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Abstract: Let J be the class of fully zero-simple semihypergroups generated by a hyperproduct. In this paper we
study some properties of residual semihypergroup (Hy,*) of a semihypergroup (H,o) € J. Moreover, we find sufficient

conditions for (H,o) and (H4,*) to be cyclic.
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1. Introduction
Algebraic hyperstructures are a suitable generalization of classical algebraic structures. In a classical algebraic
structure, the composition of two elements is an element, while in an algebraic hyperstructure, the composition
of two elements is a set. Many authors have been working on this field and in [4] numerous applications are
presented for algebraic hyperstructures, such as geometry, hypergraphs, binary relations, lattices, fuzzy sets
and rough sets, automata, cryptography, codes, median algebras, relation algebras, artificial intelligence, and
probabilities. The semihypergroups are the simplest algebraic hyperstructures that possess the properties of
closure and associativity. Some scholars have studied different aspects of semihypergroups [2, 5, 8, 9, 19, 20, 22—
24] and interesting problems arise in the study of their so-called fundamental relations [1, 7, 16, 21, 25], which
leads to analyzing the conditions for their transitivity, and minimal cardinality problems. In [16] the authors
found all simple and zero-simple semihypergroups of size 3, such that the fundamental relation [ is not
transitive, apart from isomorphisms. This semihypergroups of size 3 were used in [8-12] to characterize the
fully simple semihypergroups and the fully zero-simple semihypergroups having all hyperproducts of size < 2.
In particular, in [11] the authors proved that if (H,o) is a hypercyclic simple semihypergroup, generated by
a hyperproduct of elements in H, then the relation [ is transitive. Consequently, we have that in every
fully simple semihypergroup the size of every hyperproduct is < 2. This is not true for the fully zero-simple
semihypergroups, as many examples show in this paper.

The plan of this paper is as follows: after introducing some basic definitions and notations to be used
throughout the paper, in Section 2, we prove that if (H, o) is a hypercyclic fully zero-simple semihypergroup
generated by hyperproduct P and (H,,*) is the residual semihypergroup of (H,o) then the relation Bg,

is transitive. Moreover, if (H,o) is generated by hyperproduct P then (PN P?) — {0} = §. In Section 3,

we introduce the definition of rank for a hyperproduct P, which is the smallest positive integer k such that
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PN P*1 10} # (. By means of this notion, we characterize the subsemihypergroup P generated by a special
hyperproduct P, called strong, and in Section 4 we analyze properties of the fully zero-simple semihypergroups
generated by a strong hyperproduct. In particular, we prove that if (H, o) is a fully zero-simple semihypergroup
generated by a strong hyperproduct P of rank a prime number r then (H,o) is cyclic. In this case, rank can
be seen as a generalization of the concept of period in group theory. It is known that if G is a cyclic group
of size a prime number r then every element different from identity is a generator of G. The same property
is true for semihypergroups in Theorem 30, but the commutative property of cyclic groups does not generally

hold; see the example in Remark 31.

1.1. Basic definitions and results
Let H be a nonempty set and P*(H) be the set of all nonempty subsets of H. A hyperoperation o on H is a
map from H x H to P*(H). For all x,y € H, the subset x oy is called the hyperproduct of z and y. If A, B
are nonempty subsets of H then Ao B = UxeA,yeB Toy.

A semihypergroup is a nonempty set H endowed with an associative hyperproduct o; that is, (zoy)oz =
zo(yoz) foral z,y,z € H.

A nonempty subset K of a semihypergroup (H, o) is called a subsemihypergroup of (H,o) if it is closed
with respect to multiplication; that is, x oy C K for all z,y € K. If (H,o) is a semihypergroup, then

the intersection [),.;S; of a family {S;};c;r of subsemihypergroups of (H, o), if it is nonempty, is again a

il
subsemihypergroup of (H,o). For every nonempty subset A C H there is at least one subsemihypergroup of
(H,o) containing A, e.g., H itself. Hence, the intersection of all subsemihypergroups of (H, o) containing A

is a subsemihypergroup. We denote it by A , and we note that it is defined by two properties:
1. AC A\;
2. if S is a subsemihypergroup of H and A C S, then ACS.

