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Abstract: The main purpose of this paper is to study the complete and horizontal lifts of vector and tensor fields of
type (1,1) on cross-sections in the coframe bundle. Explicit formulas of these lifts are obtained. Finally, complete lifts

of almost complex structures restricted to almost analytic cross-sections are investigated.
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1. Introduction
Let M be an n—dimensional differentiable manifold of class C*>° and F*M its coframe bundle. The differential
geometry of the cotangent bundle has been studied by many authors (see, for example, [2, 3, 9-11]).

When a field of global coframes is given on M , its defines a cross-section o : M — F*M in the coframe
bundle. In this paper, we study the behavior on this cross-section of lifts of tensor fields from M to F*M .

In 2 we briefly describe the definitions and results that are needed later, after which the complete and
horizontal lifts of affinor fields (tensor fields of type (1,1)) are constructed in 3. In 4 and 5 we consider, respec-
tively, the complete and horizontal lifts of the vector and affinor fields along the n— dimensional submanifold
o(M) of F*M defined by cross-section o. In 6 we study the particular case of an almost complex structure on
o(M).

All results in this paper can be closely compared with those of the corresponding theory for cross-sections
in the cotangent bundle [12]. A similar approach was applied in [1], when studying lifts on cross-sections of the

bundle of frames by means of the tangent bundle.

2. Preliminaries
Manifolds, tensor fields, and linear connections under consideration are all assumed to be differentiable and of
class C*°. Indices 1,4, k,...,, 3,7, ... have range in {1,2,...,n} and indices A, B,C,... tun from 1 to n + n?.
We put h, = a-n + h. Summation over repeated indices is always implied. Entries of matrices are written as
A%, Ay or AY, and in all cases 4 is the row index while j is the column index.

Let M be an n—dimensional differentiable manifold of class C'°°. Coordinate systems in M are denoted
by (U,x"), where U is the coordinate neighborhood and x’ are the coordinate functions. We denote the Lie

derivative by Lx, and by S%(M) the set of all differentiable tensor fields of type (r,s) on M.
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Let T M be the cotangent space at a point z € M, (X%) = (X!, ..., X") a coframe at  and F*M the
coframe bundle over M, that is, the set of all coframes at all points of M (see [4]). Let 7 : F*M — M be the
canonical projection of F*M onto M. For the coordinate system (U,2%) in M we put F*U = 7= }(U). A
coframe (X®) at 2 can be expressed uniquely in the form X = X?(dx'), . The induced coordinate system in

F*U is {F*U, (xl,Xf‘)} We shall denote 82,1, by 0; and % by 0;,. The matrix (X{) is nonsingular and

its inverse will be written as (X(). We denote by V the linear connection on M with components Ff’j.

Let V be a vector field on M, and let V* be its components in U. Then the complete lift €V and
horizontal lift #V of V to F*M are given by (see [4])

V=V, - X}aV")0,, (2.1)
By =vig, + X517,V*0;,, (2.2)
respectively.
3. Lifts of affinor fields to the coframe bundle
Let ¢ be an affinor field on M and let <pg be its local components in U.
The following Theorem 1 holds.
Theorem 1 If we put
N Y -
i = Xp (9598 — 0ip%), ¢ = o5,

then we get an affinor field on F*M whose components are 955 with respect to the coordinate system

{F*U7 (xl,X{)‘)} , where & is the Kronecker delta.

Proof We shall show that under the coordinate transformation

2 =t b .2,
{ Xg = AZZ(,XQ ) (3:2)

on F*U N F*U’', the equation
P = AL A7.@) (3.3)

holds good, where A! = g;:, are elements of the Jacobian matrix of the inverse transformation

ot =zi(zV,...,2""), and AL are elements of the Jacobian matrix of the transformation (3.2), i.e.

