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Abstract: Let (8n)n>2 be a sequence of nonnegative real numbers and § be a positive real number. We introduce
the subclass A(B,,d) of analytic functions, with the property that the Taylor coefficients of the function f satisfies
> omsaBrlan] <0, where f(2) = 2+ 3777, an2". The class A(By,d) contains nonunivalent functions for some choices
of (Bn)n>2. In this paper, we provide some general properties of functions belonging to the class A(8,,d), such as the
radii of univalence, distortion theorem, and invariant property. Furthermore, we derive the best approximation of an
analytic function in such class by using the semiinfinite quadratic programming. Applying our results, we recover some
known results on subclasses related to coefficient inequality. Some applications to starlike and convex functions of order

«a are also mentioned.

Key words: Analytic function, starlike function of order «, convex function of order « , coefficient inequality , quadratic

programming, Karush—-Kuhn—Tucker conditions

1. Introduction
Let H(D) be the class of analytic functions in the open unit disk D = {z € C: |z] < 1} and A be the class of
analytic functions normalized by the conditions that f(0) =0 and f’(0) = 1; that is, f € A can be written in

the form

f(z):z+ianz", z € D. (1)
k=2

We denote by S the subclass of A consisting of functions that are univalent on ID. Let T be a subset of A
containing negative coefficient functions; that is, a,, <0 for n > 2.

A considerable number of publications have focused on finding sufficient conditions via coefficient inequal-
ity for understanding the construction and its properties of subclasses of univalent functions. In [13], Goodman
derived a sufficient condition for starlike functions via coefficient inequality. In [27], Silverman obtained some
results on coefficient inequality for univalent functions with negative coefficients that are starlike and convex
of order «. Darwish [8] established the quasi-Hadamard product results of starlike and convex functions of
order a type B. Some coefficient estimates and related properties of the class of bounded starlike functions
of complex order were obtained by Attiya [6]. Recently, Dzjok et al. [10] applied the extreme points theory

to obtain coefficients estimate and other properties for some generalizations of starlike harmonic functions. To
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date, the coefficient inequality is one of the essential tools to study subclasses of univalent functions, especially
subclasses involving differential-integral operators (see [3, 5, 6, 9, 15, 18, 20, 28, 30-33]).

In addition, many sufficient conditions for subclasses of analytic functions, which perhaps contain nonuni-
valent functions, can be derived in the form of coefficient inequality, especially subclasses of analytic functions
defined by the g-derivative operator. For example, Purohit and Raina [23] introduced a subclass of analytic
functions defined by the g-analogue operator of fractional calculus and derived some results including the coef-
ficient inequality. In [35], the authors obtained some relations between various types of g-starlike functions of
order o by using the coefficient inequality. Recently, Mahmood and Sokol [19] defined a new class of analytic
functions by using the Ruscheweyh ¢-differential operator, while Govindaraj and Sivasubramanian [14] applied
the concept of g-calculus to define the new class of analytic functions that are closely related to the domains
bounded by conic sections. Some convolution properties for the classes of bounded ¢-starlike and g-convex
univalent functions of complex order were investigated by Aouf and Seoudy [4]. For some interesting properties
and recent related works on subclasses of analytic functions associated with the g-difference operator, we refer
to [1, 2, 4, 14, 19, 24, 26, 29, 34-36].

In [11], Frasin introduced the class Hg(cg,d) of S consisting of functions f satisfying the coefficient
inequality >"p2, cxlax| < 8, where the function ¢(z) = 2+ Y po, cx2® is fixed in S. Later, Frasin and Aouf
[12] followed the idea in [11] by introducing the classes M?p(cn, 9), Ng(cn, 0), and Bllz (cn,d) and studied some
results related to the quasi-Hadamard product of functions in these classes. However, these classes can not be
used to describe properties of the nonunivalent functions such as the g-extension starlike function and convex
function and related subclasses. From the literature, it is therefore natural to define the following subclass of

A, which contains nonunivalent functions:

A(Bn,d) = {f(z) =z+ Z%Z” €S: Zﬁn|an| < 5},
n=2 n=2

where (8,,)n>2 is a fixed nonnegative real sequence and § is a fixed positive real number. In the Table, some
particular cases of A(B,,d) are mentioned.

For a nonunivalent analytic function, it is interesting to study the problem of finding the best approxi-
mation to show how far an analytic function is from a subclass of univalent functions. In [21], Pascu and Pascu
first paid attention to the problem of finding the best approximation of an analytic in the subclass of starlike
functions by extending the Karush—Kuhn—Tucker conditions to semiinfinite quadratic programming. Later, they
solved this kind of problem on the subclass of convex functions (see [22]). Recently, Kargar et al. [17] solved
the best approximation of analytic functions by a locally univalent normalized analytic function. To date, the
study of the best approximation has not been widely studied.

