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Abstract: In this note we give an algorithm to determine the rational homotopy type of the free and pointed mapping
spaces map(F(R™,k),S™) and map*(F(R™,k),S™). An explicit description of these spaces is given for k = 3. The

general case for n odd is also presented as an immediate consequence of the rational version of a classical result of Thom.

1. Introduction

We are interested in determining the rational homotopy type of the spaces map(F(R™, k),S") and
map*(F(R™, k),S™) of free and pointed continuous maps from the configuration spaces of k particles in R™
to the n-dimensional sphere. These spaces are useful. For instance, since F(R™,2) ~ S™~! they include
mapping spaces between spheres whose rational homotopy type have already been described in [4]. Also, recall
that the generalized Randakumar and Ramana Rao problem* [1, 13], a strong generalization of the classical
Borsuk—Ulam theorem, asks whether a convex m-dimensional polytope can be partitioned into k convex pieces
on which m — 1 continuous functions are equalized (m,k > 2). Whenever k is a prime power, an affirmative
answer [1, Thm. 1.2] follows from the nonexistence of ¥ -equivariant maps F(R™, k) — S(WF™ ). Here,
W), is the hyperplane of R* of equation z +---+ 2 = 0 and S(W,?mfl) is the unit sphere on the direct sum
of m — 1 copies of Wj. Observe that the symmetric group X; naturally acts on both spaces by permuting
coordinates and columns respectively, and S(W,?mfl) is just a special ¥, representation of S~ D(k—1)-1

For k = 3, we obtain the following decomposition in which, for simplicity in the notation, we denote
M(m,n) = map(F(R™,3),S") and M*(m,n) = map*(F(R™,3),S").

Theorem 1 (i) For n odd and any m > 2,

S" x K(Q,n— (m—1))3x K(Q,n—2(m—1))% ifn>2(m-1),
S"x K(Q,n—(m—1)3 ifm-1<n<2(m-1),

M(m,n) ~q |_|S", ifn=m-—1,
N

S* ifn<m—1.

*Correspondence: garvin@uma.es

*Nandakumar R. Fair partitions. Blog entry, http://nandacumar.blogspot.de/2006/09/cutting-shapes.html, 2006.
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K(@@Q,n—(m—1))3x K(Qn—2(m-1))2 ifn>2(m-1),

K@Qmn—(m-1)3 difm—-1<n<2(m-1),
M*(m,’n)ﬁ(@ I_l*’ zfn:mfl,

N

*, ifn<m-—1.

(i) For n =2 and any m > 2,

%, ifm > 4,

| |s? ifm=4,

N

M(m,2) =g (819 x 82U [(8")? xS, ifm=3,
N

XUl |8 x He x K(Q,2)° xS%, ifm=2.
N

x, if m >4,

|_| x, ifm=4,
N
M*(m,Q) ~Q |_|(Sl)37 me =3,

N

|y xK(@,2)°, ifm=2.
N

(iii) For n even greater than 2 and m > 2,

S, if m > 2n,
M(m,n) ~q |_|Sn’ if m=2n,
N

K(@Q,2n—m)xS", ifn+2<m<2n-—1.

*, if m>2n,
M*(m, n) ’:Q |_|*, me = 2n,
N
K@Q,2n—m), ifn+2<m<2n-1

Here H. is the Heisenberg manifold, X is a rational space which is the total space in a rational fibration of the
form

(SH? x K(Q,2)® - X — (S')3 x §2,
and Y is the nilmanifold [10] whose minimal model is

(Ala1,b1,c1,21,91),d), dry =aiby, dy, = bic,

with subscripts indicating degree (see Section 3 for details). As usual, ~g means “rationally equivalent to” and

| | denotes disjoint union.
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The method used in the proof may well serve as an algorithm to compute map(F(R™,k),S") and
map*(F(R™, k),S™) for given integers m,k > 2 and n > 1. However, the general case for more than three
particles for n even, does not produce such a straight decomposition. Nevertheless, whenever n is odd, S™ is
rationally an H -space and the spaces map(F(R™,k),S™), map*(F(R™,k),S") can be easily decomposed as
products of Eilenberg-MacLane spaces in view of the rational version, both free and pointed, of the classical

work of Thom [9, 14], see Proposition 1:

Theorem 2 Denote M(m,k,n) = map(F(R™,k),S™) and M*(m,k,n) = map*(F(R™, k),S™). Then:

k—1
[TE@n—jm-1)ksd, > (= 1)m-1),
§=0
|_| 1:[ K(Q,n—j(m 1))[':1‘] yifn=1m-1),
N j=0