Furthermore, A is characterized as the algebraic closure of A under the hyperproduct in (H,o); namely, we
have A = Uns1 A" Moreover, if H is finite, the set {7’ eN-{0}| Ui, A* =5} Ak} has minimum

m < |H| and then it is known that

m+1 |H|

EZOA’fZUAkz...ZUAk. (1)
k=1 k=1

k=1

If * € H, we suppose ox! = {x} and oz™ = zo...oxz for every integer n > 1. We refer to 7 = Un21 ox™
n times
as the cyclic subsemihypergroup of (H,o) generated by the element x. It is the smallest subsemihypergroup

containing .

If K is a subsemihypergroup of (H,o), it is said to be hypercyclic if there exists a hyperproduct P of
elements in K such that K = P.

If (H,o) is a semihypergroup, an element 0 € H such that 200 = {0} (resp., Oox = {0}) forall z € H

is called a right zero scalar element or right absorbing element (resp., left zero scalar element or left absorbing
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element) of (H,o). If 0 is both a right and left zero scalar element, then 0 is called a zero scalar element or
absorbing element.

A semihypergroup (H,o) is called simpleif Hox o H = H, for all z € H.

A semihypergroup (H,o) with an absorbing element 0 is called zero-simple if H ox o H = H, for all
x € H—{0}.

Given a semihypergroup (H, o), the relation 8* of H is the transitive closure of the relation 8 = U,>106,,

where (1 is the diagonal relation in H and, for every integer n > 1, 3, is defined recursively as follows:
2Py <= Hz1,...,2n) € H" : {x,y} C2z10200...02,.

The relations 3, f* are called fundamental relations on H [25]. Their relevance in semihypergroup theory
stems from the following facts [21]: the quotient set H/3*, equipped with the operation 8*(z) ® 8*(y) = 8*(2)
for all xz,y € H and z € z oy, is a semigroup. Moreover, the relation $* is the smallest strongly regular
equivalence on H such that the quotient H/B* is a semigroup.

The interested reader can find all relevant definitions, many properties, and applications of fundamental

relations, even in more abstract contexts, in [3, 4, 6, 14, 15, 17, 18, 21, 25].

A semihypergroup (H,o) is said to be fully zero-simple if it fulfills the following conditions:
1. All subsemihypergroups of (H,o) ((H,o) itself included) are zero-simple.

2. The relation 8 in (H,o) and the relation Sx in all subsemihypergroups K C H of size > 3 are not

transitive.

Since in all semihypergroups of size < 2 the relation 3 is transitive, it follows that every fully zero-simple

semihypergroup has size > 3.

We denote by §o the class of fully zero-simple semihypergroups. We use 0 to denote the zero scalar
element of each semihypergroup (H,o) € §,. Moreover, we use the notation H, to indicate the set of nonzero
elements in H ; that is, Hy = H — {0}. Finally, for the reader’s convenience, we collect in the following lemma

some preliminary results from [9].

Lemma 1 Let (H,o0) € §o. Then we have:
1. HoH =H;

2. if S is a subsemihypergroup of H such that 0 € S, then |S| =1, and moreover, if |S| > 2 then the zero

element of S is 0;

3. there exist x,y € Hy such that 0 € xoy;
4. for every sequence z1,...,z, of elements in Hy we have []\_, z; # {0};
5. the set Hy equipped with hyperproduct axb = (aob) N Hy, for all a,b € Hy, is a semihypergroup.

By points 2 and 4 of Lemma 1 we deduce the following result:
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Corollary 2 Let S be a subsemihypergroup of H € §y. Then we have:
1. if 0 € S then there exists a € Hy such that S ={a} and aoa = {a};
2. if |S| =2 then there exists a € Hy such that S = {a,0} and {a} Caoa C {0,a}.

From point 5 of Lemma 1, we know that the set of nonzero element H of a fully 0-simple semihypergroup
(H,o) is a simple semihypergroup equipped with hyperoperation a xb = (aob) N H,, for all a,b € Hy . This

semihypergroup is called a residual semihypergroup of (H,o).

The following results were proved in [13]:
Theorem 3 Let (H,o) € §o. For all x € H, we have (x,0) € 8. Moreover, H/B* is trivial.

Lemma 4 Let A, B be two nonempty subsets of (H,o) € o different from the singleton {0}. We have:
1. (A—{0})x(B—-{0})=AoB—{0}.
2. If (A,0) is a subsemihypergroup of (H,o) then (A — {0},%) is a subsemihypergroup of (Hy,x).
3. If0 € A and (A—{0},*) is a subsemihypergroup of (H,x) then (A, o) is a subsemihypergroup of (H,o).