This paper has been arranged as follows. In Section 2, we provide some general properties of functions
belonging to the class A(f8,,d), such as the radii of univalence, distortion theorem, and invariant property. In
Section 3, we adopt the idea in [17, 21, 22] to solve the semiinfinite quadratic programming to obtain the best
approximation in the class A(8,,d). In Section 4, we apply our results to classes of starlike and convex function
order a to obtain their general properties. Some examples of polynomial functions are presented. We finish

the paper with observations and concluding remarks.
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Table. Some typical classes included in A(8,,9).

Bn 1) Refs.
1. | T(«a) n— o -« [27]
2. | C*(«) n(n — a) e [27]
3. | P*(a) n 1-« [25]
4. | P(o, B) n(l+ B) 26(1—«) | [15]
5. | G(a) n2(n—1) — f] ! [20]
6. | Rla] n =Bl &5 1—a [28]
7. 1 Ci(e,B) (a1 =1) | n[(1—B)n—af Bl—a) |[8
8. | Sila,B) (a1 =1) | n*[(1 —B)n — af] Bl—a) |[8
9. | Sela, B) (a1 =1) | nF[(n — 1)+ B(1 + an)] B(1+a) 3]
10. | H(A, B) n*((n—1) +[(A— B)b— B(n—1)|) (A—DB)|b| | [6]
11 | S{(A K, ) @2n(1+r) = (p+r)1=(=D)")Aen =1+ D)t | 2(0—p) | [9]
12. | TS () [n]y —a 11—« [35]
13. | Kq(a) (9(2) = 2) | [nlq -« [36]
14. | Sq(b, M) [nlg + [0 — 1 0] [4]
15. | RySia(a) [ V5 5 L-a 34
16. | T3 (L+ B) F oo rass) 26(1-3) | [23]
17. | k—UST,(v) [gln — 1, q)(k + 1) + [7[} [Yn—1] v [19]
18. | Sy(k, o, m) [n}gl([n]q(k—&— 1) —k—a) 1—a [14]

2. Properties on the classes A(f,,9)
In this section, we provide some basic properties on A(S,,0).

the function A(5,,9).

We begin to derive the radii of univalence for
Theorem 1 If f € A(B,,9), then f is univalent and starlike in |z| < ro, where
o= i [2]
0= on

Proof To obtain the result, we observe that if Re{f’(z)} > 0 on D,,, where D,, = {z € C :

f is univalent due to the following formula:

2)

|z] <79}, then

Re{f(zl)} / Re{f'(z1 + t(22 — 1))} dt. (3)
zZ1 — %2
Therefore, we have
o0 oo
Re{f'(2)} :Re{l—Znanzn_l} >1- Zn|an|rg_1, (4)
n=2 n=2
for all |z| < r¢. By the definition of A(8,,d) and Eq. (4), the inequality Re{f’(z)} > 0 holds on D, , where
— 5n
0~ on
This completes the proof. O

632



WONGSAIJAT and SUKANTAMALA /Turk J Math

Using Eq. (2), it is easy to see that 7 is greater than unity when £, > dn. We directly obtain the

following result.

Corollary 2 If 5, > on, for all n > 2, then A(B,,0) CS.

Next, we derive the distortion inequalities for functions in the class A(8,,d) that will be given by the

following results.

Theorem 3 If By = inf,>2 8, > 0, then
1 1)
2] = =121 < |f ()] < [2] + =2 ()
Bo Bo

and

1—;—‘3\z| <1f'(2)] < 1+;—‘j|2\, (6)

for all f € A(By,9).

Proof Suppose that §y = inf,>2 8, > 0. Letting f € A(B,,d), we see that

BOZ|an| S Zﬂn‘an| Sé (7)
n=2 n=2
From Eq. (7), the consequence is that
o0
)
> lan] < —, ®)
n=2 ﬂO

which yields

o0

|2l = 212D lan] < 1F(2)] < |21+ 2 lanl. (9)
n=2 n=2

The conjunction of inequalities Egs. (8) and (9) implies the assertions (5) of Theorem 3. Hence, inequality (6)

follows from

L= 12> nlan] < |f/(2)] < 142 Y nla).
n=2 n=2
The proof is completed. o

Remark 4 By letting z — 17, Theorem 3 demonstrates that the disk |z| < 1 is mapped onto a domain that

contains the disk

L
bo’

|lw] < 1—
under any analytic function f € A(B,,0).
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In the following results, we focus on the invariant property of the class A(f8,,d). We shall consider some

operators in terms of the standard convolution formula.

Definition 5 Let f(z) = 2+ Y .o 5 a,2" and g(z) = z+ Y., bnz™ be the function in A. The convolution
formula of f and g can be defined by fxg=z+> ", a,b,z".

According to the definition of A(f,,d), we easily obtain the following properties.
Theorem 6 Let f € A(S3,,6) and g(z) = 2+ oy pin2™ € A. Then for |u,| <1 (n>2) (f*xg)(z) € A(Bn,0).

