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Abstract: In this paper, we prove reverse inequalities for the so-called Berezin number of some operators. Also, by using

the classical Jensen and Young inequalities, we obtain upper bounds for Berezin number of A*X B* and A*XB'~¢ for
the case when 0 < a <1.
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1. Introduction

Denote by F () the set of all complex valued functions on some set €. A reproducing kernel Hilbert space
(RKHS for short) on the set Q is a Hilbert space H C F () with a function ky : OxQ — H, which is called
the reproducing kernel enjoying the reproducing property ky :=k(.,,A\) € H for all A € Q, and

f(/\) = <fﬂ k)\>’H

holds for all A € Q@ and all f € H (see [2, 28]).

Let EA = HZi” be the normalized reproducing kernel of the space H. For any bounded linear operator

A on H, the Berezin symbol of A is the function A defined by (see [5])
AN = (Aka,ka ) (A e Q).
()= (A kr)  (AeQ)

The Berezin symbol is a very useful tool in studying operators on the RKHS, including Hardy, Bergman,
and Fock spaces. For example, boundedness, invertibility, compactness, and positivity of some operators are
characterized or related to their Berezin symbols (see [8, 10, 22, 26, 31]).

Following Coburn [9], note that since the Berezin map A & 4 is linear and in most familar RKHSs
it is one-to-one, it “encodes” operator-theoretic information into function theory in a striking but somewhat
impenetrable way. In fact, since EA — 0 weakly as A — 9Q (of course, if the space H(2) is standard in the
sense of Nordgren and Rosenthal [27]), it is clear that B maps compact operators on these spaces into functions

that vanish at the boundary 9€). Because of these properties, the mapping B has found useful applications in

dealing with operators “of function-theoretic significance” such as Toeplitz and Hankel operators on the Hardy,
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Bergman, and Fock spaces (for more information, see, for instance, Coburn [9], Berger and Coburn [6], and
Englis [15, 16]).
Recall that the Berezin set and the Berezin number for an operator A € B(H())) were introduced by

the second author in [22, 23] as follows:

Ber(A) := Range(A) = {g(/\) tAE Q} (Berezin set),

ber(A) :== sup{’g()\)‘ WS Q} (Berezin number).

Clearly, Ber(A) C W(A) := {(Az,z) : ||z||,, = 1} (numerical range) and ber(A) < w(A) := sup {|(Az,z)| : ||z|, =1}
(numerical radius). More information about numerical range and numerical radius can be found in [1, 4, 14,
19, 21, 24, 25]. Recently, some results about the Berezin number were obtained in [3, 18, 20, 29, 30].

In the present paper, by using some ideas from [12, 13], we will prove reverse inequalities for the so-called
Berezin number of some operators acting in the reproducing kernel Hilbert space. Also, we obtain upper bounds
for the Berezin number of A*X B® and A*X B!~ for the case when 0 < o < 1.

2. Relations between numerical radius and Berezin number
Let H = H(Q) be a RKHS of complex-valued functions on a set 2. A subset M () in H () is called the
multiplier for the space M (Q) if M (Q)H (Q) C H (), ie. fgeH(Q) for any f e M(Q) and g € H(Q).

The following two lemmas are well known (and very easy to verify).
Lemma 1 If f is a multiplier of H (X)), then Mf (A =f(\) forall A Q.
Proof Indeed, if f is a multiplier, then we have

My (\) = <MfE,\,EA> = <f/15,\,EA>

L PR =)

[1Fall3

for all A € Q, as desired. O

Lemma 2 If f is a multiplier of H (2), then f is bounded.

Proof In fact, since f € H(Q) and fg € H(Q) for all g € H (), by using Lemma 1, we have:
£ = |3y ] = [ (Mg T )| < )

Since My is a closed operator defined in hull space  (£2), by the closed graph theorem My is bounded (see,
for instance, Aronzajn [2]). The last inequality shows that f is bounded. O

We set by H1 the unit sphere of H, Hy = {f € H : || f||;, = 1}, and also weset J := {V € B(H) : V is isometry},
where B (H) is the Banach algebra of all bounded linear operators on H.