4. If A, = A—{0} and (121\7 o), (ﬁ+,*) are the subsemihypergroups of (H,o) and (H;,*) generated from A
and A, respectively, then A, = A — {0}.

Proposition 5 Let (H,,x) be the residual semihypergroup of (H,o) € Fo and [0,0]g = {(a,b) € H x H |a =
0 or b=0}. Then we have B, = —1[0,0]x.

2. Hypercyclic semihypergroup in g
In [11] the authors introduced the definition of hypercyclic semihypergroups and studied a class of semihyper-

groups (H, o) such that for all hyperproducts P of elements in H the subsemihypergroup P is hypercyclic. In
this section we study some properties of the hypercyclic semihypergroups in §y. For the reader’s convenience
we denote by Jy the subclass of hypercyclic semihypergroups in o .

Proposition 6 If (H,o) € Ty is generated by hyperproduct P, then (Hi,*) is hypercyclic generated by
P, =P — {0} and By, is transitive.

Proof If (H,o) € §o is generated from the set P, then H = p and, for Lemma 4, the residual semihypergroup
(Hy,*) is generated from P, = P — {0}. Therefore, (H,*) is a simple hypercyclic semihypergroup. By

Theorem 3.1 in [11], the relation Bg, is transitive. O

Corollary 7 If (H,o) € 3y and a,b,c are three elements in H such that (a,b) € 8, (b,c) € 8, and (a,c) ¢ 3,
then b= 0.

Proof By Theorem 3, we have that a # 0 and ¢ # 0; otherwise, (a,c) € 5. If, for absurdity, b # 0, then
a,b,c € Hy and, for Proposition 5, (a,b) € By, and (b,c) € By, . Now, for Proposition 6, we obtain that
(a,c) € Bu, , which is impossible because Sy, C 8 and (a,c) ¢ 3. Therefore, b = 0. O
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Theorem 8 If (H,o) € Jg then ‘H+/ﬁ;1+‘ >2.

Proof For absurdity, let |H+/ﬁ;_1+| =1. If a,b € H, we can distinguish two cases: 1) a =0 or b =0; 2)
a # 0 and b # 0. In the first case, by Theorem 3, we have that (a,b) € 8. In the second case, for the hypothesis
|H+/ﬁ};+| = 1 and Proposition 6, we obtain that (a,b) € By, C 8. Thus, we have that (a,b) € 3, for all
a,b € H. Therefore, we conclude that /3 is transitive, which is an absurdity. O

By Corollary 2, if (H,o) € §o and K C H is a subsemihypergroup of size |K| < 3, then there exists
an element ¢ € K such that ¢ € cc. Now we will prove that if |[K| > 3 and K is hypercyclic generated by
hyperproduct P then (PN P?) — {0} = (. We give the following result:

Lemma 9 Let (H,0) € §o. If P is a hyperproduct of elements in H such that (PN P?) — {0} # 0, then
(Pk N PETYY — {0} # 0 for every integer k > 1.

Proof By hypothesis the thesis is true for & = 1. Therefore, we suppose it is true for £ > 1 and let
a € (P*n P*1) — {0} # 0. Obviously we have aP C P*P = P**! and aP C P*'P = P*+2; hence,
aP C P**1 0 PE*2 | From Lemma 1(4), we obtain that aP # {0} since a # 0 and P # {0}. Thus, we have
that (P*t1n PF+2) — {0} # 0. o

Proposition 10 If (H,o) € Jg is generated by hyperproduct P then we have (PN P?) — {0} = 0.

Proof For absurdity we suppose that (P N P?) — {0} # 0. By Lemma 9 we have (P* N P**1) — {0} # () for
every integer k > 1. From Lemma 4 (1), if Py = P — {0} then we obtain

*PF N *PiT = (PR —{0}) N (P*! — {0}) = (P* n P**1) — {0} £ 0.