Example 1 (The Bernardi-Libera integral operator) The Bernardi-Libera integral operator L. : A — A s
defined as follows:

t”‘lf(t)dt, (10)

0

1
Lyf(z) =112

which was studied by Bernardi in [7]. It is clear that

Lo f(2) = (f * 9)(z —”Zﬁi 1",

7+1
’y—f—n

where g = z + Z . Combining the formula of L, and Theorem 6, we obtain the invariant properties

under integral opemtor L, as

Ly [A(Bn, 0)] € A(Bn, ).

3. Best approximation problem in the classes A(3,,9)

In this section, we investigate the problem of the best approximation of an analytic function by a function in
the class A(Bn,d) and f € A. To define a measure of the nonunivalency of a function, we recall the definition
introduced in [17, 21, 22]:

gEA(Bn,0)

1/2
dist(F, A(Bu,0) = inf (/ o g<x+iy>|2dxdy> , (1)

for any sublclass A(f,,0) of S. In [21], it was also shown that dist(f,S) =0 if and only if f € §. In terms of

the coefficients of the Taylor series of f, we obtain that

/|fx+zy\dzdy—7rz|an‘ (12)

where the calculation can be obtained by using Fubini’s theorem and the orthogonality of the trigonometric

functions. Then, by making use definition (11), the above identity leads us to consider the problem of finding

00 2
inf [on = an|” , (13)
(wn)nZQ n—2 n + 1
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subject to

> Balaal <6, (14)
n=2

where the infimum is taken over all sequences (z,)n>2 of complex numbers.
For the convenience, we provide some basic definitions and concept details of the Karush—Kuhn—Tucker

conditions (see [16]) for quadratic programming, which are used in this paper. Given a minimization problem
fx)=2TQx + cx (15)

subject to
Ax <b and = >0, (16)

where € R", @ is an n x n symmetric matrix, 4 is an m xn matrix, and b and ¢’ are column vectors m x 1
and n x 1, respectively. It is well known that the problem has a unique global minimum when the objective

function f is strictly convex. Consider the Lagrangian function L for the quadratic problem (15)—(16):
L=2"Qx+ cx + p(Azx —b). (17)

The solution is given by the Karush—-Kuhn—Tucker conditions:

oL
>
&mi - 07
9L
8/10'
oL
.Tzaixl = 0,
w(Az —b) =0,

1'120, ;u'jzoa

fori=1,2,...,nand 5 =1,2,...,m. We also note that the Karush-Kuhn-Tucker conditions are the necessary

conditions for the global minimum. The sufficient condition for a global minimum is given by the positive definite
property of Q.
We are ready to prove the following theorem.

Theorem 7 Let f € A be a function of the form
oo
f(z)=z+ Zanz", z €D.
n=2

Suppose that lim, o L“T_}”l =0 and Y7 ,nf% = +oo.

If S0, Bulan| < 8, then dist(f, A(Bn,d)) =0 when the minimum is attained for the function g = f €
A(Bn,0).
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If Zzozg Bnlan| > &, then

) a_21/2
mﬁuwaﬁ»:<ﬁzjmu_ngmgwmnn 6)) | "

nezentl Yomez(Br(m+1))
where T = {iz,i3,...,in}, and (in)n>2 is a permutation of the indices in P = {n > 2 : |a,| > 0} such
that o, = (n2+|a{)“ﬁ , n=2,...,[P|+1 is a nonincreasing sequence. The infimum is attained for the function

g(z) =2+ > 07 5 bp2™ € A(By, ), where

_ M) iargan
bn { (|an| (n + 1)Bn meI 52 (m+1) € fOT' ne I7 (19)

0 for neZec

Proof It is obvious if > 7, By]an| < 6. Assume that > 7, B,]an| > ¢. By using Eq. (12) and the triangle

inequality, we get

1/2
dist(f, A(Bn,8)) = in <AU@+W>9@+WHM@>

gEA(Bn,9)

In fact, the equality holds in the triangle inequality if argz, = arga, . It follows that

1/2 1/2
dist(f, A(Bp,8)) = <mnfz '“””’;L:L“l” > = <mfz |f”n7|l+|;ln|) ) , (20)

n=2

Therefore, it is natural to replace the complex sequence (z,)n,>2 by the nonnegative sequence satisfying
> o Buy, < 8. This leads us to study the best approximation problem on the class A(S,,,d) with nonnegative
coefficient. Explicitly, the quadratic problem (13)—(14) can be replaced by the problem of finding

o0

. (In - an)2
inf En =~ n)” 21
(a:n)nZZ 7;2 n+ 1 ( )
subject to
n=2

where f(z) =z + Zf:;z an2", a, >0 and x, >0, for all n > 2.
Without loss of generality, we assume |a,| # 0 for all n > 2. The proof can be followed by introducing

the set of indices P* = {n : |a,| > 0}. Here, the infimum problem becomes

mfz n+1 —mm{OmfZ 1 2}.