In this short section, we prove the relations between the numerical radius and Berezin number of

reproducing kernel Hilbert space operators, which improves some results in [17, 23].
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Theorem 1 Let H = H(Q) be a RKHS of complex-valued functions on Q with reproducing kernel ky such
that it has a dense multiplier M () and ko = 1.
Let A:H — H be a bounded linear operator (i.e. A€ B(H)). Then

sup ber (V*AV) <w (A) <|[1]7, sup  ber (M;AM;).
vedg FEM(Q)NH,

Proof By assumption M () is dense in H. Then it is standard to show that

sup{[(Af, /)| : f € Ha} = sup {[{Af, /) : f e M(Q)NHi}.
According to Lemma 2, M () consists of bounded functions of the space (). Then we have:
w(A) = sup {[{Af, /) : f € M(Q)NHi}
= sup {[{(AM;1, Ms1)| 2 f &€ M(Q) N H}
=sup {|[(MFAM;1,1)|: f € M (Q)NHy}

k k
~ Il sup {[ (a7 any e 0 p e @}
ol Thol

= [|1]%, sup {\<M;AMf@O7EO>‘ L feM@Q)N Hl}

= [1)i3, sup { | M7 AM; (0)] : f € M (R) N Ha )
< ||1H3{ sup sup{’Mmf ()\)’ tAE Q}
FEM(Q)NH,

= ||1H§{ sup  ber (MjAMy),
FEM(Q)NH,

and hence

w(A) < |15,  sup  ber (MjAMy). (2.1)
FEM(Q)NH,

On the other hand, for any V € J and g € H, we have:

ber (V*AV) = sup |V*AV (\)| = sup ‘<V*AV%)\,EA>’
AeQ AEQ

= ilelg ‘<AV?€\>\, VE,\>‘ .

Since V' is isometry, VE,\ € Hy for all A € Q. Then

ber (V*AV) < sup |(Ah,h)| =w (A).
heH1

Thus,

sup ber (V*AV) <w (A). (2.2)
veJg

It remains only to combine inequalities (2.1) and (2.2) to get the required result. The theorem is proven. O
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3. Reverse inequalities for the Berezin numbers of operators
Our next results in this section are mainly motivated with Dragomir’s survey paper [13], where he proved
relations only between the norm and numerical radius of operators. Here we investigate similar questions also

for Berezin numbers of operators A and |A|* := A*A; here, |A| == (A“"A)l/2 is a so-called module of operator

A.

Theorem 2 Let H = H(Q) be a RKHS on Q@ and A € B(H) be an operator. If u € C\{0} and r > 0 are
such that

ber (|A - u|2> <, (3.1)
then
1
0 <)4/ber Al?) = ber (A < ——. 3.2
0 )fber (J41°) = ber (4) < 57 (3.2)
Proof For any A € 2, we have from (3.1) that
~ ~ ~ ~ o\ 1/2
4By = | = (A= | = (A= B, (A— ) B
« ~ ~\1/2 « 1/2
={(A-pw" (A-phTn)  <ber (A—p)" (A—p)
1/2
= ber (|A - u|2> <
and hence
~ 12
| AR = ks | <72,
or equivalently,
~ 112 ~ o~
HAk,\H +|u® — 2Re [n<AkA,kA>} <72
Hence,
~ 112 9 ~ o~ 9
AR ||+ 11 < 21l (AR B ) + 72, (3.3)
Taking the supremum over A € Q in (3.3), we have the following inequality:
ber <|A|2) el < 21|pber (A) + 2. (3.4)
By arithmetic-geometric mean inequality,
ber (|A|2) > 21l 4 ber (|A|2), (3.5)

and hence by (3.4) and (3.5) we deduce the desired inequality (3.2), because it is elementary to see that actually
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ber (\AP) — ber (A) > 0. Indeed,
AN < || 4Ry = <A*A%,EA>”2 ) <|AA|,2 (M)é
< ber (‘A|2> 1/2

for all A € Q, and hence ber (4) < /ber <|A|2) . The theorem is proved.

Corollary 1 Let A € B(H) be an operator and p,v € C with ¢ # —p, @. If
Re ((A—p)" (v —4)) >0,

then
v — o]
v + ¢

ber (|A\2) —ber (A) < i

Proof Utilizing the fact that in any Hilbert space the following two statements are equivalent,
(1) Re{y—z,x—2) >0, x,2,y € H;
i z+y

we conclude that (3.6) is equivalent to

X

1
Sny_ZH’

~ Yo~ | 1
|4 - L5 25| < -

for any A € €, which in its turn is equivalent with the following inequality:

Y+
2

1
Now, applying Theorem 2 for p = and r = 3 [ — |, we deduce the desired result (3.7).

Corollary 2 Assume that A, u,r are as in Theorem 2. If, in addition, there exists p > 0 such that

llpel = ber (A)] = p,

then
ber (|A|2) —ber (A)? <r? = p2.