M(m, k,n) ~q 1<i<k-1,

l
[T E@n—jem—1)b5] it im — 1) <n < 1+ 1)(m 1),

§=0
1<1<k—2,
S* difn<m-—1
k—1
[T&@n—im-n)bsl in> (k=1 -1)
L] f[ K@Q,n—jm—1)5S ] ifn=i(m-1)
N \j=1
M*(m, k,n) ~q 1<i<k-1,

Here, as in [8], the brackets [kf j] represent the unsigned Stirling numbers of the first kind.
As an illustrative example, for the case including the generalized Randakumar and Ramana Rao problem,

we get directly:

Corollary 1 If either m or k is an odd number, then:
For m > 3,

k—2

map(F(R™, k)aS(mil)(kil)fl) ~0 H KQ,k-0U+1)(m—-1)— 1)[1&1]’
=0

k—2
mmﬁdﬂRak%SW“D“’UJ)zQIIKX@JkA(j+1»Un71)71ﬂﬁA,

Jj=1
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For m =2,
k—3
map(F(R?, k),552) ~q | | (@& — 2+l |
N \j=0
k-3
map*(F(R?, k),S*~2) ~g | | (@ k — (2 + )= O
N \j=1

2. Preliminaries

We will use basic results from rational homotopy theory for which [7] has become a standard reference. Via
the classical adjoint functors between the categories of commutative differential graded algebras (CDGA’s
henceforth) over Q which is always assumed to be the ground field, and simplicial sets, given by piecewise

linear forms and realization,

SSets — CDGA,
%

one has the notion of (Sullivan) model of a nonnecessarily connected space Z such that all its components are
nilpotent [3]: By such a model we mean a cofibrant Z-graded free commutative differential graded algebra whose
simplicial realization has the same homotopy type as the Milnor simplicial approximation of the rationalization
of Z.

If (AW,d) is a model of Z in this sense and u: AW — Q the model of a 0-simplex of Z, consider the
differential ideal K, generated by A; U Ay U Ag, being

Ay =W=< Ay =adW® Az ={a—ula):ac W’

Then (AW,d)/K, is again a free commutative differential graded algebra of the form (A(W1 @ W22),d,)
in which W is a complement in W' of d(WP°) up to identifications given by A; and Az, see [3, S4] for
details. Then [2, 4.3], (A(W1 ®W=2),d,) is a Sullivan model of the path component of Z containing the fixed
0-simplex.

In particular, if X is a nilpotent finite CW-complex and Y is a finite type CW-complex then the
components of the free and pointed mapping spaces map(X,Y) and map*(X,Y) are nilpotent [11] and the
above applies. We briefly recall the Haefliger model [9] of these spaces and its components following the
presentation in [2, 3].

Let B be a finite dimensional commutative differential graded algebra model of X and let A = (AV,d)
be a Sullivan model of Y. We denote by B* the differential graded coalgebra dual of B, Bf = Hom(B,Q),
with the grading (B*)™" = (B*),, = Hom(B",Q). Consider the free commutative differential graded algebra
A(A ® BY) generated by the Z-graded vector space A ® B*, with the differential d induced by the one on A
and Bf. Let I C A(A® B*) be the differential ideal generated by 1 ® 1 — 1, and the elements of the form

aras ® - Z D)le=l%l(ay ® B))(a2 @ B]), a1,02 € A, B € B,
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where the coproduct on S is, Af = Zj B; ® B . The inclusion V & B < A® B! induces an isomorphism of
graded algebras

p: A(V @ B =5 A(Aw® BY)/I

and thus d = p~tdp defines a differential in A(V ® B*). We can do the same construction taking (B, )
(elements of B* of negative degree) instead of B¥, and taking A (the reduced coproduct) instead of A.

Then [2, 3], the commutative differential graded algebra (A(V ® B¥),d) is a model of map(X,Y), and
the commutative differential graded algebra (A(V & Bi)7 d) is a model of map*(X,Y).
Now, let ¢: (AV,d) — (B,d) a model of a given map f: X — Y. The morphism ¢ induces a natural

augmentation denoted also by : (A(V ® BY), d) — @Q which can be thought as the model of the 0-simplex of

the mapping space representing f. Applying the process above we obtain the Sullivan algebra
1 ~
(A(Ve B @ (Ve BH)2?%),d,)

which is a Sullivan model of the component map;(X,Y’) of the free mapping space containing f [3]. In the
same way,

_ 1 ~
(AVe B, (Ve B1)>2),d,)

is a Sullivan model of map;(X Y.

