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Abstract: Let Q C R? be a smooth bounded domain and WOI’Q(Q) be the usual Sobolev space. Let 8, 0 < 8 < 2, be

fixed. Define for any real number p > 1,

Ap,5(2) = inf L IV7ull3/lully, 6,

7J.€W01’2(Q)7 u

where ||-||2 denotes the standard L?-norm in Q and [Jul[, 5 = ([, |] ~%|u|Pdz)*/P . Suppose that ~ satisfies ﬁ—i—% =1.

Using a rearrangement argument, the author proves that

2 2
— 1
sup / lz| P (et} s) gz
weW (), ]| Vull2<1 /@

is finite for any a, 0 < a < Ap g(Br), where Br stands for the disc centered at the origin with radius R verifying that

7mR? is equal to the area of Q. Moreover, when = Br, the above supremum is infinity if o > A, s(Br). This extends
earlier results of Adimurthi and Druet, Y. Yang, Adimurthi and Sandeep, Adimurthi and Yang, Lu and Yang, and J.

Zhu in dimension two.

Key words: Trudinger—-Moser inequality, singular Trudinger—Moser inequality

1. Introduction
Let Q be a bounded smooth domain in R2, and W, *(2) be the completion of C§°(€2) under the norm

[l ) = (fo, IVu|?dz)/? . The Trudinger-Moser inequality [9-11, 13, 19] says

sup / e dr < 400 (1.1)
weWy 2 (Q),||Vull2=1 /9

for any v < 4w. Here and in the sequel, || - |2 denotes the standard L?-norm. Moreover, for any v > 47, the
supremum in (1.1) is infinity.

The inequality (1.1) was improved in many ways. It was proved by Adimurthi and Druet [1] that for
any «, 0 < a < A(Q), the first eigenvalue of the Laplace operator with respect to the Dirichlet boundary
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condition, there holds

sup / etm (rallull?) gy < 4oo; (1.2)
wEW, 2 (Q), || Vul2<1 7/

While if o > A1(€), then the supremum in (1.2) is infinity. It was then extended by Yang [11-16] to the general

dimensional case and Riemannian surface cases, and by de Souza and do O [1] to R?. Moreover, Lu and Yang

[¢] extended L?-norm to LP-norm in (1.2). Precisely, letting p > 1 and 0 < a < \,(Q) be fixed, there holds

sup / e4ﬂu2(1+a||u\|g)d$ < +o0: w3
weW, (), Vul2<1 /9

If a > A,(Q), then the supremum in (1.3) is infinity. Here

Vul?d
MO = it fszl—ulf/
weWy2(9),uz0 ( [0 |ulpdz)™?

Another interesting improvement of (1.1) is due to Adimurthi and Sandeep [2], who derived a singular Trudinger—

Moser inequality. Namely, if 0 < 8 <n and - + % =1, then there holds

sup / lz| P71 g < 400 (1.4)
u€Wy ™ (Q), [Vull2 <179
If v > a,(1—p3/n), the supremum in (1.4) is infinity. Here a,, = nw}l/_(?fl), wp—1 is the area of the unit sphere

in R™. This inequality was extended by Adimurthi and Yang [3] to R™, by de Souza and do O [7] to R?, and
by Yang [17, 18] to R* and Riemannian manifold.

In this note, we combine (1.3) and (1.4) in the case n = 2. Let Q be a smooth bounded domain in R?.
Here and throughout this note we assume 0 € Q. Let p > 1 and 0 < 8 < 2 be fixed. We define

Jo IVul?dz

1 .
uEWOI‘Q(Q),u;TéO (fQ ‘x|‘5‘u|1’d‘r)2/p

Ap.s(8) = (1.5)

In the sequel, we write for simplicity

1/p
el = ( / |x-ﬁ|u|de) . (1.6)

Our main result is the following:

Theorem 1.1. Let Q be a smooth bounded domain in R?, and Br C R? be the disc centered at the origin with
radius R wverifying that mR? is equal to the area of Q. Let p>1 and 0 < 3 < 2 be fired and N, be defined

as in (1.5). Then we have

(1) for any a, 0 < a < Ay g(Br), there holds

sup / |x\7567u2(1+°‘”““12’ﬁ)dx < 4005 (1.7)
w€W; (9| Vul <1/
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(t3) when Q =Bg, for any a > A, 3(Br),