nep*

636



WONGSAIJAT and SUKANTAMALA /Turk J Math

See more details in [17, 21, 22]. Thus, the objective function can be defined by f(z) = > ° @n=an)®  yhich

is a quadratic function, and the constrained inequality can be written as Ax < §, where Zj (B: +ﬂ13 Ba ...)
and © = (x9 x3 x4 ...)". The corresponding Lagrangian in the problem is given by
L= i 7(”3’;;“1")2 +p (i Bty — 5) .
In this case, the Karush—-Kuhn—Tucker conditions are
2”31;:;" B >0, n>2, (23)
i Brnxn, — 3 <0, (24)
n=2
2, <2$7’; ; ‘f" n #Bn> -0, n>2, (25)
I (i Bnxn — 5) =0, (26)
n=2
Tn >0,(n>2) p>0. (27)

First of all, by using Eq. (26), we see that either u =0 or >~ , 8,2, = §. Assuming pu = 0, from Eq.
(25), we have z,, =0 or z, = a,, and since from Eq. (23) we obtain z,, > a,, this implies that z,, = a, for
all n > 2. Now we have Y. °, B,z = > oo, Bnay, >, which contradicts (24). Thus, we must have p # 0.

The Karush-Kuhn—Tucker conditions become in this case

Ty — Gn

2 >0, n>2, 28
n+1 +#fn 20, n (28)
> Bun =6, (29)
n=2
Ty, — A
n 2 n ::Oa Z 27 30
oo (22225 4 8, ) =0, (30)
Tn >0n>2) p>0. (31)

The Eq. (30) shows that either x,, =0 or z, = a, — 34(n + 1)8,. Let us introduce the set of indices Z such
as @, = a, — spu(n+1)B, for n € Z, so z, =0 for n € Z¢. Hence, by the Eq. (29), we see that

§= r;ﬁnxn => B (an - %u(n—&- 1)Bn> =Y anBn - % > (n+1)82,

nel nezl nel

which yields

y Sz Gnu = 0

—Znez(” 152 > 0. (32)

M:
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q. (32) shows that |Z| must be finite by the assumption Y>>, n32 = +oo. Moreover, by using Eqs. (28) and
(31)7 we have

2a
> —"=q,, ncIlt 33
SNCERIA ()
and
< 2 €T (34)
p< ——— =aqa,, nel.
(n+1)Bn
Next, we have to construct the set of indices Z that satisfies Egs. (33) and (34). By assumption lim a,,
n—oo

there exists a permutation (i,)22, of {2,3,...} such that (o, )52, is a nonincreasing sequence. We observe

that

n=2

oo oo
Z Binain = Z 5nan~
n=2
Then there exists the smallest integer ng > 2 such that
ng
Z /Bin a;, > 0.
n=2

Using this fact, we now construct the method to find the indices set Z. Since £, > 0 for n > 2 and
S0 (Bran) < 8, we obtain

_ Zno (Bi,ai,) =6

Hny = 2 Z ﬂfn (in+ 1)

9 ﬁinoaino + <Z”0 ! (ﬁlnaln) - )
B2 (ing + 1)+ 0% B2 (in +1)

ing

Biny Wi,

B2 (ing + 1)+ 0% B2 (in +1)

Bing Wi,

—, o — Q.
62 (Zno + 1) "o

ing

<2

In the case of ng = 2, it is easy to check that us = 25;22’2+1) < 2552321) ‘= oy,, so we conclude that
fino < ;, . Using the nonincreasing property of (i, )nls, we have pin, < o, <y, , < < a;,. We need

to find the smallest integer N satisfying such a property, i.e.

Qi SN S iy Sy <o < ay,. (35)

If @i, ,, < fin,, then we can choose N =ng and T = {ia,43,...,in,}-

If a;, ,y > Hn,, then we have

T (i) 1 20 (But) = D+ By inyn)
e I B 4 ) T DL B Gt D)+ Bl +1)

in

638
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where we used the fact that if § < ¢ (b,d > 0) then § < ‘gi;. By the above observation, we also have
Png < Hng+1 < @, ,,. In this case, we distinguish the comparison between «;, ., and w;, ., as in the
following cases.

If Qipovs < Hng+1, then we can choose N =ng+1 and Z = {ia,i3,...,ine+1}-

If Qi 4o > Hng+1, by using the same argument, we then have

Hng < Hno+1 < Hno+2 < Xingya-

Proceeding inductively, we obtain that either there exists an integer N = ny + k at some step for which the
relation (35) holds, or

0< Mng S Mng+1 S e S Mng+k S ain0+k7 (36)

for all & > 0. However, inequality (36) cannot be true for all ¥ > 0 due to lim a;, = 0, ie. 0 < pyp, <

n— oo

lim «;, = 0. Hence, at some step, we can find k£ > 0 such that
n—oo

(TR < Png+k < Qi ik <<y,

That is, Z = {ia, i3, ..., in,+k} satisfying Eqs. (33) and (34). Then we have

_ (xn _an)2 ((En _an)2
mf; n—|—1 _Z n+1 +Z n+1

neze ner
_ 2
=Y St ES 18
neze nerl

_ 2 (X,er (Buan) = 9)”
_Zn+1+ YonerBin+1)