, A 0
'y i )
(A1) = ( X00iA],  AlLdy ) : (3.4)

On the other hand, the Jacobian matrix (A7) of the inverse transformation has the structure

A7, 0
(A7) = < U ) (3.5)
Xpoy A AV 64
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In the case where I' =4',J" = j’, we can easily verify that the right-hand side of (3.3) reduces to
AZ A ,<pJ = AZ Aj,npj + Az A],goj + AZ AJ, ‘ij

+A2 AJ? NZ’Y = A; A;,QD; = QD;/ = @;/

In the case where I' =4, J" = jj or I' =i, J" = jj, it follows that (3.3) holds good by the same manner as
before. In the case where I' =i/, J" = j’, the left-hand side of (3.3) reduces to

By = X0yt — 00,
which is the sum of the following six terms a1, as, ..., ag :
ay = X{(0p AR Al ol az = X3 AL (00 AL )l
az = X\ A AL (0597), aa = — X7 (0 A% AL o7
= — X AL (00 AL ag = — X AL AL, (00 gT).
On the other hand, the right-hand side of (3.3) can be written as
AP AL G = Alr ALGE + Al ALGY + Al ARG + Al ALY
The last expression is the sum of the following four terms by, ..., b4 :
by = XE(OAB)AL 01 by = X7 AL A (0y60),
by = — X[ AL A (9iph), ba = X[ AL (950 A )l
After some calculations we get the following relations:
a; =by, az=by, as="b, ax+tas=0, as="bs. (3.6)

Hence, by virtue of (3.6), we see that (3.3) holds good. Consequently, ¢ is an affinor field on F*M . An affinor
field ¢ is called a complete lift of ¢ to F*M. O

Theorem 2 If we put

{ i = o, i, =0, 57

R R LT

then we get an affinor field @ on F*M whose components are (,55 with respect to the coordinate system
{F*U7 (xl,Xf‘)}

Proof We shall show that under the coordinate transformation (3.2) the equation

ol = A] AL} (3.8)
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holds good.
In the case I' =1i',J = j', we can easily verify that the right-hand side of (3.8) reduces to

Al A7 ,<pJ = AZ AJ,goJ + A’ A],QE;” + AZ AJ, <ph

Ix v TV B R N

+A’ AR @) = A AL o =0 =@

In the cases I' =4',J' = j; and I' =i, J' = jj, it follows that (3.8) holds good by the same manner as
before. In the case where I’ =4/, J' = j', the left-hand side of (3.8) reduces to
G = X (o TE . — o' T ),
which is the sum of the following four terms cq, ..., ¢4 :
Xk/ Ak m’Ag,Fﬁlﬂ Xk,/ Ak (am/Af/),

3= —Xpol AF A ALTE ey = — X2 ol AF (0,45

]m?

On the other hand, the right-hand side of (3.8) can be written as
Al AL @Y = Alr ALGE + Al ALGE + Al ARG + Al ALY
The last expression is the sum of the following four terms dy, ..., dy :
dy = X{(0;A5) AL gl dy = XA} AL o' T,

dy = — X AL AL QTE | dy = X{5 AL 0y AY )]
After some calculations we get the following relations:
1 =dg, c2=d1, c3=d3, cqg=dy. (3.9)

Hence, by virtue of (3.9), we see that (3.8) holds good. It means that ¢ is an affinor field on F*M . An affinor
field @ is called a horizontal lift of ¢ to F*M. O

4. Lifts of vector fields on cross-sections

Let o be a cross-section of the coframe bundle F*M | that is ¢ : M — F*M a mapping of class C*° such
that m o 0 = Idy;. Then o defines a field of global coframes on M, that is, at each point x € M, o(z)
= (o(x),...,0™(z)) is a linear coframe at z. If we put o = (co!,...,0™) then each o is a covector field globally
defined on M. Assume that o® has local components of(x) with respect to a coordinate system (U,z') in
M, that is 0@ = o@(x)dz" in U. Then o(M), which will be called a cross-section determined by o, is the

n—dimensional submanifold of F*M locally expressed in F*U by

"y
U e “1)

2038



SALIMOV and FATTAEV /Turk J Math

Thus tangent vectors BH = 9,21 to the cross-section o(M) have components

F sh
H = — = ?
B = (axi) ( dioy, ) ' (4.2)

On the other hand, the fiber being represented by

x" = const
o o 4.3
{ Xy = Xp, 43
the tangent vectors Cg = 0;,x" to the fiber have components
o —cisti — (0 (4.4)
is 508 ) .