Moreover, by Proposition 6, the semihypergroup (H,*) is hypercyclic generated from Py and fp, is transi-

tive. Now, if =,y € H,, then there exist two integers m,n > 1 such that z € xP}* and y € xP}. If m =n

then (z,y) € Bm,. If m # n we can suppose that m < n and (xP7T5 0 «PmHe+ly — {0} £ @), for every

k e€{0,1,...,n —m — 1}. Therefore, there exist n — m elements zg, z1,...,2p—m—1 € Hy such that

{.’E,Zo} - *P:»na {20721} c *P_7|-n+17 ce 1{Zn7m71ay} c *P:LL
In consequence, z0p, 20fu, 218u, --- Bu,2n—m-1Pu,y and (x,y) € By, since By, is transitive. Thus, for
every x,y € Hy we have (z,y) € By, and |Hy /By, [ = 1. This fact is impossible by Theorem 8. O

As an immediate consequence of the preceding proposition, we can state the following result:

Corollary 11 Let (H,o) € §o and let K C H be a hypercyclic subsemihypergroup of size |K| > 3. If P is a
hyperproduct of elements in K — {0} such that K = P then (PN P2) — {0} =0.

3. Strong hyperproduct

Let (H,o) € Fo and let K C H be a subsemihypergroup generated by P with |K| > 3. Since (K, o) € Fo, by
Lemma 1, we have K = KoK = J,,», P, and hence there exists an integer s > 2 such that (PNP*)—{0} # 0.

This fact suggests the following definition:
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Definition 12 Let (H,o) be a semihypergroup and let P be a hyperproduct of elements in H. The smallest

positive integer k such that PN P*+1 — {0} # () is called the rank of P. If no such k exists, then we say P has
rank 0.

Clearly, by Corollary 11, if K is a hypercyclic subsemihypergroup of (H, o) € §o, with size |K| > 3, and
P is a hyperproduct of elements in K such that K = ]3, then the rank of P is > 2 .

In this section we will use the notion of rank to determine a sufficient condition for a hypercyclic

semihypergroup (H,o) € Jy to be cyclic.
Definition 13 Let (H,0) € §o. An element ¢ € H is called quasi-idempotent if ¢ # 0 and {c} C coc C{0,c}.

Definition 14 Let (H,0) € Fo. A hyperproduct P of elements in H is called strong if it fulfills the following

conditions:

1. P does not contain any quasi-idempotent element of H .
2. The subsemihypergroup P possesses a quasi-idempotent element.

3. If ¢ € P is a quasi-idempotent element then P* — {0} = {c}, for all integers s such that ¢ € P*.

An immediate consequence of the previous definition and point 2, point 4, of Lemma 1 is the following
result:

Proposition 15 Let (H,0) € §o. If P is a strong hyperproduct then 0 € P and |ﬁ| > 3.

Proposition 16 Let (H,o) € o and let P be a strong hyperproduct. The semihypergroup P has one and

only one quasi-idempotent element.

Proof Since P is a strong hyperproduct, P has a quasi-idempotent element c¢;. If there exists another quasi-

idempotent element ¢, € P, then there exist two positive integers s; and s such that P51 — {0} = {¢;} and
P#2 — {0} = {c2}. Obviously we have

{er} = e = {0} = (P*)™ — {0} = (P™)™ — {0} = 5" — {0} = {ea}

and so ¢; = ¢3. O

Corollary 17 Let (H,o) € o and let P be a strong hyperproduct of elements in H . If ¢ is the quasi-idempotent
element in P and s € N — {0} then P® is a strong hyperproduct if and only if ¢ & P*.

The next table shows a fully zero-simple semihypergroup with two quasi-idempotent elements c¢1, co and

two strong hyperproducts P and @ such that ¢; € P and cy € @
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Example 18 Let H = {0,1,2,3,4,5,6} and let o be the hyperproduct defined in the following table:

510 1 2 3 1 5 6
00 0 0 0 0 0 0

10| 03 0,3 0,1,2 5,6 0,4,6 | 0,4,5,6
20| 0,3 0,3 0,1,2 | 0,4,6 56 |0,4,5,6
310 0,1,2 | 0,1,2 3 0,4,5,6 | 0,4,5,6 | 0,4,5,6
10| 23 0,1,3 | 0,1,2,3| 0,6 0,6 0,4,5
5/0] 0,1,3 2,3 10,1,2,3] 0,6 0,6 0,4,5
6/0]0,1,23[0,1,2,3]0,1,23] 0,45 | 0,4,5 0,6

We have (H, o) € §o. The elements 3 and 6 are quasi-idempotent; the hyperproducts P =103, Q =406 are

strong of rank two; and we have 3 € ﬁ, 6 € QA) Moreover, we note that (Hy,*) is not a commutative simple

semihypergroup and H, / By, 1s isomorphic to the following semigroup:

1 2
111 2
211 2

Proposition 19 Let (H,o) € §o and let P be a strong hyperproduct of rank r. Then we have v > 2.