2 2
sup / || ~Perv (1ellull?5) gy = +o0.
u€Wy*(Q),[|Vul2<1 79

Clearly Theorem 1.1 generalizes results of Adimurthi and Sandeep [2], Yang [14], and Lu and Yang [8] in
dimension two. The proof of Theorem 1.1 is based on a rearrangement argument and test function computation.
The remaining part of this note is organized as follows. In Section 2, using a variational direct method

and rearrangement argument, we prove three lemmas on eigenvalues. Theorem 1.1 is proved in Section 3.

2. Preliminary results

In this section, we study the properties of eigenvalues defined as in (1.5). The proof is based on a variational

direct method, symmetrization, and change of variables.

Lemma 2.1. For any real number p > 1 and any §, 0 < 3 < 2, we have \p g(Q2) > 0. Moreover, X\, g(Q) can
be attained by a function ¢g € VVOI’2 () satisfying

{ —Ago = Xy s (2|l gollZ Feo” " in Q (2.1)

[Voolla =1, ¢o>0 in €,
where || - ||p.8 is defined as in (1.6).

Proof. Choose a sequence of functions uj, € Wy?(Q) such that llukllp,s =1 and ||[Vug||3 = Ay 5(€). It follows

that u, is bounded in W, *(Q). Without loss of generality, we assume
up — ug  weakly in - Wy 2(9Q), (2.2)
up — ug strongly in  LY(Q), Vg >1. (2.3)

In view of (2.3), the Holder inequality leads to ||uo||p,s = 1, while (2.2) implies that

lim /VukVuoda::/ |Vug|2de,
k—+oo Q Q

which leads to
/Q |Vug |2 dz < limsup/Q |Vug > dz = M\, 5(Q).

k——+o00

Hence ug attains A, 5(€2) and in particular, A, 3(€2) > 0. Obviously, |ug| is also a minimizer and thus we can

assume ug > 0. Set
¢o = uo/||Vuol2-

Then ¢y attains A, () and satisfies the Euler-Lagrange equation (2.1). By the elliptic regularity theory (see
[6], Chapter 9), ¢o € C1(Q\ {0}) N C¥ () for some 0 < v < 1. O

If © is replaced by the disc Br in Lemma 2.1, we have the following:
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Lemma 2.2. A\, 3(Bg) > 0, and A\, g(Br) can be attained by some radially symmetric decreasing function

o € Wol’Q(BR) satisfying (2.1) with Q replaced by Br.

Proof. For any u € C§°(Bgr), let u* be the nonnegative decreasing rearrangement of |u|. Using the

Hardy—Littlewood inequality (see for examples [7, 12]), we have

/|Vu*\2dx§/ |Vul*dz
Br Br

and
/ 2| =P |ulPde < / 2| Pu*Pda. (2.4)
Br Br
This together with the definition of A\, g(Bg) implies that

[Vul3

Hu”p,ﬁ7

)‘107,3 (ER) = inf

where the infimum takes over all nonnegative radially symmetric decreasing functions in I/VO1 ’2(]B r). Then by

the same procedure as in the proof of Lemma 2.1 we can find the desired minimizer ¢ . O

For simplicity, we denote for any ¢ > 1 and r > 0,

1/q 1/q
|u||q,Br=(/B u|qu) , ||u||q,ﬂ,m=(/ﬁ |x|5|uqu) |

Lemma 2.3. Let p>1 and 0 < B < 2 be fized. Then there holds
Ap,B(ER) =(1- 5/2)1“/17/\19(1531%1—/3/2)’

where \p(Bri—s/2) = infjj,,—1 [|Vul3, and || - |2 denotes the L?(Bgi—p/2)-norm.