Proof From (3.4) of Theorem 2, we have
ber (\A|2) — ber (A)* < 1% — ber (A)* + 2ber (A) || — |/
=% = (Jul = ber (4))”.

On utilizing (3.4) and (3.8), we deduce inequality (3.9), as desired.
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Remark 1 In particular, if | |ber (|A - u|2) <r and |u| = ber (A), ue C, then ber <|A|2> — ber (A)* < r2.

Theorem 3 Let A € B(H) be a nonzero operator and p € C\ {0}, r > 0 with |p| > r. If 1/ ber <|A — p|2) <r,

then
1/1—i_ﬂ. (3.10)
1 : 1/ ber <|A|2)

Proof From (3.4), we have

ber (JAP) + uf* = r2 < 2|l ber (4),

which implies, on dividing with y/|u|* — r2 > 0, that

ber <|A|2> 9

p| ber (A)
S Y I et L il (3.11)
Vi =2

By the arithmetic-geometric mean inequality,

=72
and by (3.11) we get
ber (|A|2) < ber (4) ||
ul* —r?
This is equivalent to (3.10), which proves the theorem. O

Corollary 3 Let ¢, € C with Re (¢@) > 0. If A€ B(H) is an operator such that either (3.6) or
A=) (-4 =0 (3.12)

holds true, then

2v/Re (V) < ber (A)
tel = <|A|2)

and

ber (|A\2) ~ber (A)? < ’m

ber <|A|2) :
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2
=Re(¥p) > 0. It is

S

ty
2

easy by applying Theorem 2 to see that under condition (3.12) we have

Proof If we put pu =

2 _ 1/1+<P2_ 1/)*30
2 2

1
and 7‘=§|1/1—<p|,thcn > =

2 1Y — ¢
ber(|A\ )—ber(A)ﬁle_i_@l.

By considering all these and applying Theorem 3, we obtain the desired results. O

The next result maybe of interest as well.

Theorem 4 Let A:H (Q) = H (Q) be a nonzero bounded linear operator and p € C\{0}, r > 0 with |u| > r.
If

ber (|A - u|2) <,

then

2r?

2
Il + 3/ pl” =72

ber (|A|2) — ber (A)* < ber (A). (3.13)

Proof From the proof of Theorem 2, we have
AR+ 1ul? 1 { Ak, k 2
Al " <2Re|m( Ak, k)| + 7 (3.14)

for all A € Q.
Now, after dividing (3.14) by |g| ‘<A%>\,E,\>‘ (which, by (3.14), is positive), we obtain

[ _omelr(akif)] 2
[ ()]~ Wl (Ao il (AR )] (A .
for all A € Q. Hence,
AP () _2Re e PG| (3.16)
AN T A0 A0 AW
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A
for all A € Q. If we subtract in (3.16) the same quantity ‘ ] ‘ from both sides, then we have
f\/z ~ [~ ~
APy A _2mefmA] e A (3.17)
aA] T Ay A e AW
| 2Re _ﬁ;l()\)} Wl — ’Z(A)]
i [A)] A
C2Re[FAW] [/l A ‘A P 12
lul E(A)’ il ‘A ‘ \/Iu |1l ]
Since Re [ﬁg(x\)] < |yl ‘ﬁ()\)‘ and
JiP = AN
\/ 1 ‘A Vil
by (3.17) we obtain
oy Ao 2 (==
- S ’
M ‘A(/\)’ |l |l
which implies the inequality
AP <[ A[ 2|0 (1 = - 2)
< ber (A)” + 2ber (A) <|u| — /|l = 7"2)
for all A € Q, which implies that
) 2 (1 = =) (4l = 2)
ber (|A]7) — ber (A)” < 2ber (A)
el + /1l = 72
~ 2r%ber (A)
|+ ul* =2
as desired. The proof is complete. O
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Corollary 4 Let ¢, € C with Re (@) > 0. If A € B(H) is an operator such that either (3.6) or (3.12)
holds true, then

ber (\A|2> ~ber (A)? < [w + | - 2¢/Re (W)] ber (A) .