The vectors B and Cg , being linearly independent, form a frame E¥ = (B, Cg ) along the cross-section

o(M). We call this the frame (B, C) along the cross-section. The coframe E}, = (B, CN’Q ) corresponding to

this frame is given by
By, = (8},0),C% = (~0h0),6157). (4.5)
Let V be a vector field on M and €V its complete lift to F*M , which is locally given by (2.1):
OV = VIO + V0, = V) — X3 (OV7)oh,. (4.6)

On the other hand, the complete lift “V has the following decomposition with respect to the (B,C)-frame

along the cross-section o(M):
CV=VB,+V"C;,. (4.7)

Thus, from (4.6) and (4.7) we have

Vo + VI, =ViIB +V*Ci, = V' Bl + VB0,

+Visch

b oy + VieClody, = (V"Bz-h L VisC ?ﬁ) O (4.8)
+ (VB +VioC ) oy,
By using (4.2) and (4.4), from (4.8) we obtain:
CVh=VIBr+VCh = Vil = V",
CVhe = 080,V = V'oio5 + VI Cle = Vidiof + V26,55,

Thus the complete lift “Vof a vector field V in M to F*M, having components (2.1) with respect to the
natural frame, has components
Vh
(i )
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with respect to the frame (B, C') along the cross-section o(M).

This means that
Vv =v"Bjt — (Lyoy) Cit .

From here follows

Theorem 3 The complete lift “V of a vector field V in M to F*M is tangent to the cross-section (M)

determined by o = (o', ...,a™) if and only if the Lie derivative of each o with respect to V vanishes, i.e.

Lyoc® =0, 1<a<n.

By analogy, the horizontal lift 7V of a vector field V in M to F*M , having components (2.2) with respect to

Vh
(vert )

with respect to the frame (B,C) along the cross-section o(M), where Vy is a covariant derivative along a

the natural frame, has components

vector field V' in an affine connection V. Therefore
By =vhBit — (Vvop) Cf,

from which follows
Theorem 4 The horizontal lift BV of a vector field V. in M to F*Mis tangent to the cross-section

o(M) determined by o = (o',...,0™) if and only if the covariant derivative of each o® with respect to V

vanishes, i.e. Vyo® =0, 1 <a<n.

5. Lifts of affinor fields on cross-sections

Let ¢ be an affinor field on M and ©¢ its complete lift to F*M , which is locally given by (3.1) with respect

to the natural frame, i.e.

c o 0
= a ! i sa |- 5.1
4 < X (31‘902 - 3h90§) <Ph5/3 ) (5:1)

If “@L are components of the complete lift “¢ with respect to the (B, C)-frame along the cross-section o (M),
then we have
“of = “PnELET. (5.2)

By using (4.2), (4.4), (4.5), and (5.1) we have
1% = ¢ = 0300 + &4, 01 (~diofy) = ¢l — &, (9ioR), (5.3)
2)%], =0 =g} EIE! =g} 616},08,

from which it follows that

o =0. (5.4)
Using (5.4), from (5.3) we get
g = o,
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3) Colt = gio) = Cgp BLL Bl = OG0 59676405, consequently

“hr = wads.
)l = 0] 0% — 07050 = CPLEI BN + € g BI Bl + C i Bl Bl

a®j YTt

= 00,0708 + C G 636760 + ploT8%67 (—iofy)

or
CGhr 050301 = olDiey — o) 0; 07 — i Oko) + 300,

jY0%
from which we obtain

C ~ar

Ghm = oL Onpl — 0L 0u) — PhORTE + PhOnoE = —(¢hOkoy

—4,0’;8;10,2 — agahgo’; + 0,28,1302) = —(®,0" )ha,

where ®,07 is the Tachibana operator applied to o7 (see [7]).

Thus we have

Theorem 5 The complete lift ¢ having components (5.1) with respect to the natural frame has the nonzero

components
€3 C zar ! zar h
Gh=¢h Pn = (20 ha, Pyl = Pads
with respect to the frame (B, C') along the cross-section o(M).