Proof. For simplicity, we write @« = 1 — /2. On one hand, there exists some nonnegative radially

symmetric function v € Wy *(Bga) such that [|v]|, 5. =1 and
IVOl3 80 = Ap(Bro)- (2.5)
We write v(r) = v(z) with r = |z|. Define a new radially symmetric function

u(r) = a Y?u(r®) for rel0,R).
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Such a change of variable was also used by Adimurthi and Sandeep [2]. It follows that

s, = ([ lelura ) " (2:6)
</0R QW(U(T‘))pTl_BdT> v
o~ (1+2/p) </0Ra Qﬁ(v(t))ptdt>

a U] 5

2/p

= o (1+2/p)

and that
R
HVUH%BR = /27rr|u’(r)|2dr (2.7)
0
R
= a/ 2ﬂr2a71|v’(r‘l)|2dr
0

Ra
= / 2rt|v’ (t)|*dt
0
= [Vol3p,.-
In view of (2.5) and the definition of A, g, we conclude
a' PPN, (Bre) > A s(BR). (2.8)

On the other hand, by Lemma 2.2, there exists some nonnegative radially symmetric function u €

Wol’z(]BR) such that ||u||12)”37]ER =1 and ||VUJ||%JBgR = A 3(BRr). Set

o(r) = Vau(rt/*) for re[0,R.

Repeating the above calculation, we have |[Vv|[35 . = [|[Vull3p, and
2/p
B =a 22 ([l Purde) = a2l =0
R

This implies that
a' P\, (Bra) < Ay s(BR). (2.9)

Combining (2.8) and (2.9), we conclude the lemma. O

3. Proof of Theorem 1.1
In this section, we shall prove Theorem 1.1. For (i) of Theorem 1.1, we use a symmetrization argument and a

change of variables, which was also used by Adimurthi and Sandeep [2]. For (ii) of Theorem 1.1, we employ
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the test function constructed by Yang [14] and Lu and Yang [8]. However, our calculation is more delicate;

specifically the singular eigenvalue A, 3(Bg) is essentially involved.

Proof of (i) of Theorem 1.1. Let p > 1 and 0 < 8 < 2 be fixed. Suppose the area of 2 is equal to T7R?.
For any u € WO1 2 (), let u* be the decreasing rearrangement of |u|. By the rearrangement argument, we have

u* € Wy*(Bg). Then we have the PolyaSzego inequality (see [3])

/ |Vu*|2dx§/ |Vu|*dx
Br Q

and by the Hardy-Littlewood inequality

[ el Ptapde = [ (el Pufrys
Q Br

/‘ﬂﬂ*%%mwf¢v
Br

/ |lz| " Pu*Pda.
Br

IN

IN

This leads to

2 2 *2 * |12
/ |~ Berutalul o) g S/ e kel I ) g
Q Br

Hence, to prove (1.7), it suffices to prove that for any «, 0 < a < A, g(Bg), and any nonnegative radially

symmetric decreasing function u € Wy *(Bg) with ||Vullsm, < 1, there exists some constant C depending

only on «, 8, and R such that

/ || B ellul nn) gy < ) oy
Br

where v = 47(1 — $/2). For simplicity here we use u instead of u*, but we need to understand that u is not

the same as u € W,*(Q). Set a =1— /2, and

o(r) = Vau(r'/®).

By (2.6) and (2.7), we have
IVll2 e <1 (3-2)

and
~(1+2/p)||y|

ul? 55, = a Bra-

For simplicity we write b =1+ al[u|? 5 5 . Tt follows from (3.3) that

b=1+

@ 2
W”ﬂ pBra*
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By Lemma 2.2 and a straightforward calculation, we have

R
/ |z P dy = / 2r2a=Leb(u(r)? g (34)
Br 0

1 [ 2
= f/ 2mted (1) gy
aJo

1 2
I e47rln) dx
a4 JBRra

o Ap,s(Br)
RET Y F s

and

— 3 (Bas). (3.5)

In view of (3.2) and (3.5), it follows from Theorem 1.1 in [3] that

2 2 a2
/ e47rbv dx < sup / 6477“ (1+ 21+2/p Hu“p,[BR)dm,
B e u€Wy*(Br), | Vull2 s, <1/Br

which together with (3.4) and (2.4) implies (3.1). O

Proof of (i) of Theorem 1.1. Let Q =Bgr. We write A\, 3 = A\, g(Br). By Lemma 2.2, ), 3 is attained
by ¢¢ verifying that ¢ is a radially symmetric decreasing function, and ¢y € VVOL2 (Br)NCL(Br\{0})NC¥(BR)
for some 0 < v < 1. Clearly we have ¢o(0) = maxg,, ¢o > 0. Denote ¢o(r) = ¢o(z) for 0 <r = |z| < R. Set