The next result will be used in next sections. It may be considered a rational reformulation of the classical

decomposition of Thom [14], see also [9].

Proposition 1 Let X be a formal finite nilpotent complex and let Y be of the rational homotopy type of a
finite type H-space. For j >0, let

Nj= > dimIL(Y)® Q- dim H*(X;Q),

r—s=j
Nj= > dimIL(Y)®Q-dimH(X;Q).
r—s=j, s#0
Then,

[,2, K(Q5)" if No =0,
map(X,Y) ~ =
Y Q{UN(HMK(@,J‘)NJ‘) if No # 0.

map™ (X, ¥) =g {UN (Hg‘21 K(Q’j)NJ{) i No 70

Proof As X is a formal space, B = (H*(X;Q),0) is a model of X. On the other hand the minimal model
of the H-space Y is of the form A = (AV,0). Then, (A(V ® B*),0) is a model of map(X,Y).
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Observe that for any j,
dm(Ve B = Y =dimV" - dim(B)*
r4+s=j

> dimIL(Y) ® Q- dim H(X;Q) = N,

r—s=j

dim(VeBy)y = > dimV"-dim(B%)"
r4s=j, s#0

= > dimIL(Y)®Q-dim H*(X;Q) = Nj.
r—s=j, s#0

Now, both in the free or pointed case, there is only one component as long as (V@ B*)? =0 or (V® B_ﬁir)(J =0,

that is, whenever Ny = 0 or Nj = 0. Otherwise, as the differential is trivial, there are a countable number of

components, as nonhomotopic augmentations in (V ® B#)? or (V ® BH_)O. On the other hand, again by the

triviality of the differential, it is clear that each component is of the homotopy type of [] i1 K (Q, 7)™ in the

free case and [[;5, K(Q,§)Ni in the pointed case.

3. The proofs

We first prove Theorem 1 by applying the procedure in Section 2 to obtain a model of map(F(R™,3),S™).

Then, we identify from this model the rational homotopy type of its components.

A CDGA model of the configuration space F(R™, k) is given by its rational cohomology algebra as these

spaces are formal [12]. Tt is well known [5] that H*(F(R™, k);Q), is given by
H*(F(R™, k); Q) = Alas;)/1, i#j, 4,5=1,...,k,
where | a;; |[=m — 1, and I is the ideal generated as follows:
I = (ai; — (—=1)"aj;, a?ju AijQjp + QjrQri + AriQiz).

For k = 3, we have

A(a12,a13, a21, a3, asi, asz)
I b

H*(F(R™,3)) =
with | @;; |=m —1, a;; = (—1)™ay;, a;;> =0 and

a12 G23 + a3 az1 + azy a2 = 0.

(1)

Then, as a graded vector space B = H*(F(R™,3)) is concentrated in degrees 0, m — 1 and 2(m — 1),

B =Q © (a12,a13,a23) © (@12 G23,a13 G23)-
Hence, its dual vector space is

_Bﬁ = H*(F(Rm, 3), Q) = HO S Hy 1@ H2(m—1)7
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where Hy = Q = <1>7 Hpo1 = <0412,0613,0423>, and Hz(m_1) = <0412,23,0413,23>~ Here 1, a2, 013, 23, 12,23, 13 23
simply denotes the dual basis of 1,a13,a13, 23, G132 G23, 13 G323 -

Now, if n is odd, we may apply Proposition 1 and a straightforward computation proves the assertion
(i) of Theorem 1.

From now on, we assume that n is an even integer and fix the minimal model of S given by (A(z,y),d)
with |z |=n, |y|=2n—1, dz =0 and dy = 2.

We will also need the ring structure of B = H*(F(R™,3)) which is given by the following table:

1 an as G2 | Giadzs | Gz as

1 1 an a; U3 | Giadzs | Gz as
an i G205 — Q13023 | G223 | 0 0
a; a | (1) Tanag + (1) a5 asn 0 G3azs | 0 0
3 33 (- lapas (-1)" @z a0 0 0 0
G2 (a3 | G2 a3 0 0 0 0 0
Q13093 | (13023 0 0 0 0 0

From it, one explicitly determines the coproduct A on Bf:

A(l)=1®1,
Alag2) =1 ®@ a2+ a2 ® 1,
Alagz) =1® a3+ a3 ®1,
Alags) =1® agz + ags ® 1,
Aonz23) =1® 12,23 + 1223 @ 1+ (=1)" Mg ® aos + ass ® axz + (—1)" a1 ® iz + a3 ® o,