Proof Let ¢ be the quasi-idempotent element in P and s > 2 the minimum integer such that P*— {0} = {c}.
If for absurdity we suppose P N P? # () then P*~1 N P* — {0} # () and so ¢ € P*~!. By definition of a strong
hyperproduct, we have P*~! — {0} = {c}. That is a contradiction for the minimality of s. O

We are ready to prove the following result:

Proposition 20 Let (H,o) € §o and let P be a strong hyperproduct of rank r. Then r is the minimum

positive integer such that P™ — {0} = {c}, where c is the quasi-idempotent element in P.

Proof Since ¢ € P there exists a minimum positive integer s such that P* — {0} = {c}. Hence, {c} =
(P*)" — {0} = (P")* — {0} and ¢ € P7. Clearly, there exists a minimum positive integer ¢ such that
Pt — {0} = {c}. Suppose, for absurdity, that ¢ > 2. By point 4 of Lemma 1, we have P*~D7=1 £ {0},
Moreover, since (PN P™1) — {0} # (), we obtain

0# ((PNPH) —{0}) o PUD1 — {0} € (PU=Dr 0 P7) — {0} € PU7D7 N {c}.

By Definition 14, it follows that P*~Y" — {0} = {c}, which is a contradiction for the minimality of .
Therefore, t = 1 and P" — {0} = {c}. Now, let s be a positive integer such that P* — {0} = {¢}, and
then ) # PNP™ 1 —{0} = PNeP — {0} = PN Ps*1 — {0} and so s > r. Therefore, r is the minimum positive
integer such that P" — {0} = {c}. O

Proposition 21 Let (H,o) € §o. If P is a strong hyperproduct of elements in H of rank r then there exists
a positive integer t < 2r such that 0 € P?.
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Proof Let ¢ be the quasi-idempotent element in P. TFrom Definition 13 and Proposition 20, we have
¢ € coc C {0,¢} and ¢ € P" C {0,c}. Moreover, by Proposition 15, we know that 0 € ﬁ; hence,
we can distinguish two cases: 0 € P?" or 0 ¢ P?". In the first case we have the thesis. In the second
case, we obtain coc¢ = {c¢} = P". Now there exists an integer m > 1 such that 0 € P™. If m > 2r,
by Euclidean division, there exist two nonnegative integers ¢,n such that m = ¢r + n with ¢ # 0 and
0 < n < r. We have n # 0; otherwise, 0 € P™ = P?7 = (P")? = ¢? = {c}. Hence, we deduce
0e P"=Pr*t" = (P")1oP"=c¢loP"=coP" =P oP"=P"" andso 0 € P""" with n+r <2r. O

Corollary 22 Let (H,o) € §o. If P is a strong hyperproduct of elements in H of rank r then pP= Uirzl pP*.

Proof Let ¢ be the quasi-idempotent element in P. For all m > 2r there exist q,n € N such that m = gr+n,
g >2,and 0 <n <r. By Proposition 20, if n =0 then P™ = (P")? C {0,c}9 C {0,c¢} C {0} UP". Otherwise,
if n # 0, then P™ = (P")90 P™ C {0,c}%0 P" C ({0} Uc?) o P = {0} U(c? o P") = {0} U ({0,c} o P") =
{0} Uco P" = {0} U P" o P* = {0} U P""". Hence, for Proposition 21, we obtain P™ C U?:l P* and
D 2r

P=J,_, P*. m

Lemma 23 Let (H,o) € §o and let P be a strong hyperproduct of elements in H of rank r. If ¢ is the

quasi-idempotent element of P then we have:

