, 15 h) — I (a1, ¢15h)) g 1 -

Even re-extracting a subsequence, we can suppose that

I (a}w(bl;h) g — I(a1,¢1;h)g, in S(Rn) : (311)

558



AITEMRAR and SENOUSSAOUI/Turk J Math

It follows from (3.9)—(3.11) that, for all [, leaves to extract a subsequence, we have

I (ay,d1;h) I (a2, d23h) fo — I (a1, ¢13h) I (az, d2;h) fo in B (3.12)

4. About the particular case

In this section we shall be interested in a particular case on the phase function ¢, which is very important in

applications for solving Cauchy problems [12]. Let
¢(33a%9) =S (Z’,y) - yaa

Suppose that S satisfies
(Gy) S € C>® (R} xRy;R) (S is a real function)

(G2) For all (o, 8) € N™ x N™ there exist Cy g > 0, such that

agags(x,a)‘ < Co g ()3 1e1=18D

(G3) There exists d9 > 0 such that

2
inf |det o5 (m,ﬂ)‘ > 0.
z,§€R"

0xdb

Lemma 2 If S satisfies (G1),(G2), and (Gs), then S satisfies the following inequalities:
There exist C1,Cy > 0, such that

lz| < C1A(0,00S), for all (z,0) € R*™, (4.1)
0] < CoX(x,0,8), for all (x,0) € R*™. ’
There also exists C3 > 0 such that for all (z,0),(2',0") € R?",
[z — 2| +10 = 0’| < C5[|(065) (x,0) — (005) (2",0')[ + 16 — 0'|] - (4.2)

Proof The mappings R" > § — f,(0) = 8,5 (z,0), R" > z — gg(z) = 9pS (x,0) and R*™ > (z,0) —
ho (z,0) = (6,005 (x,0)) are global diffeomorphisms of R™. From (Gz) and (G3), it follows that H (fgl)/H and

H (90_ 1)/H are uniformly bounded on R™ and H (hQ_ 1)/ is uniformly bounded on R?". Thus (G3) and Taylor’s

theorem lead to the following estimate:

There exist M, N > 0, such that for all (x,6),(z',0") € R*™,
0] = [fo 1 (fa (0) = £ (fo (0)] < M (0.5 (2,60) — 0.5 (2,0)| < CaA (z,0,5),
with C4 > 0;

[ =g, (96 (0)) — g5 " (96 (0))| < N |95S (z,0) — 0pS (0,0)| < C5X (065, 6),
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with Cys > 0;

|(.7J,9) - (x/ae/)l = ’hgl (h2 (3379)) - hgl (h2 (33/79/))| <G |(978@S (.1‘79)) - (917895 ($/79/))‘ .

Lemma 3 Let us assume that S satisfies (G1),(Gs), and (G3). Then the function ¢ (x,y,0) =S (z,0) — yo
satisfies (Hy),(Hz),(Hs), and (H3).

Proof (H;) and (Hz) are trivially satisfied.
From (4.1) we have

Moreover, we have 0,,¢ = —0;; and 0y, ¢ = 95, S — y;, and so
A (0, 895) =A (8y¢a a@¢ + y) < 2\ (ayd)? 89¢7 y) )

which finally gives for some C7 > 0,

A (z,0,1) < Cg (2 (9,00, y)) < C%A(amam,y).

The second inequality in (Hj3) is a consequence of (4.1).

By a similar argument we can show (Hj). O

When 6 = ¢ in (4.2), there exists C3 > 0, such that all (z,2’',0) € R3",
[z — 2’| < C3((065) (z,0) — (955) (2", 0)]. (4.3)

Proposition 1 If S satisfies (G1) and (G3), then there exists a constant €9 > 0 such that the phase function
¢ given in (4.1) belongs to T% (Qp.c,) where

Uy = {(2.6,9) € R |99S (3,6) — yI* < o (o> + |y +107) }.

Proof We have to show that: there exists g9 > 0, such that for all «, 3,y € N", there exist Cp 53, > 0:

020,070 (2,0, )| < Capr A (2,0, 7D w,0,4) € Q. (4.4)
If |y] =1, then
O .
o B oy _|aa8 (o] _ if ol #0
If |y| > 1, then

a0 (x,0, y)‘ —0.