Next, we show that the Karush—-Kuhn—Tucker conditions can be applied in this infinite-dimensional

setting. We first observe that, for any fixed integer m > 2,

n— an)?
1nfz n+1 >1nfz i (37)

where both infimums are taken over all nonnegative sequences ()%, satisfying > -, 8,2, < §. Using the
same argument, we can solve the Karush-Kuhn—Tucker conditions for finite-dimensional problem. Then, for

m > max{is,i3,...,in}, we obtain that the second infimum is attained for the sequence (z,)"_, given by

I in(n+1)B8, for nelz, (38)
" 0 for neZ°n{2,3,...,m}.
We see that this argument can be applied for any arbitrary m > max{is,is3,...,in}, S0 passing m — oo, we

639
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obtain that

. > (:En - an)2 . . . (xn - an)2
f — > 1 f -
P DL S D R

= lim
m—r00

+

2 (Cner Buan —0)’

neZen{2,....,m}

_ (Cnez Butn = 8)°

nEI”

This inequality guarantees that the Karush—Kuhn—Tucker conditions can be applied to the quadratic problem
(21)—(22) in the case of an infinite-dimensional setting. In addition, we note that the infimum in Eq. (20) is

attained for the sequence (b,)n>2 given by

b (|an| (n+ l)ﬁn—melz(%mlglgfl) ) elargan  for ne7,
= €
0 for neZf

where we use the fact that Eq. (20) holds in the triangle inequality if arga, = argb, and apply this to Eq.
(38). To complete this proof, we note that

S O = o))

nel

Z(ﬁn‘an‘) - (Z (Brlan]) — 5) =J.

That is, g(z) =z + > o5 bp2™ € A(Bn,6) and

1/2 2\ 1/2
. |an| ‘b ‘ |an|2 (Znez(ﬁnmnD - 5)
dist ., 0)) = f = < .
ist(f, A(S3 <7r1n Z — WZ n+1+7r S (Bl
The proof is complete. o

4. Applications on starlike and convex functions of order «

In this section, we provide some applications of our results to the classes of starlike and convex functions of
order «. Here, we recall some sufficient coefficient inequality conditions for functions to be starlike and convex

of order . The following results are required.

Theorem 8 [27] Let f(2) =z+ Y .. qanz" € A.
1. If f satisfies the inequality

Z a)lan| <1-a, (39)
then f € §*(a)). The converse is also true when f € T .
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2. If f satisfies the inequality

Zn(n—aﬂan\ <1-gq, (40)

then f € K(a). The converse is also true when f € T .

We denote by & and K, the subclass of S defined by Egs. (39) and (40), respectively. We note that
S 8*(a) C§* and K, C K(a) C K.

By applying Corollary 2, we obtain the fact that all functions in S (and also K, ) are univalent; that
is, Sy ¢ § and K,y C §. Theorem 3 also gives us the extension distortion inequalities for the functions in S
and K, , which implies Theorem 4 and Theorem 6 in [27]. In addition, the invariant properties of classes S}

and K, under some known operators can be easily derived by using Theorem 6.

Theorem 9 The classes S} and K, are invariant under the Bernardi-Libera integral operator defined in Eq.
(10). That is,
L,[SyCSy, and Ly [Ka] C K.

Next, we apply Theorem 7 to solve the best approximation problem in the class S and K,. The

following theorem can be derived by using the same techniques of Theorem 3 in [22] and the characterization of

S*(a) and K(a), ie. f€S:C 8*(a) « Re{jfj;f)} >aand f € Ky C K(a) <= Re{ <>} > a.

) f (2)

Theorem 10 For f € A, then:
1. dist(f,S8%) =0 if and only if f € S*.
2. dist(f,Ka) =0 if and only if f € K, .

4.1. Starlike functions of order «
By Eq. (39), we have 3, = §==. Applying Theorem 7, we obtain the best starlike order a approximation

theorem.

an|

Theorem 11 Suppose that f € A and lim, ,» -5 =0.

If 20 o(n—a)|an| <1 —a, then dist(f,S%) = 0, where the infimum value of dist(f,S}) is attained
for g=feSk.

If Yool o(n—a)lan| > 1 —a, then

5 ol (Sagr(ln— alanl) ~ (1= a>)2>”2’

dist(f,Sk) = ( 2wt 1 S ez((n—a)2(n + 1))

where the infimum is attained for the function g(z) =z 4+ o5 bp2",

! m—a)lam|)—(1—a iarga
b, = 0““'_(”‘O‘)(”*1>Z"§2§I<ml>z<’3n+ﬂ> ))e g for n e,
0, for meZ°.
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Remark 12 By setting « = 0 in Theorem 11, we obtain Theorem 5 in [21].

Next, we provide an example to demonstrate our theoretical results.

Example 2 Let 0 < o < 1. Consider the function f,p : D — C defined by fop(2) = 2+ az™ + b2™, where
2<n<m and a,b € C are fixed constants.