1. P=({c}UcoPUcoP>U..UcoPr1);
2. coP'—{0} = Ploc— {0}, for every i € {1,2,....,7};
3. (coP)' — {0} = co P* — {0}, for every i € {1,2,...,7};
4. (coPYo(coPl)—{0} =co P — {0}, for every i,j € {1,2,....r};
5. (PPN PY)—{0} =0, for every i,j € {1,2,....,7} and i # j;
6. ¢ coPt—{0}, for every i € {1,2,....,7 — 1};
7. (coPiNcoPl)—{0} =0, forall i,j € {1,2,....,7 — 1} and i # j;
8. P CcoPt, forevery i€ {1,2,....,7 —1}.
Proof For Corollary 22, we can put P=PuUP?uU..UuP.
1. Since P = (P)" = Pr U P™1U...UP*” by Proposition 20, it results that:
P {0} = {c}
Prt—{0} =co P — {0}
P2t {0} =co Pt — {0}
P2 — {0} =co P" — {0} = {c} = P" — {0}.
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At this point, taking into account Proposition 21, the assertion follows immediately.
. Since {c} = P" — {0}, we have

coP'—{0} =P oP" —{0} =P oP" —{0} = P'oc—{0}.

. Byitem 2, we have (coP)*—{0} = (co P)o(coP)o...o(coP)—{0} =coco...ocoPoPo...o P—{0} =

i times i times i times
co P*—{0}.
. By item 2., (co PY)o(coPJ)—{0}=cocoPioPl—{0}=(coPi*i)—{0}.

. For absurdity, let (P* N P7) — {0} # 0 for some 4,5 € {1,2,....,r} with i # j. Supposing i < j, we
obtain (P"—7T¢N Pr=i17) — {0} # 0, and hence (P" /TN P") — {0} # (. Since P" — {0} = {c} we have

c € Pr=7t" — {0}, which is a contradiction because r is the minimum integer such that {c} € P" — {0}.
. Let i € {1,2,...,r — 1}. Since co P — {0} = P"*! — {0}, we have
(PP {0} #0= (PNcoP)— {0} #0 = (P'Nn(coP)")— {0} #0.

Moreover, by item 3, we obtain P‘Nco P! — {0} # (. Now, if ¢ € (co P)! — {0}, then co P' — {0} =
P o P — {0} = P — {0}, and hence co P' — {0} = P"*" — {0} = {c}. Consequently, we have
c € P* — {0}, which is impossible because i < r. Thus, ¢ ¢ co P* — {0}.

. For absurdity, we suppose that there exists 4,5 € {1,2,...,r—1}, with i # j, such that (coP*NcoP?)—{0} #
0. Letting i < j, by item 3, we obtain (co P"=9*i N co PT=917) — {0} # (). Having co P" — {0} = {c},

it follows that ¢ € co PT=7%% — {0}. Since 7 — j +1i < r, by item 6, we have a contradiction.

. Let i € {1,2,...,r — 1} and a € P*. From item 1, there exists an integer s, with 1 < s <r — 1, such
that a € co P*. Clearly, it results that coa C co P? and coa C co P*. Therefore, by point 4 of Lemma
1, we have () £ coa C (co P'Nco P%). Moreover, for item 7, i = s and a € co P*. O

Remark 24 From Lemma 23, if P is a strong hyperproduct of rank r, of elements in a fully zero-simple

semihypergroup, then P is partitioned by the family of subsets {{c} ,coP,coP? ... co P'”*l} , where c is the

quasi-idempotent element of p.

Lemma 25 Let (H,o) € §o and let P be a strong hyperproduct of rank r, with ¢ a quasi-idempotent element
in P. If Q is a hyperproduct such that ) # Q — {0} C P, then:

1. Q is a strong hyperproduct with ¢ € @, having the same rank r of P;

2. coQ'—{0} =coP'—{0}, forall i € {1,2,...,7r —1};

3. Q=0P.

Proof
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From Proposition 20, we have Q" — {0} € P" — {0} = {c} and so Q" — {0} = {c} and ¢ € Q. Clearly
¢ & @ because @ C P and ¢ € P. Moreover, by point 3 of Definition 14, if ¢ € Q*—{0} then ¢ € P*—{0}
and Q°—{0} = P*—{0} = {c}. Hence, Q is a strong hyperproduct of (H,o) and ¢ is a quasi-idempotent
element in Q. From Proposition 20, if ¢ is the rank of Q then ¢ < r because Q" — {0} = {c}. Moreover,
since {c} = Q' —{0} C P*—{0}, by point 3 of Definition 14 and Proposition 20, we have P* — {0} = {c}

and r < t; therefore, r = t.