Hence, the estimate (4.4) is satisfied.
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If |y| =0, then for all o, € N?;|a|+ |5| < 2, there exists Cq g > 0 such that

02076 (x,6,y)| =

0207 (,0) — 0205 (46)| < Caph (,0,9) 1710
If |a] +|8| > 2, one has 8335@5(@9,@ = 8;‘85,5' (z,0). In Q.., we have

01 = 1008 (2.0) ~ y ~ 968 (2.0)] < V23 (Jaf? + Iy + 167) " + Cod(2.0).
with Cg > 0. For gy sufficiently small, we obtain a constant Cg > 0 such that
lyl < CoA(x,0), V(2,0,y) € Qg -
This inequality leads to the equivalence
A, 0,y) =~ A(z,0) in Qg o

thus the assumption (Gz2) and (4.6) give the estimate (4.4).
Using (4.6), we give the following result.

(4.5)

(4.6)

Proposition 2 If (z,0) — a(x,0) belongs to T (R x RY), then (z,0,y) — a(x,0) belongs to T (RY x Ry

RY) NI (Qg.e0) 5 k€ {0,1}.

5. L?-boundedness and L?-compactness of F},

We have the following results concerning the L?-boundedness and L?-compactness of the h-admissible Fourier

integral operator defined by
(B (2) = ()™ [ [ b S@O-a )6 (5) dyas.
Theorem 3 Let F} be the integral operator of distribution kernel

K (z,y; h) :/ et (S@N=0)g (2, 4) d6,

(5.1)

where df = (2mh)™"df, a € TP (R/i%) , k=0,1,h € ]0,ho] and S satisfies (G1),(G2), and (G3). Then

FyFy and Fy Fy, are h-admissible operators with symbol in 1"} (RQ") , k=0,1, given by

9 -1
7 (FUF7) (0.0, .0)) = la (0, 0) | (et 7 ) (2.0)

000x

2 —1
o (F; Fy) (98 (2,0),0) = |a(z,0)[ <det 0 S) (,0)

we denote here a = b for a,b € Fip (RQ") if (a—10) e I‘ipd (RQ") and o stands for the symbol.
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Proof If uwe S(R™), then Fpu(x) is given by
(Fhu) (2) = K (z,y) u(y)dy. (5.2)

Rn

= / / en(S@O=v0) g (2. 0) u (y) dydo.

= /eﬁs(z’g)a(xﬂ) (/ e‘iyeu(y)dy>@.

= / enS@0) g (x,0) Fru (6) @,

where Fj, is the Fourier transformation.
Here F}, is a continuous linear mapping from S (R™) to S (R™) (by Theorem 4). Let v € S (R™), then

(Fhu,v) p2gny = / (/ e’is(w’e)a(x,ﬁ)fhu(ﬂ)@>v(m)dx.

Fru () (/ e 5@ (z,0)v () d:c) do.
R’Vl n

Thus
(Fnu (2) v (2)) 2y = (20) " (Fau (0), Fa (F*0)) 0)) , .. -
where
Fi ((Fyv)) (8) = / S5 3,0y (7) d. (5.3)
Hence, for all v € S(R™),
(FLF;v) (z) = / / en S@O=S@N)g (1 0)a(F,0)v () dido. (5.4)

The main idea to show that Fj,F} is a h-pseudodifferential operator is to use the fact that S (z,6) —

S (Z,6) can be expressed by the scalar (x — Z,¢ (z,,6)), after considering the change of variables (z,Z,0) —

(,2,§ =€ (2, 2,0)).
The distribution kernel of Fj,F} is

K (2,7 h) = / ch(5@N-5@N)g (3. 0)7 (,0) 2.

n

we obtain from (4.3) that if

|z — 2| > %)\ (z,2,0), where € > 0 is sufficiently small,

then
(86S) (,60) — (365 (7,0)] > ﬁm,& 9). (5.5)
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Choosing w € C* (R™) such that
w(z) >0, VreR,

11
w(x)=1, ifze [—2,2]
supp w C |-1,1[,

and setting
b(x,z,0) :=a(zx,0)a(z,0) =b] (z,7,0) + b5 (x,%,0) .

b (2,7,0) = w <M) b(z,7,0).

w50 = [1-w (g )| P70,

We have K (x,7;h) = K¢ (z,%;h) + K5 (x,Z; h), where

KS (2, h) = / ) et (S@O-S@Mpe (1.7, 0)db, j=1,2.