1
G(z) = ——loglz|, |z|<R. (3.6)
2
Following the lines of Yang [14] and Lu and Yang [8], we set
\/o=logl, when |z|<e
be(x) = AG(x)+ B, when e<|z|<é

te((b()(é) + 77(¢0 — ¢0(5))), when § < |.’L‘| <R,

where

\/ % IOg % - te¢0(5)
A

1 1 1 10

tedo(8) 35 log ¢ — /55 log £ 5 log 5
B = Tlogl— Liog!l ’
27 € 27 1085

n € CY(BR) satisfies 0 <1 <1, 7=0 when |z| <, n =1 when |z| > 2§ and |Vn| < 2/§ for sufficiently small
6> 0. One can see that ¢, € Wy ?(Bg). We choose t. such that t. — 0, t2 logl — +o0, and t3log? — 0. A

straightforward calculation shows

1 1 1 1
VG|*dr = —log = — — log =,
/e§x|§§| " 2m o8 € 27 0g§
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which gives

/ \Voe|?de = A2/ |VG|?dx
e<|z|<5 e<|x|<s

where o.(1) — 0 as € = 0. Note that ¢ is a distributional solution to

{ —Ado = Ap sl P llgolly S in Bg
[Véola=1, ¢9>0 in Bg.

Testing the above equation by (¢g — ¢0(20))", we have

/B Vool / Npalal ool 00" (o = do(28) o

IA

27
M ll ol 2 /

)‘p,ﬁ||¢0||f,;3p(¢o(0))p / 2| P da

Bos

2| poPda
8

2

IN

0(5%79).
Since ¢o € C¥(Bg), it follows that [ .1 s Vo |?dr = t20(8%), where
0 = min{2 — 3,2v}.

Moreover, we can estimate the energy of ¢, in domain Bg \ Bos as follows:

/ |Voe|dz = tf/ |V ol dx:
|z|>26 |z|>26
— 20 [ [VooPd)
Bas

= 2(1+0(8>7)).

Combining the above three estimates, we obtain

7(5)1(1+o€(1)) +t2(14 0(8%)). (3.8)

/ |V¢)E‘2d£€ =1-
Br
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Let ve = ¢c/||[Voell2. Then v, € Wy*(Bg) and [|[Vu|lz = 1. Combining (2.1) with (3.8) and noting that

(Js, |z|Pufdz)~2/P = A, 5, we have

\ 2/p
A . 2 D, / —Bp P d
G A 7 AV L

)\pﬁ 2 Jé; Jé; 2r
= ke ([ e [ el qspdm)
Vo3 ( 0 0

2
o o)

= 21 +00* ) +0(t?)).

V

Here we also used the estimate

=y = i -
||v¢€||2 1/ilog%

Recall that v = 4w (1 — §/2). A straightforward calculation shows on domain B.,

(1+0.(1)) = t2(1 + 0(8%)).

’Wez (1 + Apﬁ””f”?y,,@) (3.9)
> (2 f)log + + (4~ 28)Vanteylog Zgo(8)(1 +oc(1)

+(2 - B)t? log% (0(3%) +0(t2)) .

Taking
1
(t2logt) 2o

€ €

6:

one gets €/0 = o.(1) and tZlog 10(6%) = o.(1). Moreover, we have t*log X = o.(1) and ¢o(6) = ¢o(0) +O(8").
Since 2v/6 > 1, we have t.4/log L 8" = o.(1). Therefore, it follows from (3.9) that for any a > X, 5,
/ | Pertralvdi s gy > / ([P 2 sl ) gy
Br |z|<e
S 2T _(4-28)v2r0(0)te/log THo. (1)
= 5.5
— +oo as €—0.

Here, in the second inequality, we have used the fact flxl<e || Bdx = 22—”[362_5. Hence (ii) of Theorem 1.1

follows. O
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