Remark 2 If M > m > 0 are such that either Re ((A* —m) (M — A))(A) > 0 for all X € Q, or simply
(A* —m) (M — A) is self-adjoint and (A* —m) (M — A) > 0, then it follows from the first claim of Corollary
3 that

ber (|A\2) M+m
<
ber (A)  ~ ov/mM’

which is equivalent to

(Va7 - ).

ber <|A|2) —ber (A) < Wy

ber (4),
while we have from (3.13) that
ber (|A|2) —ber (A)? < (\/M - \/E)Q ber (A).
Also, (3.7) becomes
ber <|A|2) ~ber (4) <

Our next result is based on the following refinement of Schwartz’s inequality obtained by Dragomir [11,
Theorem 2] :

lall Il = Ka, b) — (a,€) {e,b)| + [{a, €) (e, b)| = |{a, b}/, (3.18)

provided a,b,e € H and |le|]| = 1. Since

[{a,b) = (a,€) {e,)] = [(a; ) (e, b)| — [{a, b)] ,

by the first inequality in (3.18) we deduce that

1

5 (lalll1Bll + I{a, b)]) = [{a, €) (e, b)] - (3.19)
Inequality (3.19) was proved by a different method earlier by Buzano [7]. Now we are ready to state our result.

Theorem 5 Let A€ B(H (Q)). Then

ber (A)® <

ber (A?) + \/ber (|A\2> ber (|A*|2)

DN =
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Proof Let us choose in (3.19) e = EA, a= AEA, and b= A*k, to get
1 ~ ~ 9 ~ o~ \ 2
_ * >
5 (48] 4]+ [{as. R = (s )
for all A € Q. From this we have

% Wber (A|2)\/ber (14°12) + ber (42)

or all A € Q, which obviously implies the desired result. O

- o

4. Other Berezin number inequalities for product of operators

The main goal of this section is to find upper bounds for the Berezin number of A*X B% and A*X B!~ for
the case when 0 < o < 1.
The following lemma is a consequence of the classical Jensen and Young inequalities [11]. By using this

lemma, we prove the next results.

1 1
Lemma 3 For a,b>0, 0<a <1, and p,q>1 with — + — =1, we have:
P q

1
(a) a*b'=* <aa+ (1—a)b<[aa" + (1 —a) bT]; for r>1;
1

a?  be ( af” b
p p

b) ab< —4+ — < —&-)T for r > 1.
q q
o1 1 ..
Theorem 6 Let p,q > 1 with —+ — =1 and pr,qr > 2. Let A,B € B(H (Q)) be positive operators. Then
p g

ber” (A“XB®) < || X|I" <1ber (AP") + 1ber (qu)>
p q

forall0<a<1.

Proof By using the Cauchy—Schwarz inequality, we have

r

‘<A”‘XB“@A,@A>

. ‘<XBO‘E,\, A"@A>

T

< Jxmi] 4k

< |Ix|" <A2(’EA’EA>T/2 <BMEA’EA>T/2 ’

and so
4B < x ) [ )" [ o)
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for all A € Q. From the McCarthy inequality and Lemma 3, we obtain

e r/2 [ —~o r/2
IxI" [ )] B )] (4.1)
1/~ pr/2 11— ar/2
< L 2a Z 2a
<t (5 (4 )"+ L [ 0]
<lx1 (5 (7 )"+ 2 (57 )
p q
for all A € Q. From the concavity of t*, we have
i (2 (@) + 1 (B ) ) < (G + 1B ) (1.2
p q p q
for all A € Q.
Combining (4.1) and (4.2), we get
N r s 1— 1 — «
aexBe | < I (Ao + 2B )
for all A € Q. Taking the supremum in the last inequality, we get
(1 1 a
ber” (A“X B®) < || X]|| (ber (AP") 4+ —ber (qu)>
p q
for all positive operators A, B € B(# (€2)). This proves the theorem. O

Theorem 7 Let A, B € B(H () be positive operators. Then
ber” (A*XB'"*) < || X||" ber (¢A” + (1 — o) B")
forallr>2 and 0 < a<1.

Proof By using the Cauchy—-Schwarz inequality, as in the proof of Theorem 8, we have

T

‘<A‘XXBl‘C“EA,E>\>

. ‘<XBl‘a%,\,A°‘E,\>

T

< X1

BR[| 4k

. ~ o~ \T/2 ~ ~\T/2
= IXI7 (B2 Rk ) (42T )
and therefore
SR NP
[aXBe | < X (B0 ) (4T 0)

for all A € Q. Then we get from the McCarthy inequality and Lemma 3 that

l-—a

x| < x| ()" (B)

< IX|" (adr + (1= ) B'(V))
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for all A € Q. Taking the supremum in the last inequality, we obtain

ber” (A*XB'"*) < || X||" ber (¢A” + (1 — a) B")

for all positive operators A, B € B(# (€2)). This proves the theorem. O
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