We will study separately the kernels K{ and Kf.

On the support of b5, inequality (5.5) is satisfied and we have
K5 (z,z;h) € S(R™ x R™).

Indeed, using the oscillatory integral method, there is a linear partial differential operator L of order 1 such
that
I (eﬂsm,e)—S(ae))) — F(S@0)-5@0)

where
I — th [(89l5) (Ivo) - (691‘9) (%v 0)} 891 '
i(995) (x,0) = (965) (Z,0) I’

The transpose operator of L is

tr = ZFh’l (aﬁ,f, 9) 89l + Gy, (x,f, 9) s
=1

where Fj (z,7,0) € Ty (),G (2,7,0) € T5% (Q),

h((.5) (x,0) — (06, 5) (¥,0)]

Fh,l (I’,f, 0) = ’L|(805) (x,@) — (895) (%7 6)|2 ’

h Zn:80 (8918) (:C’a) — (anS) (%v 9)

Gy (z,2,0) = — o
B0 =5 200 008) (1.0) — (305) (3.0)
Q. = {(x,a, 0) € R : (9y8) (x,0) — (05) (7,0) > QLC%A (x,%,@)} .
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On the other hand, we prove by inducting on ¢ that

(‘L) b5 (2, 7,0) = > gy (@, F,0) 0005 (,7,0), g €T57(2),
[v|<g,yEN

and so

K5 (2,@;h) = / e (S@N=S@) (L) b (2, 7,0) df.

n

Using Leibenitz’s formula, (G3), and the form (*L)?, we can choose ¢ large enough such that for all o, o, 3, ' €
N?,3Cq,ar 8,8 >0,

sup
z,FERN

25 900 K5 (2,7)| < Caror
Next, we study K7 : this is more difficult and depends on the choice of the parameter . It follows from Taylor’s

formula that

S(z,0)—85(,0)=(x—-72,§(z,7,0))gn

£ (z,7,0) :/0 (0.5) (& +t (z — 7), 0) dt

we define the vectorial function

& (2,5,0)=w (M) £(x,7,0) + (1 —w (%)) (8.9) (7,0) .

We have
EE (x,7,0) = & (x,2,0), on the supp bj.

Moreover, for e sufficiently small,

A(x,0) = X\(Z,0) = X(x,7,0), on the supp b]. (5.6)
Let us consider the mappings
R3" 5 (z,7,0) — (mz & (3:,%,9)) : (5.7)
for which the Jacobian matrix is
I, 0 0
0~ In~ 0~ .
0,85 0z8°  0p&°
We have
o8 _ 28 lz — 7| o8 028
a0, G50 = Gpag, BO+w (25)\ (.7, 9)) <aai (@.2.9) = 5poa; <$’9)>
| —Z| O

(z,7,0) A\t (z,7,0) (M) (gj (z,%,0) — gfj (7, 9)) .

2\ (z,7,0) 86, 2e\ (2,7, 0
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Thus, we obtain

85; _ o528
a0, @50 = 506,

(7, 0)

(i) s

2eX (z,z,0 aaiaxj
gl (e =E
+AT (2, 7,0) |w (25/\ (377%70))‘

§J(:Cx9)—a—(x9)

Lj

08 ’

Now it follows from (Gs2), (5.6), and Taylor’s formula that

o 928 Loa2s _ 0?S
_ = < e _ _ -7
< Cho |(E — %‘ A7t (:c,f, 0) , Cip > 0. (58)
~ oS a8 a8
) _ 2= < _ )
& (z,2,0) oz, (x,H)’ < /0 9, @+t(x—2),0)— 92, (z, 9)‘ (5.9)
< Oi1 ‘LL‘—$|, Cio > 0.
From (5.8) and (5.9), there exists a positive constant Cy2 > 0, such that
8§J - 92S .
- < 1,... . 1
89 ( 71'70) 86281’] (1’79) = 01253 VZ,] € { ) ,Tl} (5 O)
If e < 20, then (5.10) and (G3) yield the estimate
00 o Gty < —Cr 4 det 22 < det 0E (2,7,0) (5.11)
5 < —Ce+do < —Cedet oo < det 98" (2,7, 0) . .

with C' > 0. If ¢ is such that (5.6) and (5.11) hold, then the mapping given in (5.7) is global diffeomorphism

of R3™. Hence there exists a mapping
0:R*"xR"xR" > (2,7,§) = 0 (2,7,£) € R",

such that

gs (xvgl? (x,f, 5)) =¢.
0 (xgz £ (2,7, 9)) = z. (5.12)
0%0 (z,7,€) = o(1), Va € N3\ {0} .