Now we assume that ¢ is the horizontal lift of the affinor field ¢ to F*M , given by (3.7) with respect to the

natural frame, i.e.
h

H Py 0
= « m ! m 1 Sa . 5.5
4 ( X (¢} F]fnh — Ph Ffm) Wh‘sﬁ ) (5:5)

On the other hand, the horizontal lift ¢ has the following decomposition with respect to the (B,C)-frame

along the cross-section o(M):

Hof =GR BAET . (5.6)
Using (3.7), (3.2), (3.4), and (5.5) we find
Dol = ol = gnalol + 15 si(=0io) = 5] = "}, (9i07). (5.7)
2) Hcp{ﬁ =0 = Hc,b‘,’la E{LEZ;* = H@ﬁﬂégdidg, consequently
Agr =o0. (5.8)
Based on equality (5.8), from (5.7) we get
Hoh = o

)i = wjoy =" oh Bl Bl =Gy 67076,05,
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from which it follows that
1o = phds.
Yl = 0] @"Th; — o) Thy = "G ED Bl + " g B B}
G B Bl = 030,0) 80 + gy 686101 + 0078767 (—dio)

or
H ~arsasysh _ v, mmk Y mrk k ol ha Y
@hnsj(s'réi =0rP; ij A2 | _Soiakgj +80jai0ha

from which we obtain

H~ar _ 17 _m7mk T mmk k T k T
Sah = 0P Fma — 0P, th - (phako-a + @aahak

=~ (Oeoy —Tihom,) + ¢k (Onof — Tihon,) = —r Vo, + ¢kViof

= _(‘Pﬁvkag - SOIZVW;Z) = _((I)WUT)hav

where ®,07 is the Vishnevskii operator applied to o7 (see [7]).

Thus we have

Theorem 6 The horizontal lift ¢ having the nonzero components (5.5) with respect to the natural frame has

the nonzero components
H~a __  _a H~a; __ T T H~ar _  _hgt
Ph = Phs Y = _((1)4.00 )haa (pha - (paaoc

with respect to the frame (B, C') along the cross-section o(M).

6. Complete lift of almost complex structure on cross-sections

Suppose that the manifold M has an almost complex structure F. Its mean that F2 = —I. We have

Theorem 7 Let M be a differentiable manifold with an almost complex structure F. Then the complete
lift °F of Fto F*Mis an almost complex structure if and only if XIEQ(F, F)fj = 0, where Q(F,F)—the
Nijenhuis—Shirokov tensor of F (see [5]).

Proof From (5.1) we have
1)CFiHCF£I _ CFihCFZ + CFihwch7 _ Fth}Z _ 513_‘ _ _c[%_j’
2)CFICF), =R OB + CF O] =0=-°T]
8)CFICR) = CFr Ry + CF O R = FloYFPol = 6168 =
= -°r, (6.1)
4)CFiHCFIj;s _ CFihCFZﬁ + cFihwcF}Zf — F}hX;f(ath _ 3jF}ch)
+X (O FF — OnFF)FP6P = X (Fro FF — Fro;Ff + FroFY
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~FhoRFF) = XP(0,(FIEF) — 0;,(FIFF)) + X[ (Fl oy, FF
~FhonFF — FFOF! + FFO, Pl = —C17 + X[ Q(F, F)E,.

From (6.1) we obtain

(“F)? = “(F?) +v(X 0 Q(F, F)), (6.2)
where
o )= xroi e o )
! ’ X[QUEF)y 0 )
Equation (6.2) completes the proof of Theorem 7. O

The complete lift “F having the components (5.1) with respect to the natural frame has the components

h
a k k Fl k (e k (e zoa (63>
O’k(aiFh _6hFi)_Fi 8k0h —I—Fhak()'i Fh55

with respect to the frame (B, C) along the cross-section o(M) determined by o = (o, ...,0™).

It is well known that for an arbitrary almost analytic 1-form (or almost analytic covector field) o on a

differentiable manifold M with an almost complex structure F', we have the relation
coN F = 0

(see [8]), where Np is the Nijenhuis tensor for F' ([6, p. 38]).

Now by using (6.3) along the cross-section o(M) determined by o = (o}, ...,0™) on M, similarly to (6.1) we

obtain
(°F)? = 9(F?) +~(06” o Np), (6.4)

where

0 0
Hof o Ny) = ( ofNE 0 )
)

Thus from (6.4) we have

Theorem 8 Let M be a differentiable manifold with an almost complex structure F. Then the complete lift
CF € SH(F*M) of F, which is restricted to the cross-section o(M) determined by an almost analytic covector

field o', ...,a™ on M, is an almost complex structure.
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