Let b be an element in P — {0}. We have bo Q"' — {0} C bo P"~t — {0} C P" — {0} = {c}
and so bo Q"1 — {0} = {c}. Moreover, by item 1, we have boc — {0} = bo (Q" — {0}) — {0} =
bo(Q" 1 —{0})o(Q—{0})—{0} = co(Q—{0})—{0} = co@Q—{0} and so boc—{0} = coQ —{0}, for all
b€ P—{0}. Thus, by point 2 of Lemma 23, we deduce that coP—{0} = Poc—{0} = (P—{0})oc—{0} =
Uber—103(boc) = {0} = Upep—_ (0} (boc—{0}) = co@Q — {0}. Hence, co P —{0} = coQ —{0}. The proof

of the item follows from point 4 of Lemma 23.

The result follows from previous item 2 and point 1 of Lemma 23. O

4. Semihypergroups in §; generated by a strong hyperproduct

In this section we consider hypercyclic fully simple semihypergroups generated by a strong hyperproduct. For

the reader’s convenience we give the following:

Definition 26 A semihypergroup (H,o) € Jy is called S -hypercyclic if there exists a strong hyperproduct P
such that H = P.

Example 27 The next table shows an S-hypercyclic semihypergroup (H, o) € Jy. For notational and descrip-
tive simplicity, we denote A = {0,1}, B ={0,2,3,4}, C ={0,5,6}, and D = {0,7,8}.

o| 0|1 2 31415 6 7 8

0(0| 0 0 010]O0 0 0 0

1101 B |B|B|C| C D D

20| B|05|C|C|D| D A A

3(0|B| C |C|C|D| D A A

410/ B| C |C|C|D| D A A

5/0(C| D |D|D|A|] A |234| B

6/0(C| D |D|D|A| A ;3 | 2,4

7|0/ D| A |A|A|B| B C C

810 D| A | A|A|B|24 C C
The element 1 is quasi-idempotent and, for example, P = 6 o 7 is a strong hyperproduct of rank four.
Also, elements 2,3,4,7,8 can be regarded as strong hyperproducts of rank four and H = P = a, for all

a € {2,3,4,7,8}. In this case H_%/B}EI+ is isomorphic to group Zy.

Proposition 28 Let (H,o) € Jy be an S-hypercyclic semihypergroup generated by the strong hyperproduct P

of rank r and let ¢ be the quasi-idempotent element of H. We have:

1.
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2. If Q is a hyperproduct of elements in Hy then c € @ Moreover, if ¢ € Q then Q—{0} = {c}. Otherwise,
if c€Q then Q is strong and has rank <.

3. If Q and T are strong hyperproducts of elements in H, then we have co Q' Nco T — {0} = 0 or
co@Q' —{0} =coT"— {0}, forall i € {1,2,....,r — 1}.

4. The element c is the only identity of (H,o).
5. The residual semihypergroup (Hy,*) of (H,o) is a cyclic semihypergroup with identity.
Proof

1. Immediate consequence of Lemma 25.

2. Let a € P— {0} and let @ =[], a; be a hyperproduct of elements in H,. From point 1, H = @,

and for every element «; there exists an integer ¢; such that o; € a%. Clearly, we have Q =[], a; C

[T, a% = a“, where u =", ¢;. Hence, Q" — {0} C (a*)" — {0} = (a")* — {0} = {c} and so c € Q.
Now, if ¢ € @, then ¢ € @ C a* and we have a* — {0} = {c} = Q — {0}. Moreover, if ¢ ¢ @ and
c € Q® — {0} then c € Q° — {0} C (a*)® — {0} = a™® — {0} and so {c} = a*®* — {0} = Q® — {0}. Hence,
Q is a strong hyperproduct and the rank of @ is <r.

3. If coQ'NeoT —{0} = O the thesis follows. Otherwise, if coQ*NcoT?—{0} # () then there exists a € Hy—{c}
such that a € coQ? and a € coT" and so, by point 2 of Lemma 25, coQ*—{0} = coa—{0} = coT*—{0}.