From Theorem 8 and Theorem 11, we obtain the following.

If (n—a)lal + (m —a)|b] <1—a, then fop € Sk and dist(fap,Sk) = 0.

If (n—a)la] + (m —a)|b| > 1 — «, then we distinguish following cases. If |a| > ww + l=a

(m—a)(m+1)

we have N =2 and T = {is} = {n}, and if |b| > ((TL Z;EZ::I) la] + 1= we have N =2 and I =iy = m.

Otherwise, we have N =3 and I = {ia,i3} = {n,m}. We then obtain

(1—a)/7 (n+1)(n—a) 2\ /2 a)(n+1)
( 20l + (12l — 1) ) if a| > Ol ) g e

(n—a)v/n+ (m+1)(1—a)? (m—a)(m+1) o’
. 1/2
dist ab,S; = 1—a)/7 m+1 m—a 2 m a)(m+1)
(fabs S5) N, <<(n+1>)<(1 2 Jaf + (2z2ppl - 1) if [b] > Grodlmil gy 1o

Vr|(n—ajla|+(m—o)|b|—1]|

V(n+1)(n—a)2+(m+1)(m—a)? if otherwise,

where the infimum is attained for the function g, : 1D — C, defined by

a)(n+1)

Zeraz Zf |a| > m. a))(gmj__ll ‘b|+n o
Gab(2) = 2+ G a)lblbz if |b] > ¢ e up al + =

24 cpet®8ayn 4o efarebym o gf  otherwise,

where
N a)?*(m+ lal = (m = a)(n —a)(n+ 1)[b| + (1 = &) (n — a)(n +1)
" (n—a)2(n+1)+ (m—a)2(m+1) ’
and
Cm:—w%%mm+UW—®W+0%ﬂ)W+DW+U-®W¢Cmm+)

(n—a)?!(n+1)+ (m—a)*(m+1)

Let n =3 and m = 5. For a = —0.1, it is easy to check that if b = —0.05 then f,;, € Sj5 C S*, if
b= —0.1 then fop € S* but f ¢ S5, and f,p ¢ S* for b = —0.5. Figure 1 shows the starlikeness of f,
when b = —0.05, —0.1 and non-starlikeness when b = —0.5. Figure 2 shows the values of dist(fyp,Sk), when
la| = 0.1, 0 < |b] <1 with « =0,0.25,0.50,0.75.

4.2. Convex functions of order «

By Eq. (40), we have 8, = n(n—a) Applying Theorem 7, we obtain the best convex order « approximation

11—

theorem.

Theorem 13 Suppose that f € A and lim,,_, lanl — 9.

n3
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1 1r 1
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Figure 1. The image of the unit disk on the polynomial f,; defined in Example 2, for a = —0.1 with b = —0.05 (left),
b= —0.1 (center), b = —0.5 (right).

: 0
0 0.2 0.4 0.6 0.8 1 0 005 01 015 02
o]

Figure 2. The value of dist(fa,Ss) when |a| = 0.1 with o = 0,0.25,0.50,0.75.

If 30 on(n — a)lay| <1 —a then dist(f,Ka) =0, where the infimum value of dist(f,Ka) is attained
for g=f € K.
If ZZOZQ n(n — a)la,| > 1 — « then

e | (Sner(n(n—a)lan)) — (1 —a))*\ "’
dist(f,S,) = (anc i + Zznez((”(”*a))z(”+ 0 > ;

where the infimum is attained for the function g(z) =z 4+ Y oo bp2",

m(m—a)|am|)—(1—a iarga
b, = (‘anl —(n—a)n(n+1) E%Gje(z(il(7njlz))2l()mil) )) M8 for nel,
07 fO?” n € 7°.
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Remark 14 By setting « = 0 in Theorem 13, we obtain Theorem 5 in [22].

Example 3 Let 0 < o < 1. Consider the function fop : D — C defined by fop(z) = 2+ az™ + bz™, where
2<n<m and a,b € C are fixed constants.

From Theorem 8 and Theorem 11, we obtain the following:

If n(n — a)|a] + m(m — a)|b| <1 —«, then fop €Sk and dist(fap,Sk) =0.

n(n—a)(n+1) +

If n(n — a)|a] + m(m — a)|b| > 1 — «, then we distinguish the following cases. If |a| > Tl —a) DTl

we have N = 2 and T = {is} = {n}, and if |b| > mim= (m+1)| | + im—ay we have N =2 and

n(n—a)(n+1) m—a)
T = {iz} = {m}. Otherwise, we have N =3 and T = {iz,iz} = {n,m}. We then obtain