Aoz o3) = 1@ aiz03 + 1323 @ 1+ (—1)" a3 ® aoz + o3 @ a3 + (—1)" a1z ® a1z — ai3 ® ajs.
Hence, following the procedure in Section 1, one obtain a model of map(F(R™,3),S™) of the form
(A(V @ BY),d),

where
VB =(z®1,7® a2, ® a13,7 @ a3, @ 12,23, T @ 13 23,

YR 1L,y®aie,y®as,y®as,y® a3,y ® 0i323),
in which 2 ® 1,2 ® a2, ® a3, 2 ® 23, ¢ ® 223, T ® (13,23 are cycles and
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dly®1) =(z®1)%,

dy ® a12) =2(z ® 1)(z ® ai2),

dly ® a13) =2(z @ 1)(x @ a13),

d(y ® ass) =2(z ® 1)(z ® as3),
d(y ® a12,23) =2((x @ 1)(z ® a12,23),
+ (=)™ 2 @ arg)(x © agz) + (=1)" T (2 © anz)(x © a3)),
d(y ® az23) =2((x ® 1)(z ® a13,23),
)

+ (D)™ Nz @ an13)(z @ ag3) + (—1)™(z @ a12)(z © a13)).

To simplify the notation, write V @ Bf = W, d= d,
r=rx®1, y=y®I1,
Ditj—2 = T @ Qij, Gitj—2 =Y O iy,
Titj—2 =T Q Qjrsy, Sitj—2 =Y & Qjrs-
Then,
(AW, d) = (A(x,y,p1,D2,P3, 41,92, 43,71, T2, 51, 52), ),

where z, p;, r; are cycles (1 =1,2,3 and j =1,2) and

d( 7
d(qi):2x iy i:1,2,3,

d(s1) = 2(xr1 + (=1)™ M pips + (—1) L paps),
d( 2(zro + (=1)™ pips + (=1)™paps).

The degrees of the generators are:

|z |=n,

|pil=n—-—m+1, i=1,23,
lgi|=2n—m, i=1,2,3,
|ri|l=n—-2m+2, i=12,
|s;i|=2n—-2m+1, i=1,2.

For the pointed maps, the procedure given in Section 2 produces the following model of map*(F(R™,3),S").
Writing Wy =V ® Bg_ and with the same notation for the generators, this model is
(AW+7 d) = (A(plap2ap3a q1,92,93,71,72, 51, 52)7 d)7

where

d(s1) = (=1)"™12(p1ps + pap3),
(—1)m+12(101p2 —p2P3)7

QU
—
»

N
=
Il

and the rest of generators are cycles.

We first deal with the case n = 2 and analyze each component in the cases m >4, m =4, m = 3 and
m=2.
For m > 4, we have:
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degree W

3 Yy

2 T

1

0
4—m q1,92,43
3—m P1,P2,P3
5—2m S1, 89
4 —2m 1,72

In this case, there are no generators in degree 0, so the only possible augmentation AW — Q is the
trivial one, that is, there is only one component. Also, there are no generators in degree 1, so projecting over
the the generators of negative degree we obtain the Sullivan model of the map(F(R™,3),S?) which turns out
to be the minimal model of S?. For the pointed mapping space, observe that W, is concentrated in negative
degrees and therefore map*(F(R™, 3),S?) ~q *.

For m = 4, we have:

degree w
3 y
2 x
1
0 q1,92, 93
-1 P1,P2,P3
-2
-3 51, 82
—4 r1,T2

The existence of generators qi, g2, g3 in degree zero provides an augmentation ¢: (AW,d) — Q for each triad

A1, A2, A3 of rational numbers given by

o(q1) = A1, p(g2) = A2, 9(g3) = As.

Note that different triads produces nonhomotopic augmentations as they induce different cohomology mor-
phisms. Therefore, there are a countable number of components in the rationalization of map(F(R%,3),S?).
It is straightforward to check that any of them has the same model as S?, i.e. map(F(R%,3),S?) ~q | | S?.
As before, W, is concentrated in nonpositive degree so that each component of the pointed mapping space is
rationally contractible: map*(F(R*,3),S?) ~g |y *.