4. By item 2, the element b is a strong hyperproduct for every b € H; — {c}. From Lemma 23 (1), we have
b= {c}UcobU...Ucob* ! where s is the rank of b. Hence, there exists i € {1,2,...,s— 1} such that
becobl. Clearly, cob— {0} C cob® — {0} and, by item 7 of Lemma 23, we have i = 1 and b € cob.
In the same way, by item 2 of Lemma 23, we obtain b € boc. Hence, b € cobNboc forall be H,.
Obviously, we also have co 0 = 00 ¢ = {0}, and hence ¢ is an identity of (H,o). If ¢ € H —{0,¢} is
another identity and @ = co ¢, for item 2, we have {c,¢'} C Q —{0}={c} and ¢ = ¢’. Hence, element ¢
is the only identity of (H,o).

5. By point 1 and Lemma 4 (1), the semihypergroup (H;,*) is cyclic. Moreover, from previous point 4,
the element ¢ is an identity of (H,,*). O

Proposition 29 Let (H,o) € 3y an S-hypercyclic semihypergroup generated by the strong hyperproduct P of

rank r and suppose r is a prime number. Then co Ph=H for all h e {1,2,...,r —1}.

Proof By item 6 of Lemma 23 and the preceding proposition, ¢ o P! is a strong hyperproduct for all

L —

ie{1,2,..,r—1}. Nowlet h € {1,2,...,r—1}. By item 1. of Lemma 23, we need to prove that coP¥ C co P",
for every j € {1,2,...,r—1}. Since r is a prime number, the congruence hz = j(mod r) has exactly one solution,
s #0 (mod r). Thus, hs = j + kr and so

co PIET _ 10} = co P — {0}.
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By points 2, 3, and 4 of Lemma 23, we have co P" — {0} = ¢® o P"* — {0} = (co P")* — {0}. Hence,
co Pitkr — {0} = (co P")* — {0}. Clearly, if £k = 0 we have co P/ C c/o\Ph; otherwise, if & # 0 then
coPl —{0} CcoPloc—{0} =coPlo(P)F—{0} =coP" —{0}=(coP")*— {0} and also in this case

-

COPjgcoPh’. O

Theorem 30 Let (H,o) € Jyg an S — hypercyclic semihypergroup generated by a strong hyperproduct P of

rank a prime number r and having ¢ as quasi-idempotent element. Then:

1. Every element a € Hy — {c} is a strong hyperproduct of rank r and H = a.

2. For every strong hyperproduct Q of H, @ = H and @Q has rank r.
3. (Hy,*) is a cyclic semihypergroup generated by every a € Hy — {c}.
4. H+/6}';,+ is a cyclic semigroup.

Proof

1. Let a € Hy — {c}. Then by item 1 of Lemma 23, there exists h € {1,2,...,7 — 1}, such that a € co P".

—

By Proposition 29, we have co P"=H. Moreover, ¢ & co P" and so, from Lemma 25, H = a.
2. Consequence of item 1.
3. Consequence of Lemma 4 (4) and item 1.

4. Immediate since (H,,*) is a cyclic semihypergroup.

O

Remark 31 In Example 27, the S-hypercyclic semihypergroup (H,o) is generated by a strong hyperproduct
P of rank four, while elements 5 and 6 are strong hyperproducts of rank two and do not generate (H,o). This
fact shows that the hypothesis “rank of P is a prime number” in Theorem 30 cannot be deleted. The following
product table shows an S-hypercyclic semihypergroup (H,o) generated by a strong hyperproduct P of rank
three.

5|0 1 2 3 1 5 6
010 0 0 0 0 0 0
1[0 1 0,2,3,4]0,2,3,4 0,234 0,56 | 05,6
21000,2,3,4] 0,56 5,6 0,5,6 0,1 0,1
3/0[0,2,34 0,56 | 0,56 5,6 0,1 0,1
410[0,2,34] 56 0,5,6 | 0,5,6 0,1 0,1
50 0,56 0,1 0,1 0,1 0,2,3 0,4
60| 0,56 0,1 0,1 0,1 [0,2,3,4]0,234

By the previous theorem, we have H = @, for every a € H, — {1}, where 1 is the quasi-idempotent element
of H. We note that if G is a group then every element a is a strong product and if a is a torsion element
its rank is the period of the element a. Therefore, the rank can be seen as a generalization of the concept of

period. Moreover, it is known that if G is a cyclic group of size a prime number r then every element different
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from identity is a generator of G. The same property is true for semihypergroups in Theorem 30, but the

commutative property of cyclic groups does not generally hold. The hyperoperation in the previous example is

not commutative.
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