_l-a
n(n—a)

o\ 1/2
(1—a)/7 ((n—‘,—l)(n(n—a))z |b|2 + (n(lni—aa)|a| . 1) ) for |a| > (n a)n( n+1))|b| +

n(n—a)yv/n+1 (m+1)(1-a)? (m—a)m(m+1 n(n— a)’
. 1/2
dist a ,ICQ = —a)\/T m m(m—ao m(m—ao 2 m—a)m(m
(f ! ) m(frifa))\/{n+1 (( (—;2(1)(( )) |a‘2 ( (1704 )‘b| - 1) ) for |b| > ( (n— a))n((n+—iil)| | + m(m a)’

Vrln(n—o)lal+m(m—c)|b|—1]

- — - —— for otherwise,
\/(n-‘r )(n(n—a))24+(m+1)(m(m—w))

where the infimum is attained for the function g, : D — C, defined by

n(n—a)(n+1)
z—l—in(n T az” for |a |>,7,?:,? 3 T”:Zill))|b|+n(n oy
ga,b(z> = z+ m(m a)|b\b 2" for ‘b| > n(n a)(n+1) I |+ m(m— a)’
2 4 cpet?rBayt oo etargbam for  otherwise,
where
. (m(m —a))?(m+ 1)|a] — m(m — a)n(n — a)(n+ 1)|b| + (1 — a)n(n — a)(n + 1)
" (n(n —a))?*(n+1) + (m(m — a))*(m + 1) ’
and
o = —mlm—a)(m+1)n(n — ajlal + (n(n — a))*(n+1)|b] + (1 — a)m(m — a)(m + 1)

(n(n —a))?(n +1) + (m(m — a))*(m + 1)

Let n = 3 and m = 5. For a = —0.05, it is easy to check that if b = —0.005 then f,;, € Ko5 C K,
if b= —0.01 then f,, € K but f ¢ Ko5, and fo, ¢ £ for b = —0.1. Figure 3 shows the convexity of f,
when b = —0.005, —0.01 and nonconvexity when b = —0.1. Figure 4 shows the values of dist(f,, o) when
la| = 0.05, 0 < [b| <1 with o = 0,0.25,0.50,0.75.

5. Observation and concluding remarks

A general form of subclasses of analytic functions is introduced so that it can be used to study the properties
of the class that contains nonunivalent functions. The new subclass of analytic functions is proposed conse-
quently by imposing certain coeflicient constraints with a nonnegative sequence of real numbers. By assigning
appropriate values to the sequence (3,)n>2 and §, we can derive the corresponding results for several simpler
subclasses of the class A(f8,,d) from each of our results. In Section 1, we discussed the radii of univalence
and gave some sufficient conditions for the univalent property of the class A(8,,d). By using the coefficient

inequality, we obtained the distortion and invariant properties for the class A(f,,d). In Section 3, the problem
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Figure 3. The image of the unit disk on the polynomial f,; defined in Example 3, for a = —0.05 with b = —0.005
(left), b= —0.01 (center), b = —0.1 (right).
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0.6
05
>
304 0.06
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0.1
0.01
0 0
0 0.05 0.1

bl
Figure 4. The value of dist(fqs,p,Ka) when |a| = 0.05 with o = 0,0.25,0.50,0.75.

of finding the best approximation in such a class was solved by using a semiquadratic programming technique.

In Section 4, we applied our obtained results to the subclass of starlike and convex functions of order a.. Some

basic properties and the best approximation problems have been pointed out. By using the presented results, we

can obtain the best approximation in other known classes, which gives generalized results and results obtained

in [17, 21, 22]. In Section 4, we discussed that the results in [22] and [21] can be obtained by setting o =0 in
_n

Theorem 11 and Theorem 13, respectively. In addition, by taking 3, = 2[2(n— 1) — o], we immediately obtain

(03

Theorem 2 in [17]. We complete this paper by remarking that the presented results can be used to investigate

some properties of subclasses of analytic functions satisfying certain coefficient inequality.

Acknowledgments

The authors are greatly indebted to the anonymous referees for their valuable suggestions and careful reading of
the paper. This research was supported by the Center of Excellence in Mathematics and Applied Mathematics,
Chiang Mai University, Thailand.

645



646

WONGSAIJAT and SUKANTAMALA /Turk J Math

References

Agrawal S, Sahoo SK. A generalization of starlike functions of order alpha. Hokkaido Math J 2017; 46: 15-27.

Agrawal S. Coefficient estimates for some classes of functions associated with g-function theory. Bull Austral Math
Soc 2017; 95: 446-456.

Aouf MK. The quasi-Hadamard product of certain analytic functions. Appl Math Lett 2008; 21: 1184-1187.

Aouf MK, Seoudy TM. Convolution properties for classes of bounded analytic functions with complex order defined
by ¢-derivative operator. RACSAM 2018. doi: 10.1007/s13398-018-0545-5.

Arif M, Srivastava HM, Umar S. Some applications of a g-anaogue of the Ruscheweyh type operator for multivalent
functions. RACSAM 2018. doi: 10.1007/s13398-018-0539-3.

Attiya AA. On a generalization class of bounded starlike functions of complex order. Appl Math Comput 2007; 187:
62-67.

Bernardi SD. Convex and starlike univalent functions. T Am Math Soc 1969; 135: 429-446.