For m = 3, we have:

degree W
3 Yy
2 T
1 q1,42, 3
0 P1,P2,P3
-1 81,82
72 r1,T2
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Observe that in this case, an augmentation ¢: (AW, d) — Q is determined also by a triad of rational numbers
Ai = p(pi), @ = 1,2,3, which satisfy the equations ¢(ds;) =0, j = 1,2. In other words, each augmentation
corresponds to a solution of the system,
{ A2(A1 — A3) =0,
Az(A1 + X)) = 0.
These are {(A,0,0), (0,A,0),(0,0,), (A, —A, M) }acq. Note also that different solutions correspond to nonhomo-
topic augmentations and hence, the mapping space has a countable number of components.
The model of the component corresponding to A =0 is (A(q1, g2, ¢3),0) ® (A(z,y),d), that is, the model
of S! x S x S' x S2. For the rest of the cases, straightforward computations provide models of S! x S' x S3.
Thus, map(F(R3,3),S?) ~q (S')3 x S2U | y(S')? x S3.
In the pointed case, we obtain that the model of each component is (A(q1,q2,q3),0) and therefore
map* (F(R?,3),5) 2 ||y(S1)*.
For m = 2, we have:

degree w
3 Y
2 z,q1,42,43
1 D1,D2,P3, 51, 52
0 r1,7T2

and each augmentation ¢: (AW, d) — Q is determined by a pair of rational numbers ¢(r1) = A1 and ¢(r3) = 2.
According to the procedure in Section 1, the model of the corresponding component is:
(AWZla d) = (A(.’E, Y,P1,P2,P3,491,42,493, 51, 82)7 d)7

in which x,p1,p2, ps are cycles and

dy = a?,

sz = 2xpia 1= 172a37

ds1 = 2(Mx — p1ps — paps3),

dsg = 2(Aax — p1p2 + pap3)-

For A; = Ay = 0, this is the model of a rational space X that is the total space of a rational fibration of the

form

(S)? x K(Q,2)? - X — (Sh)? x §%

In the rest of the cases, that is A; # 0 for some ¢ = 1,2, changing basis and discarding the contractible

part, we obtain the model
(A(x1,y1, 21, t1, U2, v2, w2, uz),d),

where subscripts indicates degree, and all generators are cycles except

dt; = x1y1. The realization is
St x H, x K(Q,2) x S?,

where H,. is the Heisenberg manifold whose rational model is precisely

(A(w1,y1,21,t1),d), dty = z1y1.
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Adding up,
map(F(R?,3),8%) ~¢ X U| [S' x H x K(Q,2)* x §°.
N

In the based case, all the components have the same model,

(A(plﬂp23p37 S51,52,41, QQ7(]3); d)a

in which the p;’s are cycles and

dsy = £2(p1p3 + p2p3), dsa = £2(p1p2 — p2p3).

It is not difficult to modify this model to get
(A(ah b17 C1,2%1, y1)7 d) & (A(UQ» V2, w2)7 0)7

where dri; = a1b; and dy; = bycy, here subscripts indicates degree. Let Y be the realization of the first factor
which has the homotopy type of a nilmanifold [10]. It is clear that the second one realizes as K(Q,2)% and
thus,

map*(F(R?,3),5%) ~g |_|¥V x K(Q,2)*.
N

We now tackle the case n even greater or equal than 4. For it, as before, we fix (A(z,y),d) the minimal
model of S™. We also distinguish different cases.
For m > 2n, and arguing as before, we obtain only one component with the same model as S™ in the

free case and Q in the pointed case. Hence,
map(F(R™, 3),S") ~g S" and map™(F(R™, 3),S") ~q *.

For m = 2n the model is of the form (A(z,y),d) ® (Az,0) in the free case and (Az,0) in the based case,
with z of degree 0. There is trivially a countable number of augmentations and the model of the corresponding

component is the model of the S™ in the free case and contractible in the pointed case. Thus,

map(F(R™,3),S") ~q |_|S" and map”*(F(R™,3),S™) ~qg |_| *.
N N

For n+2 < m < 2n—1 the model is of the form (A(z,y), d)®(Az25—m,0) in the free case and (Azap—m,, 0)

in the pointed one. From here we deduce that
map(F(R™,3),S") ~¢ K(Q,2n —m) x S™,

map”*(F(R™,3),S") ~qg K(Q,2n —m).

This completes the proof of Theorem 1.

We finish with the proof of Theorem 2. Recall the explicit description of H*(F(R™,k); Q) given in (1).
Hence, this cohomology is concentrated in degrees 0, m—1, 2(m —1), .., (k—1)(m —1). Now, from the work
of Fadell and Neurwith [6], the Poincaré series of F(R™, k) is

1+t HA 4+ 2" (14 (k= 1™,
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From this and the fact [8] that

Eorel
A+ +2t)- A+ (k=1 =) Mtﬂ

j=1

we obtain the dimensions of the nontrivial cohomology of F(R™,k):

A k
dim H?(™=D(F(R™, k); Q) = Lﬂ } for j=0,1,2, -, k—1.
—J

The proof finishes with a direct computation using Proposition 1.
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