If we change the variable & by 0 (z,7,€) in K¢ (z,Z;h), we obtain

KS (2,3:h) = / T (2,7, 0 (x, 7, 0))

det %Z (2,7, g)’ de. (5.13)

From (5.12) we have, for k = 0,1, that b (z,7,0 (z,7,§)) ‘det g—g (z,7, 5)‘ belongs to I'#™ (R?").
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Applying the stationary phase theorem to (5.13), we obtain the expression of the symbol of the h-
admissible operator Fj Fy,

- ~ 00 ,
7 (FLF}) =V (0.5.0 (@.7.6) |det 32 (0.7, + (@),
where R (z,£) belongs to T2 (R?") if a € T (R*™), k=0, 1.
For x =z, we have
b (,2,0 (z,2,8)) = |a(z,0 (z,2,€))|*,
where 0 (z,x,€) is the inverse of the mapping
0 — 9,5 (x,0) =¢&.
Thus
o (FyFy) (2,8, (2,0)) = |a(z,0)]? detazis (z,0) -
hi'p s Uz ) - ) 898w 9

From (5.2) and (5.3), we obtain the expression of FyFj, : Vv € S (R") :

(Fo (FeF)F ) 0(0) = / S0 (2,6) (B () (@) do

_ / e~ #5807 (¢, 0) (/ e #500a (2,0) (P (F,10)) (9) d'é) dz.
R™ n
= / 67%(5(1’9)73(1;’5))6(1,9) a (:c, 5) v (5) dfdz.
Hence the distribution kernel of the integral operator Fj, (Fy F,) F,, Lis
K (9,5; h) = /e_%(s(m’e)_s(w’@))fi(xﬂ)a (x,g) dz.

We remark that we can deduce K (9, 5; h) =K (z,7; h) by replacing x by 6. On the other hand, all assumptions

used here are symmetrical on x and 6; therefore, Fj, (Fj Fp,) F, ! is a nice h-admissible operator with symbol

2 -1

5 (2.0)

0 (F; Fi) (9585 (2,0),60) = |a (x,0)|" |det 5o

det

Corollary 1 Let Fy be the integral operator with the distribution kernel

K (z,y;h) =/ et (S@N=10)g (1, 4)do,

where a € T§ (R?ﬁ%) and S satisfies (G1),(G2), and (G3). Then we have

(1) For any m such that m <0, Fj, can be extended as a bounded linear mapping on L* (R™).

(2) For any m such that m < 0, F}, can be extended as a compact operator on L* (R™).
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Proof It follows from theorem (3) that F}'F}, is a h—admissible operator with symbol in I'3™ (RQ”) .

(1) If m <0, the weight A\*™ (x,0) is bounded, and so we can apply the Calderon—Vaillancourt theorem

for FyF}, and obtain the existence of a positive constant ~ (n) and a integer k (n) such that
IR En) ull L2 gy <7 (0) Qiny (0 (FuER)) llull 2 gny , Y € S (R™),

where

@i (o (FiFy)) = Z sup
la|+|8]<k(n) (T:0)ER™

000, 0 (FuFy;) (965 (w,6) 9)\ :
Hence, for all v € S (R"),

1 a1
| Ftl gy < B3 Full pagamy Nl ey < (7 (1) Quny (0 (FRER))) * ltl gy -

Thus, Fj, is also a bounded linear operator on L? (R").
(2) f m <0, limy | 419)—00 A™ (z,0) = 0, and the compactness theorem shows that the operator F} Fj,

can be extended as a compact operator on L?(R™). Thus, the Fourier integral operator Fj, is compact on

L? (R™). Indeed, let (¢j)jen be an orthonormal basis of L? (R™), then

FjFy, — Z(ij,.>F,th<pj — 0 asn — 0.

j=1

Since F}, is bounded, for all ¢ € L? (R"),

2
n

Frp =Y (e ) Fups|| < || FrFup =Y (@5,%) FiFags || || = D (w5, 8) @5 »
j=1

j=1 j=1
it follows that

Fy, —Z<¢j,.>thpj — 0 asn — oo.
j=1
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