Darwish HE. The quasi-Hadamard product of certain starlike and convex functions. Appl Math Lett 2007; 20:
692-695.

Devi S, Srivastava HM, Swaminathan A. Inclusion properties of a class of functions involving the Dziok-Srivastava
operator. Korean J Math 2016; 24: 139-168.

Dziok J, Darus M, Sokol J, Bulboaca T. Generalizations of starlike harmonic functions. C R Acad Sci Paris Ser 1
2016; 354: 13-18.

Frasin BA. Generalization of partial sums of certain analytic and univalent functions. Appl Math Lett 2008; 21:
735-741.

Frasin BA, Aouf MK. Quasi-Hadamard product of a generalized class of analytic and univalent functions. Appl
Math Lett 2010; 23: 347-350.

Goodman AW. Univalent functions and nonanalytic curves. P Am Math Soc 1957; 8: 598-601.

Govindaraj M, Sivasubramanian S. On a class of analytic functions related to conic domains involving g¢-calculus.
Analysis Math 2017; 43: 475-487.

Gupta VP, Jain PK. Certain classes of univalent functions with negative coefficients I1. Bull Austral Math Soc 1976;
15: 467-473.

Jensen PA, Bard JF. Operations Research Models and Methods. New York, NY, USA: John Wiley & Sons, 2003.

Kargar R, Pascu NR, Ebadian A. Locally univalent approximations of analytic functions. J Math Anal Appl 2017;
453: 1005-1021.

Liu JL, Srivastava R, Xu YH. Integral transforms and partial sums of certain p-valent starlike functions. RACSAM
2018. doi: 10.1007/s13398-018-0517-9.

Mahmood S, Sokol J. New subclass of analytic functions in conical domain associated with Ruscheweyh g-differential
operator. Results Math 2017; 71: 1345-1357.

Obradovic M, Ponnusamy S, Wirths KJ. Coefficient characterizations and sections for some univalent functions.
Sib Math J 2013; 54: 679-696.

Pascu MN, Pascu NR. Starlike approximations of analytic functions. Appl Math Comput 2012; 218: 6825-6832.
Pascu MN, Pascu NR. Convex approximations of analytic functions. Appl Math Comput 2014; 232: 559-567.

Purohit SD, Raina RK. Certain subclasses of analytic functions associated with fractional g-calculus operators.
Mathematica Scandinavica 2011; 109: 55-70.

Sahoo SK, Sharma NL. On a generalization of close-to-convex functions. Ann Polon Math 2015; 113: 93-108.



WONGSAIJAT and SUKANTAMALA /Turk J Math

Sarangi SM, Uralegaddi BA. The radius of convexity and starlikeness for certain classes of analytic functions with
negative coefficients I. Atti Accad Naz Lincei Rend CI Sci Fis Mat Natur 1978; 65: 38-42.

Seoudy TM, Aouf MK. Coefficient estimates of new classes of g-starlike and g-convex functions of complex order.
J Math Inequal 2016; 10: 135-145.

Silverman H. Univalent functions with negative coefficients. P Am Math Soc 1975; 51: 109-116.
Silverman H, Silvia EM. Prestarlike functions with negative coefficients. Int J Math Math Sci 1979; 2: 427-439.

Srivastava HM, Bansal D. Close-to-convexity of a certain family of ¢-Mittag-Leffler functions. J Nonlinear Var Anal
2017; 1: 61-69.

Srivastava HM, Eker SS, Ali RM. Coefficient bounds for a certain class of analytic and bi-univalent functions.
Filomat 2015; 29: 1839-1845.

Srivastava HM, Gaboury S, Ghanim F. Coefficient estimates for some general subclasses of analytic and bi-univalent
functions. Afrika Mat 2017; 28: 693-706.

Srivastava HM, Sharma P, Raina RK. Inclusion results for certain classes of analytic functions associated with a
new fractional differintegral operator. RACSAM 2017. doi: 10.1007/s13398-017-0404-9.

Wongsaijai B, Sukantamala N. Convexity properties for certain classes of analytic functions associated with an
integral operator. Abstr Appl Anal 2014; 2014: 703139.

Wongsaijai B, Sukantamala N. Applications of fractional g-calculus to certain subclass of analytic p-valent functions
with negative coefficients. Abstr Appl Anal 2015; 2015; 273236.

Wongsaijai B, Sukantamala N. Certain properties of some families of generalized starlike functions with respect to
g-calculus. Abstr Appl Anal 2016; 2016: 6180140.

Wongsaijai B, Sukantamala N. A certain class of ¢-close-to-convex functions of order «. Filomat 2018; 32: 2295-
2305.

647



	Properties of a generalized class of analytic functions with coefficient inequality
	Recommended Citation

	Introduction
	Properties on the classes A(n,)
	 Best approximation problem in the classes A(n,)
	Applications on starlike and convex functions of order  
	Starlike functions of order 
	Convex functions of order 

	Observation and concluding remarks

